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Abstract

The main object of this paper is to give an application of an operator associated with generalized Mittag-Leffler function in the unit disk
U = {z ∈ C : |z|< 1} to the differential inequalities.
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1. Introduction and definitions

Let A denote the class of the normalized functions of the form

f (z) = z+
∞

∑
n=2

anzn, (1.1)

which are analytic in the open unit disk U = {z ∈ C : |z|< 1}. Let Eα (z) be the Mittag-Leffler [10] defined by

Eα (z) =
∞

∑
n=0

zn

Γ(αn+1)
, (z ∈ C,Re(α)> 0 ). (1.2)

A more general function Eα,β generalizing Eα (z) was introduced by Wiman [13] and defined by

Eα,β (z) =
∞

∑
n=0

zn

Γ(αn+β )
, (z,α,β ∈ C,Re(α)> 0 ). (1.3)

Moreover, Srivastava and Tomovski [12] introduced the function Eγ,k
α,β

(z) as

Eγ,k
α,β

(z) =
∞

∑
n=0

(γ)nkzn

Γ(αn+β )n!
,

(α,β ,γ ∈ C;Re(α)> max{0,Re(k)−1};Re(k)> 0),

where (γ)n is Pochhammer symbol (or the shifted factorial, since (1)n = n!) is given in term of the Gamma functions can be written as

(γ)n =
Γ(γ +n)

Γ(γ)
=

{
1, if n = 0;
γ(γ +1)...(γ +n−1), if n ∈ N.

(1.4)

The Mittag-Leffler function arises naturally in the solution of fractional order differential and integral equations, and especially in the
investigations of fractional generalization of kinetic equation, random walks, Lévy flights, super-diffusive transport and in the study of
complex systems. Several properties of Mittag-Leffler function and generalized Mittag-Leffler function can be found e.g. in [2, 3, 4, 5, 6, 7,
8, 10, 11, 12].
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In [1], Attiya defined the operator H
γ

α,β ,k( f ) : A →A by

H
γ

α,β ,k( f )(z) = Qγ

α,β ,k(z)∗ f (z), (z ∈U ),

where

Qγ

α,β ,k(z) =
Γ(α +β )

(γ)k

(
Eγ,k

α,β
(z)− 1

Γ(β )

)
, (z ∈U ),

(α,β ,γ ∈ C;Re(α)> max{0,Re(k)−1};Re(k)> 0

and Re(α) = 0 when Re(k) = 1 with β 6= 0)

and the symbol (∗) denotes the Hadamard product (or convolution).
We note that,

H
γ

α,β ,k( f )(z) = z+
∞

∑
n=2

Γ(γ +nk)Γ(α +β )

Γ(γ + k)Γ(β +αn)n!
anzn. (1.5)

It can be easily verified from (1.5) that

z
(
H

γ

α,β ,k( f )(z)
)′

=

(
γ + k

k

)
(H

γ+1
α,β ,k( f )(z))− γ

k
(H

γ

α,β ,k( f )(z)). (1.6)

We note that

1. H 1
0,β ,1( f )(z) = f (z).

2. H 2
0,β ,1( f )(z) = 1

2 ( f (z)+ z f ′(z)) .

3. H 0
0,β ,1( f )(z) =

z∫
0

1
t f (t)dt.

4. H 1
1,0,1(

z
1−z ) = zez.

5. H 1
1,1,1(

z
1−z ) = ez−1.

6. H 1
2,1,1(

z
1−z ) = cosh(

√
z)−2.

The object of the present paper is to give an application of the above differential operator H
γ

α,β ,k( f )(z) to Miller and Mocanu’s result
(Lemma 2.1 below).
For our purpose, we introduce

Definition 1.1. Let H be the set of complex valued functions h(r,s, t) : C3→ C such that
(i) h(r,s, t) is continuous in a domain D⊂ C3;
(ii) (0,0,0) ∈ D and | h(0,0,0)|< 1;

(iii)
∣∣∣h(eiθ ,

(
γ+kδ

γ+k

)
eiθ ,

k2β+(k2+2kγ+k)δ+γ2+γ)eiθ

(γ+k)(γ+k+1)

)∣∣∣≥ 1 whenever(
eiθ ,

(
γ + kδ

γ + k

)
eiθ ,

1
(γ + k)2 [k

2
β +(k(k+2γ)+ γ

2)eiθ ]

)
∈ D

with Re{βe−iθ} for real θ , δ ≥ 1.

