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Abstract

In this paper, we investigate the notion of (m,n)-ideals in a non-associative algebraic structure, which we call an ordered LA-I'-semigroup.
We prove that if (S,I',-,<) is a unitary ordered LA-I-semigroup with zero and S has the condition that it contains no non-zero nilpotent
(m,n)-ideals and if R(L) is a O-minimal right (left) ideal of S, then either (RT'L] = {0} or (RT'L] is a O-minimal (m,n)-ideal of S. Also, we
prove that if (S,I",-, <) is a unitary ordered LA-I"-semigroup; A is an (m,n)-ideal of S and B is an (m,n)-ideal of A such that B is idempotent,
then B is an (m,n)-ideal of S.
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1. Introduction

The notion of a left almost semigroup (LA-semigroup) was introduced by M. A. Kazim and M. Naseeruddin [8]. Interestingly, LA-semigroups
have been given different names like “left invertive groupoid” and ”’Abel-Grassmann’s groupoid” (AG-groupoid) by different algebraists [10]
and [5].

The concept of an LA-I"-semigroup (I'-AG-groupoid) was introduced by T. Shah and I. Rehman [18]. These objects are, in fact, 2-sorted
non-associative algebraic structures with one ternary operation subjected to a sort of axiom. More precisely, they are ordered triplets (S,T,-)
consisting of two sets S and I and a ternary operation S x I' X § — S with the property that (x-a-y)-B-z=(z-a-y)-B-xforallx,y,z€ S
and all @, B € I'. Note that every plain LA-semigroup S can be considered as an LA-I'-semigroup by taking I as a singeleton {1}, where 1 is
the identity element of S, when S has a such element, or it is a symbol not representing an element of S, and the I'-multiplication in S is
defined by alb = ab, where ab is the usual product in plain LA-semigroup S.

Various types of ideals, rough ideals, prime (m, n)-ideals have been studied in different algebraic structures by many algebraists [1], [2], [3],
[4], [6], [71, [9], [10], [11], [12], [13], [14], [15], [17], [19] and [20]. All the results of this paper can be obtained for LA-semigroups without
order and without I'.

Definition 1.1. An LA-semigroup (S, -) together with a partial order < on S that is compatible with LA-semigroup operation such that for
all x,y,z € Sand o, B € T, we have
x<y=zoax <zfyand xaz < yfz,

is called an ordered LA-T"-semigroup.

For subsets A, B of an LA-I'-semigroup S, the product set AB of the pair (A, B) relative to S is defined as ATB = {ayb:a€A,bc Band yeT'}
and for A C S, the product set AA relative to S is defined as A2 = AA = AT'A. Note that A? acts as an identity operator. That is,
AT'S = § = STA?. Also, (A] = {s € S:s<aforsomeac A}. Let (S,T,-,<) be an ordered LA-T'-semigroup and let A, B be nonempty
subsets of S, then we easily have the following:

(i) A C (AL
(i) If A C B, then (A] C (B];
(ii) (AJ[(B] C (ATB;
() (4] = ((A]];
() ((AJT(B]] = (ATB;
(vi) For every left (resp. right) ideal T of S, (T] =T.
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Definition 1.2. Suppose (S,T',-,<) is an ordered LA-T-semigroup and m,n are non-negative integers. An LA-sub-semigroup A of S is called
an (m,n)-I'-ideal of S if:

(i) AMTSTA" C A;
(ii) foranya€ Aand s € S, s < a implies s € A.

Equivalently: an ordered LA-T-semigroup A of S is called an (m,n)-I'-ideal of S if
(A™TSTA"] C A.

If A is an (m,n)-ideal of an ordered LA-T'-semigroup (S,T,-, <), then (A] = A.

The purpose of this paper is to investigate (m,n)-I'-ideals in ordered LA-I"-semigroups as an extension of the results in [7]. Also, the results of
this paper can be obtained for a locally associative ordered LA-semigroup which will generalize and extend the notion of a locally associative
LA-semigroup [16].

