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Abstract

In the present paper, we study on the class €6, (A, B) of the close-to-convex functions with bounded boundary rotation. We investigate
distortion theorem, growth theorem and coefficient inequality for the class €% (A, B).

Keywords: Bounded boundary rotation, Coefficient inequality, Distortion theorem, Growth theorem
2010 Mathematics Subject Classification: 30C45.

1. Introduction

Let .o/ be the class of all analytic functions of the form
fR)=z+Y) a.d" (1.1)
n=2

in the open unit disc D = {z : |z| < 1} and let g be an element of &7 If g satisfies the condition

Re(l +z‘§,/((§))) >0,

then g is called convex function. The class of such functions is denoted by €. For more details of convex functions one may refer to [1].
Let Q be the family of functions ¢ regular in D and satisfying the condition ¢ (0) = 0 and |¢(z)| < 1 for all z € D. For arbitrary fixed number
A,B, —1 < B < A < 1 denote by (A, B) the family of functions p(z) = 1 + p1z+ paz>..., analytic in I such that p in Z(A, B) if and only
if

14+A9(z)
p(z) = HT(P(Z)

for some function ¢ € Q and every z € D. A function p of the form p(z) = 1+ p1z+ paz>..., analytic in D with p(0) = 1 is said to be in the
class of Z,(A,B), k >2,—1 < B <A <1 if and only if there exists pﬁl),pg) € Z(A,B) such that

v = (5450~ (5-3)

Definition 1.1. Let f of the form (1.1) be an element of .27 Then f € €€ (A, B), if there exists a function g € € such that

We now give the following definition.

~=p2), pE€PAB), 1.2)

with k >2,—1 < B <A < 1, then f is called close-to-convex function with bounded boundary rotation denoted by €' ¢’ (A, B).

We investigate distortion theorem, growth theorem and coefficient inequality for the class ‘66 (A, B). Details of bounded boundary rotation
can be found in [3],[4].
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2. Main Results

Let p be an element of &?(A,B) and |z| = r < 1, then we have

1—-Ar 1+Ar
< Rep(z) < |p(z)] <

B#0,

1—Br 1+Br 2.1
1—Ar<Rep(z) <|p(z)| <1+Ar, B=0.
After simple calculations in (2.1), we get
1- %A -B)yr—aBr? 1+ 4(A—B)r—ABr?
2 2
B2 <Rep(z) < B2 , B#0,
(2.2)
k k
1- EArSRep(z) < 1+§Ar, B=0.
(2.2) shows that the set of variability of p € Z7(A, B) is the closed disc
k
1—ABR| _A-B)r
P(Z)_ %) S >0 3#07
‘ 1—-Br 1—-Br 2.3)
k
|p(z) — 1] < SAr, B=0.
On the other hand from definition of €6 (A, B), we can write
f'z) 1-AB?| _5(A-B)r
- < B+#0
gz 1-B%2|~ 1-B%2° 70,
2.4)
! k
f,(z)—1 <Zar, B=0.
§'(2) 2
Since g is convex, using distortion bound of convex functions and above inequalities, we obtain
k 2 k 2
le(AfB)rfABr 1+§(A73)r7ABr
<|f(z)| < B#0
Urra—ga SVOIs—a5eazmey > 870
(2.5)
1— gAr 1+ gAr
<|fx)] £ —=— B=0.
(] +r)2 — |f (Z)‘ — (] —I‘)2 9
Sharpness follows from the function f and g (convex) where
flz) k1 1-Az k 1 1+Az
/():(7 7) _(7_7) ’ B5£07
gz ‘4 2'1-Bz ‘4 2'1+Bz
(2.6)
) k1 ko1
=(-+-)1-Az)—(-—2)(1+A B=0.
¢ (@) (4+2)( 2) (4 2)( +Az),
: f'(2)
Since p(z) = ,8ETC,
S
(o) - 1-AB?| _5(A—B)r
PO T2 | = 122
!
then the set of variability of = is the closed disc
8
(2 7 1—ABr? g(A—B)r
gz) 1-B*2 |~ 1-B%2°
Therefore this set could be written in the following form
f@) |f() 1-ABP| _5(A-B)r
D,) = : — < 0 1s. 2.7
w0 = {50 | o 1o < g 0 @7
On the other hand, we define the function ¢ by
f@) _ kL 1-A0G) k1 1+AG() 1-5(A-B)9(z) —AB(9(2))* B0
gz) 4 2°1-Bo(z) 4 2'1+Bo(z) 1—B2(¢(z))? ’ ’
(2.8)
f@) k1 k1 k
L =(-+2)(1-A402)— (= —2)(14+A¢(z)) =1— -A0(2), B=0.
5 = G -A0@) (5 )1 +49() = 1 340(2)
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Note that ¢ is well-defined analytic function and ¢ (0) = 0. Now, we want to show that |¢(z)| < 1 for every z € D. Taking derivative and

simplifying both sides of (2.8), we get

flz)  1-5A-B)o(z) —AB(9(z))?
g (2) 1-B%(9(z))?

z¢’<z><f §<A73><1+B2<¢<z>>2>723<A73>¢<z>>
(1-B2(9(2))?)