2. Main Result

In order to prove our main result, we recall the following lemma due to Miller and Mocanu [9].

Lemma 2.1. Let a function w(z) ∈A with w(z) 6= 0 in U . If z0 = r0eiθ (0 < r0 < 1) and |w(z0)|= max
|z|≤r0

|w(z)|. Then

zw′(z0) = δw(z0) (2.1)

and

Re
{

1+
z0w′′(z0)

w′(z0)

}
≥ δ , (2.2)

where δ is a real number and δ ≥ 1.

Applying Lemma 2.1, we derive the following result.

Theorem 2.2. Let h(r,s, t) ∈ H and let f (z) ∈A satisfy(
H

γ

α,β ,k( f )(z),H γ+1
α,β ,k( f )(z),H γ+2

α,β ,k( f )(z)
)
∈ D⊂ C3 (2.3)

and∣∣∣h(H γ

α,β ,k( f )(z),H γ+1
α,β ,k( f )(z),H γ+2

α,β ,k( f )(z)
)∣∣∣< 1 (2.4)

for all z ∈U . Then we have∣∣∣H γ

α,β ,k( f )(z)
∣∣∣< 1 (z ∈U ).
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Proof. Define the function w(z) by

H
γ

α,β ,k( f )(z) = w(z). (2.5)

Then it follows that w(z) ∈A and w(z) 6= 0 (z ∈U ). Using the identity (1.6), we have

H
γ+1

α,β ,k( f )(z) =
1

γ + k
[kzw′(z)+ γw(z)]

and

H
γ+2

α,β ,k( f )(z) =
k2z2w′′(z)+(k2 +2kγ + k)zw′(z)+ γ(γ +1)w(z)

(γ + k)(γ + k+1)
.

Suppose that z0 = r0eiθ (0 < r0 < 1) and

max
|z|≤r0

|w(z)|= |w(z0)|= 1.

Letting w(z0) = eiθ and using (2.1) of Lemma 2.1, we have

H
γ

α,β ,k( f )(z0) = w(z0) = eiθ ,

H
γ+2

α,β ,k( f )(z0) =
1

γ + k
[kz0w′(z0)+ γw(z0)]

=

(
γ + kδ

γ + k

)
eiθ ,

and

H
γ+2

α,β ,k( f )(z0) =
k2z2

0w
′′
(z0)+(k2 +2kγ + k)z0w′(z0)+ γ(γ +1)w(z0)

(γ + k)(γ + k+1)

=
1

(γ + k)(γ + k+1)
[k2

β +(k2 +2kγ + k)δ + γ
2 + γ)eiθ ].

where

β = z2
0w

′′
(z0) and δ ≥ 1 .

Further, an application of (2.2) in Lemma 2.1 gives

Re
{

z0w′′(z0)

w′(z0)

}
= Re

{
z2

0w′′(z0)

δeiθ

}
≥ δ −1,

or

Re{βe−iθ} ≥ δ (δ −1).

Since h(r,s, t) ∈ H, we have ∣∣∣h(H γ

α,β ,k( f )(z),H γ+2
α,β ,k( f )(z),H γ+2

α,β ,k( f )(z)
)∣∣∣

=

∣∣∣∣h(eiθ ,

(
γ + kδ

γ + k

)
eiθ ,

k2β +(k2 +2kγ + k)δ + γ2 + γ)eiθ

(γ + k)(γ + k+1)

)∣∣∣∣> 1

which contradicts the condition (2.4) of Theorem 2.2. Therefore, we conclude that∣∣∣Dζ

m,λ
f (z)

∣∣∣< 1 (z ∈U ).

The proof is complete.

Corollary 2.3. Let h(r,s, t) ∈ H and let f (z) ∈A satisfy z∫
0

1
t

f (t)dt, f (z),
1
2
(

f (z)+ z f ′(z)
) ∈ D⊂ C3 (2.6)

and∣∣∣∣∣∣h
 z∫

0

1
t

f (t)dt, f (z),
1
2
(

f (z)+ z f ′(z)
)∣∣∣∣∣∣< 1 (2.7)

for all z ∈U . Then we have∣∣∣∣∣∣
z∫
0

1
t

f (t)dt

∣∣∣∣∣∣< 1 (z ∈U ).
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