2. (m,n)-I'-ideals in ordered LA-I"-semigroups
We start with the following example:

Example 2.1. Suppose S = {x,y,z,w,e} with a left identity w. Let x-7y-y = x-y. The following multiplication table and order show that
(S,T,-, <) is a unitary ordered LA-T'-semigroup with a zero elemmaent x:

[N S T
= xR R R =R|=
N = R x|
S I N N A
QT < o ox|=
R %6

Lemma 2.2. Suppose R and L are respectively the right and the left ideals of a unitary ordered LA-I'-semigroup (S,T',-,<), then (RT'L)is an
(m,n)-ideal of S.

Proof. Suppose R and L are the right and the left ideals of S respectively, then we have the following:
(((RTL)"|TST((RTL)") (RTLY"|C(S|C((RTL)"]

RULY"T'ST'((RTL)"]
R"TL"TS)[(R'TL")
R"TL"TR"T(STL")
]

)

)

< «

< «

(

( )T
(L"TR™TR")[(STL"
( )

( )T

(

= ]
= ]
R'TR™"TL™)[(STL"
R"TR'TL™)T(STL"
R™T"TL™T(STLY)]
SC(R™"TL™TL"]
SC(L"TL"TR™™))
(STS|TL™ TR ™)
STSTL™T"TR™ "]
STL"t"TSTR™ ]
R TSTL™ TS
(R™TR"T(STS))C(LTL'T(STS))]
((R"TR™(STS))T((L"TL"T(STS])]
(R™TR"TSTS)[(LTL'TSTS))
(
(

]
]

[

N 1N

STSTR'TR™)T(STSTL'TL™)]
(STS|TR'TR™)T((STS|CL'TL™)]
SCR™TSTL™ ™).

N

o~~~ o~~~ o~ o~~~ o~ o~~~ o~~~ o~ —
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Therefore,

(SCR™TSTL™ 1] (SCR™=1TR)D(STL™ "~ T'L)]
(SC(R™~2TRTR))T(ST(ST(L"+"~2I'LIL))]
ST(RTRTR™"=2))T(ST(LCLTL™"=2))
STSTRUR™"=2)[(STSTLIL™ " ~2)]
STRTSTR™ " =2)[(STLOSTL™ " ~2)]
R™"2[STRES)D(LESTL™2))

(
(
(
(R™"=2DST(RUS))[(LTSTL™"=2)]
(
(

Rm+n ZFSFR) (SFLFL'”*"*Z)]
(RFS] Rm+n72) (SFLm+nfl)}
Rl—va+n 2FSFLm+n 1]

(
(
(
(
(
(
(
(
(
(
(SCR™=Ipsrpmtn=l).

NN 1IN 1NN 1IN NN

So,

(((RTL)™ST((RTL)") (STR™ T STL™ "]

(SFRm+n71FSFLm+n71}

(STRTSTL] C (STRT(STL]]
(STRT'L] C ((STSTR)T'L]
((RTSTS)I'L] C (((RTSTS)IL] C (RTL].

NN 1N 1NN

Furthermore,

(RTLIT(RTL] C (RULTRTL) = ((LTRTLTR)TL)
((RTRTL)IL] = ((RTRTL)TL] C (((RTS|TS)TL] C (RTL].

This proves that (RT'L] is an (m,n)-ideal of S. O

Theorem 2.3. Suppose (S,T,-, <) is a unitary ordered LA-T-semigroup with zero. If S has the property that it contains no non-zero nilpotent
(m,n)-ideals and if R(L) is a O-minimal right(left) ideal of S, then either (RUL] = {0} or (RUL] is a O-minimal (m,n)-ideal of S.

