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Abstract

The main purpose of this paper is to describe the quasi-statistical convergence of order o in the rectangular cone metric space and investigate
some relations of these sequences.
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1. Introduction

The concept of statistical convergence has been studied by many researchers from past to now. The idea of statistical convergence which is a
generalization of convergence, was first introduced by Zygmund in 1935 and later introduced independently by Steinhaus [1] and Fast [2]
in 1951. In 1959, Schoenberg [3] gave some basic properties of statistical convergence and also examined the concept of a summability
method. The relationship between statistical convergence, Cesaro summability and strong p-Cesaro summability concepts was studied by
some authors, [4], [S]. This concept has been studied under different names in different spaces such as real space, topological space, cone
metric space [6], [7], [8], [9]. Recently, flkhan and Kara [10] have defined a new type statistical Cauchy sequence in metric spaces. On
the other hand, the authors in [11] defined the concept of quasi-statistical filter. Sakaoglu and Yurdakadim [12] have defined the notion of
quasi-statistical convergence by motivating from [11]. In 2007, Guang and Xian [13] introduced the idea of a cone metric space by replacing
the set of real numbers with an ordering Banach space and generalized the concept of metric space. Later Azam et all [14] introduced
the notion of a rectangular cone metric space by replacing the triangular inequality of a cone metric space by a rectangular inequality. In
this paper, we introduce the concepts of statistical convergence, Cesaro summability, strongly p-Cesaro summability and quasi-statistical
convergence of order o in rectangular cone metric space. Later, we give some theorems related to statistical convergence and quasi-statistical
convergence of order « in the rectangular cone metric space.

2. Preliminaries and lemmas

Definition 2.1. [13] Let (E,||.||) be a real Banach space. A subset P of E is called a cone if it satisfies the following conditions:
(1) P# @, P+# {0} and P is closed.

(2) ax+by € P for all x,y € P and a,b € R with a,b > 0.

(3)Ifxe Pand —x € P, then x =0 for all x,y € P.

A partial ordering ” <~ with respect to P is defined by x <y < y—x € P. Also, wemeanx <y & x <y, xZyandx <<y < y—x € ET,
where ET denotes the interior of P; thatis E¥ = {c € E : 0 << c}. The cone P is called normal if there is a number K > 0 such that for all
x,y € E,0 < x < yimplies ||x|| < K||y||. The least positive number satisfying this inequality is called the normal constant of P.

In this paper, we always assume that E is a Banach space, P is a cone in E with ET # @ and ” < ” is a partial ordering with respect to P.

Definition 2.2. [13] Let X be a non-empty set. Suppose the mapping p : X x X — E satisfies following
(1)0 = p(x,y) forall x,y € X and p (x,y) =0 if and only if x =y,

(2)p (x,3) = P (32x) for x,y € X,

(3)p(x,y) 2p(x,2)+p(zy) forallx,y €X.

Then p is called a cone metric on X, (X, p) is called a cone metric space.

Email addresses: nihan.turan2@ogr.sakarya.edu.tr (Nihan Turan), basarir @sakarya.edu.tr (Metin Basarir)



92 Konuralp Journal of Mathematics

Definition 2.3. [14] Let X be a non-empty set. Suppose the mapping d : X x X — E satisfies following

(1) 0 =d(x,y) forall x,y € X and d (x,y) =0 if and only if x =y,

(2) d(xvy) = d(yvx)forx7y €X,

(3)d (x,y) 2d(x,w)+d(w,z)+d(z,y) for all x,y € X and for all distinct points w,z € X — {x,y} [rectangular property].

Then p is called a rectangular cone metric on X, (X,d) is called a rectangular cone metric space. Note that any cone metric space is a
rectangular cone metric space but the converse is not true in general , see [15].

Definition 2.4. [15] Let (X,d) be a rectangular cone metric space. Let (x,) be a sequence in X and x € X. If for every ¢ € E, ¢ = 0 there
is N such that for all n > N, d (x,,x) << ¢, then (x,) is said to be convergent to x and x is the limit of (x,). We denote this by x,, — x as
n— oo,

Definition 2.5. [8] A sequence (x) in cone metric space (X,d) is said to be statistically convergent to x € X if for every c € E™

1
im = |{k<n: -
r}glt}on\{k_n.d(xk,x)—<-<c}| 1

or equivalently

1
im =~ [{k<n: =
’}glgon\{k_n.c<<d(xk,x)}| 0.

where |E| denotes the cardinality of E. Then it is denoted by st — limy—e X, = .

Definition 2.6. [12] Let s = (s,) be a sequence of positive real numbers such that

lim s, = oo and lim sups—" < oo, 2.1)
n—soo noon

The quasi density of a subset M C N with respect to the sequence s = (s,) is defined by

& (M) = limi\{kgn:kEM}L
Sn

n—oo

A sequence (x,) in R is called quasi-statistical convergent to x provided that for every € > 0 the set My = {k € N: |x; —x| > €} has
quasi-density zero. It is denoted by sty —lim;, o X, = x.
Throughout the paper, we assume that s = () is a sequence of positive real numbers satisfying the conditions (2.1).