+

1 Ea00) - Razpr (0 82

Suppose that there exists a zg € D, such that |¢(z9)| = 1, then by Jack’s Lemma [2], we obtain

f'(z0)  1—45(A—B)¢(z0) —AB(¢(20))>

g'(z0) 1-B%(¢(20))?
mp(ao)(~ §4-B)(1+ B2(0(c0)") - 254~ B)0 o)
+ 820 _ 4 \m,),B£0
(1-B2((20))?) 208 (20) e
flo) , Kk K 8(0) . _
g/(ZO) =1 2A¢(ZO) 2A ¢(ZO)ZOgl(ZO) ¢ (Dr)7 B_07
where m > 1 is a real number and 8(20)
08’ (20)

obtain the following subordination

2 < (S + B#0,

(z) 4 Ly v i e

fl@) k1 1-Az k1 /1+Az
8

f(z) 1
g(z) 4 2

Using the subordination principle, we obtain

1—4(A—B)r—ABs? 1+%(A—B)r—ABr?
lg() | — 1 < If(@2)] < ‘g(Z)|W, B#0,

l8(2)|(1—5Ar) < [f(x)| < |g(2)|(1+ 5Ar), B=0.

)
19 L -an-(-+42, B=0.

= (14 ¢(z0))- But this contradicts with (2.7), therefore we have |¢(z)| < 1 for all z € D, and

(2.9)

Using the growth theorem for convex functions, the inequalities in (2.9) can be written in the following form

rF(A,B,k,—r) < |f(2)| < rF(A,B,k,r),

rF(A7k7_r) < |f(Z)| < rF(A,k,r),

where
1+ %X(A—B)r—ABr?
F(A7B7k7r): 2( )r r 7
(1—r)(1—B%r?)
1+ %Ar
F(Akr)= —2—.
( 7 7r) (lfr)

These inequalities are sharp because the extremal function is given in (2.6).

The following lemma helps us to prove the next theorem.

Lemma 2.1. Let p(z) = 1 + p1z+ paz> + ... be an element of P(A,B), then

k
|pn] < E(A_B)'

foralln> 1,k >2,—1 < B <A < 1.This result is sharp for the functions

p(z) = G + %) @) - (% - %) (),

where p(ll),pé2> € Z(A,B).

(2.10)
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roof. Let =1+4ajz+azz”+... an =1+b1z2+byz"+... .Since p € & (A,B), then we have
Proof. Let p{!) =1 2 d pP =14 biz+ b2 Since p € P (A, B), then we h

p(z) = (% + %) P () - (g - %) ps(2)

k1 k1
= (7+7> (I+aiz+a?+..)— (7 77) (L4+biz+by? +..).

472 4 2
(k0 k1Y,
Pn=\3T2)" \42)"
since p\", p\?) € 2(A,B), then |a,| < (A—B), |bs| < (A—B) forall n > 1, and
ko1 ko1
‘pn|:’(z+§)an_(1—i>bn
ko1 ko1
< (24 A
,(4+2)\an|+(4 2)|bn\
ko1 kool
<(Z+2)@Aa- - —_)(A-B).
_(4+2)m m+(4 2>m B)

This shows that, |p,| < %(A —B). O

Then, for n th term, we have

Theorem 2.2. If f of the form (1.1) is an element of €€ (A, B), then

k(A—B)(n—1)

lan| <1+ 2

@2.11)

This result is sharp for each n > 2.

Proof. Using Definition 1.1 and subordination principle, we write
f'z)
g'(2)

for some g € €, where g(z) =z+ Y, bpZ", z € D. Since p(0) = 1, it shows that p € F%(A,B), where p(z) = 1+ Y| ppz". Therefore,
above equality is equivalent to

=p(2)

(1+Y nanznfl) =(1+Y nb,,z"il) (1+) pa").
n=2 n=2 n=1

This equation yields,
14 2az+3a3z> + ... = 1+ (2by + p1 )2+ (3b3 4+ 2byp1 + p2)2> + ... (2.12)
Comparing the coefficients of z*~! on both sides, we obtain
nay = nby +(n—1)b, 1p1+(n—2)by2p2+...+2b2py 2+ pp1-
Using Lemma 2.1, we get
nlap| < nlb,|+ g(A—B) (n=1)|bp—1|+... +2|b2| +1].
Since g is convex, then |b,| < 1, it follows from that
@) <14 XAZBD),
This completes our proof. O

Remark 2.3. Letting k =2,A = 1,B = —1, Theorem 2.2 gives the well-known coefficient inequality for close-to-convex functions.

We can conclude that an analytic functions p € % (A, B), k > 2 if and only if there exists p1, p» € (A, B) such that

p(2) = G + %) pi(z)— (% - %) p2(2),

then new results are obtained for the class €%’ (A, B) by means of classes of bounded boundary rotation and bounded radius rotation. Giving
the special values to A, B and k we obtain the growth theorem, distortion theorem and coefficient inequality for the other subclasses.
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