Proof. Let R(L) is a 0-minimal right (left) ideal of S such that (RT'L] # {0}, then by lemmama 2.1, (RT'L] is an (m,n)-ideal of S. Now we
prove that (RT'L] is a 0-minimal (m,n)-ideal of S. Suppose {0} # M C (RT'L] is an (m,n)-ideal of S. We see that as (R['L] C RNL, we
obtain M C RN L. Therefore, M C R and M C L. By the assumption, M # {0} and M" # {0}. As {0} # (STM™] = (M™TL'S], so

{0} #(M™TS] C (R"TI'S] = (R" 'TRIS] = (STRTR™ ]
(SCRTR™2T'R] C (RUR™ >I'(RIS]]
C  (RTR™*IR] = (R"],

and

(R™] ST(R™] C (STR™] C (STSTRTR™ !
R™TRLS] = ((R"2TRIR)LS]

(RURTR™2)['S] C (STR™2I'(RTS]]
STR™2T'R] C ((STSTR™>T'R)I'R]

(
(
(
((RCR™3TSTS)IR] C (((RUS]TR™3I'S)IR)]
(
(
R.

N 1N

N

RTR™3TS)IR] C ((R™3I(RUS))IR]
R"3TRIR] = (R™ ],

N 1N

so. {0} # (M"TS| € (R") < (R"'] C - C (K] =
o-minimal. Moreover,

It is obvious to see that (M™I'S] is a right ideal of S. Therefore, (M™I'S] =R as R is

{0} # (STM"] C (STL"] = (STL"'TL]
c (@'resruc @r're) = (1,

and
(L") C (STL") C (STSCLIL""'| C (L"~'TLrs)
((L""*TLTL)TS] C ((STLITL"*TL]
C (LTL"T'L) C (L"2I'STL)
C @)=l c - c,
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50, {0} # (STM™] C (L") C (L""'] C --- C (L] = L. Tt is obvious to see that (STM"] is a left ideal of S. Therefore, (STM"] = L as L is
0-minimal. So,

M C (RIL] = ((M"TS|T(STM"]] = (M"T'STSTM™]
= ((STM™TS)TM") C ((STM"TSTS)[M"|
C  ((STM™TS)TM"] = ((M"TSTS)[M")
C (M"TSTM"]C M.
Therefore, M = (RT'L]. It implies that (RT'L] is a O-minimal (m, n)-ideal of S. O

It is easy to see that if (S,T,-, <) is a unitary ordered LA-T-semigroup and M C S, then (STM?] and (ST'M] are the left and the right ideals of
S respectively.

Theorem 2.4. Suppose (S,T,-, <) is a unitary ordered LA-T'-semigroup with zero 0. If R(L) is a 0-minimal right (left) ideal of S, then either
(R™T'L") = {0} or (R™T'L"] is a O-minimal (m,n)-ideal of S.

Proof. Let R(L) is a O-minimal right (left) ideal of S such that (R"T'L"] # {0}, then R™ # {0} and L" # {0}. Hence {0} # R™ C R and
{0} # L" C L, which proves that R” = R and L" = L as R(L) is a O-minimal right (left) ideal of S. So by Lemma 2.1, (R"T'L"] = (RT'L]
is an (m,n)-ideal of S. Now we prove that (R"T'L"] is a 0-minimal (m,n)-ideal of S. Suppose {0} # M C (R"T'L"] = (RI'L] CRNLis an
(m,n)-ideal of S. Therefore,

{0} # (STM?] C (MTMT'STS] = (MTSTMTS] C ((RTS]T(RTS]] C R

and
{0} # (STM] C (STL] C L.

Therefore, R = (STM?] and (STM] = L as R(L) is a O-minimal right (left) ideal of S. As
(STM?] C (MTMTSTS] = (STMTM] C (STM],

Thus,
M C  (R'TL"] C (((STM)™T((STM)"]] = ((STM)"T(STM)"]
(S"TM"TS"TM"] = (STSTM™TM"] C (M"TM"TS)
C  ((STS)D(M™ 'TM)TM"] = (MTM™~ 1) (STS)TM"|
C  (M"TSTM") C M,
So M = (R™T'L"], which implies that (R™I'L"] is a O-minimal (m,n)-ideal of S. O

Theorem 2.5. Suppose (S,T,-,<) is a unitary ordered LA-I'-semigroup. Suppose A is an (m,n)-ideal of S and B is an (m,n)-ideal of A
such that B is idempotent. Then B is an (m,n)-ideal of S.