Definition 2.7. [12] A sequence (x,) in R is said to be strongly quasi-summable to x € R if

1 n
lim — Z |xx —x| =0.
k=1

n—eo §,

Lemma 2.8. [13] Let (X,d) be a cone metric space. Given ¢ € E™. Then, for c € ET with 0 << c, there is § > 0 such that ||x|| < & implies
c—x€ET.

3. Main results

Definition 3.1. A sequence (xy,) in the rectangular cone metric space (X ,d) is said to be statistical convergent to a point x € X if for every
c € E* we have

1
lim = |[{k <n:d(x,x) <<c}| =1

n—oo

or equivalently

1
im — <n: =
'llglgon H{k<n:c<=<d(x,x)} =0.

We denote it by st — limy,—yeo X;; = X.

Definition 3.2. Let (x,) be a sequence in the rectangular cone metric space (X ,d). The sequence (xy) is said to be Cesaro summable if
there is a L € X such that

lim =0.
n—soo

1 id(xkvl‘)

Ly}
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Definition 3.3. Let (X,d) be a rectangular cone metric space, (x,) be a sequence in X and let p be a positive real number. Then, the
sequence (x,) is said to be strongly p-Cesaro summable to L if there is a L € X such that

1 n
im — P
,11"20 . kEZI |ld (xx, L)||” = 0.

Lemma 3.4. Let P be a normal cone with normal constant K. The following statements hold for sequences (x,) and (y,) in rectangular
cone metric space (X,d).

(1) st —limy 00 Xy = x < st — limy 00 d (x,x) =0

(2) If st — limp_yeo Xy = X and st —liMp_ye0 Yy =y then st — limy—yeod (X, yn) = d (x,y).

Proof. (1) Suppose that st — lim,,_c X, = x. Then, for every ¢ € E™, we have

1
lim — [{k<n:d(x,x) <<c} =1.

n—o

O

Given any for £ > 0, choose ¢ € E™ such that K ||c|| < €. Suppose that k € N satisfies d (x;,x) << c. Since P is a normal cone with normal
constant K, we can write

lld (xi %) || < K|l <&

Consequently, we obtain

1 1
. {k<n:d(xp,x) <<c} < - H{k<n:|d(xg,x)| <€}.

Hence, we conclude that

n—oo

1
lim " Hk<n:|d(x,x)||<e =1

which means that st — lim;, e d (x,x) = 0.
Conversely, suppose that st — lim,_se d (x,,x) = 0. Then for every € > 0, we have

1
im - [{k<n: =
Jim = {k <n:|d (o)l <e}| =1.

Given any for ¢ € E*, we can find an € > 0 such that c —a € E™ for all a € E with ||a|| < €. Hence if we choose k € N such that
|ld (xx,x)|| < € then we obtain d (x,x) << ¢ which implies that the inclusion {k : ||d (x,x)| < €} C {k : d (x¢,x) << c} holds. It follows
that

1 1
k< G0l < e} < [k < d () << e}l

Thus, we conclude that lim;,_e. % {k <n:d(xg,x) <<c} =1and so st — lim,_eo Xy = x.
(2) Suppose st — lim,,_ye X, = x and st — lim,,_,e y,, = y. Given any € > 0, choose ¢ € E™ such that ||c|| < ﬁ. For k € N with d (x;,x) << ¢
and d (yg,y) << ¢, we have ||d (x,yx) —d (x,y)|| < € from the proof of Lemma in [13]. Hence, the inclusion

fkie <0y —d@yl} ©  {kic=<<d(xx)}
U{k:c<=<d(y)}

holds. It follows that

1
lim — {k: & < ||d (x,ye) —d (x,y)[[} =0

n—co
which means that st — limy,—yeo d (Xn,y,) = d (x,Y) .

Remark 3.5. Note that P does not need to be a normal cone to prove the sufficiency in (1) of Lemma. That is; if st — lim,_yee d (x,x) =0 in
a rectangular cone metric space (X ,d) then we have st — limy,_yo0 X = X.