Proof. Ttis easy to see that B is an LA-sub-semigroup of S. Furthermore, as (A"I'STA"] C A and

(
(

(B"T'AT'B"| C B, then
(B"I'STB"] C ((B"I'B"TS)[(B"TB")] = ((B"T'B")['(STB"TB™)|
(STB"TB™I'B")I'B"] C (((B"I'B"T'B™)['(ST'S))I'B"]
(B"TB"T'B™)I(STS))I'B"] = ((ST(B"TB"T'B™))I'B"]
(B"TB"T'B"~'T'B))I'B"] = ((ST(BUB"'T'B"I'B"))I'B"]
(B"T'B"T'B"))TB"] C ((B"I'(STSTB"T'B"))I'B"]
B"T(B'TB"T'ST))TB"] C ((B"I'(STB"TB"))TB"]
B™((STSTB"~'T'B)['B"))I'B"] C ((B"T'(B"T'STB"))['B"|
B"(A™T'STA"])I'B"] C (B"TAT'B"] C B,

((
((
((sT
= (5T
((
((
((

N 1N

which implies that B is an (m,n)-ideal of S. O
Lemma 2.6. Suppose (S,T',-,<) is a unitary ordered LA-I'-semigroup. Then < s > ()= (s"T'STs"] is an (m,n)-ideal of S.
Proof. Let S be a unitary ordered LA-I"-semigroup. It is obvious to see that (< s ><m7n))” C< 8> () - Now

(<85> (uu)"THT(< 5 > ()] = ((MTS)Ls™)"TST(((s"TS)s™)"]
((s"TS)Ls")"IST((s™TS)Is™)"]
((s"™LS™)T's"™TST (s [S™)Cs™)]

N

(
(
(s""[(s™T'S")TST((s""TS™Ts™]
= ((ST((s"™TS™)Ts"™")Ts"™"TS")['s™]
("™ T(ST((s"™TS™)T's™) )TS")Ts™]
(s™TSTs™] C (s™'I'S"Ts™
((s"TSTs")"] € ((("TSTs™))"]
( <s >(m,n)) ] - (< s >(m,n)]7

which implies that <'s >(,, .y is an (m,n)-ideal of S. O
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Theorem 2.7. Suppose (S,T,-,<) is a unitary ordered LA-T'-semigroup and < s > () I an (m,n)-ideal of S. Then the following assertions
hold:

(i) ((<s>(10)"TS] = (s"TS];
(ii) (ST(<s>(0,1))"] = (STs"];
(iii) ((<s>(1,0))"TST(< s >(o,1))"] = (s"TSTs"].
Proof. (i) Since < s >(; )= (sI'S], we obtain
((<s >(LO))m1—‘S] (sTS])™S] C (((sTS)™IS] C ((sTS)"TS]

(
(sTS)" 1 T(sTS)TS] = (ST (sTS)T(sTS)™ 1]
(
(

N

sTS)L(sTS)"™ 1] = ((sTS)D(sTS)"20(sTS))]

sTS)™™ 2F(srsrsr S)] = ((sT'S)" 21 (s*T'S)]

= ((sTSs)"™ = (m=Dp(s" 1l"S)] if m is odd

= o= (") (sTS)™ "= D] if m is even.
(s"TS].

(
(
(
(

(ii) and (iii) can be proved similarly. O

Conclusion: The notion of LA-I"-semigroups has been widely studied algebraic structures and it is a very good field of study for future
research work. In this paper, we studied the notion of (m,n)-I'-ideals in LA-I'-semigroups. We obtained that if (S, T, -, <) is a unitary ordered
LA-T"-semigroup with zero 0 and S satisfies the condition that it contains no non-zero nilpotent (m,n)-I'-ideals and if R(L) is a 0-minimal
right (left) I'-ideal of S, then either (RI'L] = {0} or (RI'L] is a 0-minimal (m,n)-I'-ideal of S. Also, we showed that if (S,T’,-, <) is a unitary

ordered LA-T"-semigroup; A is an (m,n)-I'-ideal of S and B is an (m,n)-I'-ideal of A such that B is idempotent, then B is an (mjn)—l"—ideal of
S.
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