Theorem 3.6. Let (x,) be a sequence in rectangular cone metric space (X,d).
(i) If (xn) is Cesaro summable to L then it is statistically convergent to L.
(ii) Let P be a normal cone with normal constant K. If a bounded sequence is statistically convergent to L then it is Cesaro summable to L.
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Proof. (i) Let limy 0 1 || X4, d (x¢, L) || = 0. From the fact that

n n n
Zd(xlﬁl‘) = Zd(xk7L)+Zd(xk7L)
k=1 k=1 k=1
d(xi,L)<=<c d(xi,L)=c
n
> Z d(xk7L)
k=1
d(xg,L)=c
> |l e Rk<n:d(x.,L) = cl|

llell {k<n:dx.L) = c},

we have the following inequality

n

Zd(Xk,L)

k=1

1 1
— lim —

1
> lim — <n: “H -
el A, 2 lim = [{k <n:d(xq,L) == c}

Consequently, we find that st — limy, e X, = L.
(i) Let Ay = {k < n:||d (x;,L)|| > 5% } . Suppose that (x,) is bounded and statistically convergent to L. Let M be a set created by the term
of the sequence (x,).Then, M is bounded and

8 (M) = sup ||d(x,y)[| <ee.
x,yeM

Now, we suppose that sup||d (x,y)|| = K and st — limy—eo X, = L. From (ii) of Lemma (1), it is st — limy—e d (x,x) = O since P is a normal
cone with normal constant K . Then, we can write down the inequality below for every ||c[| = 5 >0

1 € €
“Wrk<n:dn)l == < —.
o {rsnslatani =S} < o

Thus, we obtain that

n n
YdwL)| < Y lldeDll
k=1 k=1
= Y ldexL)+ Y, lId (G, L)l
keA, kA,
k<n k<n
1 €
< Zsupl\d(xk,L)lH(nflAnl)g
k€A,
k<n
€
S ‘An‘~K+(n7|An|)§
and
u 1 €
- < - ) - ). )
Yt <~ (JAu K+ (=145 G.1)

If we take the limit in (3.1) as n — oo, we find that (x;,) is Cesaro summable to L.

Theorem 3.7. Let (x,) be a sequence in rectangular cone metric space (X,d) and 1 < p < co.

(i) If (xn) is strongly p-Cesaro summable to L then it is statistically convergent to L.

(ii) Let P be a normal cone with normal constant K. If a bounded sequence is statistically convergent to L then it is strongly p-Cesaro
summable to L.

Proof. The proof can be done in the same way as in the proof of the previous theorem. O

Definition 3.8. Let (x,) be a sequence in a rectangular cone metric space (X,d) and 0 < ot <1 and let s = (sy,) be the sequence of positive
real numbers satisfying the conditions in (2.1). Then (x) is said to be quasi statistically convergent to L of order o if for every ¢ € ET
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1
lim — [{k<n:c=<<d(x,L)}|=0

n—oo sn

or equivalently

1
im — [{k<n: <<c} =1
r}lm 53 {k <n:d(x,L) cH=1

We denote it by st‘;" —limy—eo X, = L.
If we take o = 1 then (x,) is said to be quasi statistically convergent to L and it is denoted by sty — lim, e X, = L.

Theorem 3.9. Let (x,) be a sequence in a cone rectangular metric space (X,d). If (x,) is convergent to L € X then it is quasi statistically
convergent to L of order .

Proof. Let lim,_,0 X, = L. Then, for every ¢ € E™ there exists ny € N such that d (x,,L) << c for every n > ng. It follows that O

1 no
§|{k§n:c<< d(x, L)} < o

n

which means that lim,_c Sia H{k<n:c<<d(x, L)} =0.
Hence, (x,) is quasi statistically convergent to L of order c.

Theorem 3.10. Let (x,) be a sequence in a rectangular cone metric space (X,d) . If (xn) is quasi statistically convergent to L of order o,
then it is statistically convergent to L.

Proof. Suppose that st —1imy_ex, = L and let M = sup,, % Then, for every ¢ € ET we have lim e S% {k<n:c=d(x,L)}|=0.The
statistical convergence of the sequence (x,) follows from the following inequality O

1 M
- Hk<n:c=<<d(x,L)} < = Hk<n:c<=<d(x,L)}.
n

Consequently, we have the following diagram:

convergent = quasi statistical convergent of order ¢ = statistical convergent.

Theorem 3.11. Let (x;,) be a sequence in a rectangular cone metric space (X,d) . Assume that

h=inf > 0. (3.2)
non

If a sequence (x;) in a rectangular cone metric space (X,d) is statistical convergent to L € X then it is quasi statistical convergent to L of
order o.

Proof. Let st —limy,—,.x, = L. The proof follows from the inequality

1 h
;|{k§n:cjd(xk,L)}|2s—a|{k§n:cjd(xk,L)}|.
n

We can give the following.

Corollary 3.12. Suppose that the sequence (sy) satisfies the condition in (3.2). Then (xy) is statistical convergent to L if and only if (xy) is
quasi statistical convergent to L of order «.

Theorem 3.13. Let (x,) be a sequence in a rectangular cone metric space (X,d) . If stg —limy e X, = L then sty —limy 00 X, = L.

Proof. Suppose that stt‘;‘ —lim; e X, = L. Then, the result follows from the following inequality

1 1
S—\{kgn:cjd(xk,L)}\ < s—a|{k§n:cjd(xk,L)}\.
n n
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