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Abstract

In this article, we consider higher order fractional nonlinear differential equation of type

oDix(t) = p(1)x(1) + i%(t) ()[4 (o) = (1)

lim J; 9x(t) = a,
t—at

anFkx(a):ak, k=1,..,n—1

where ,D{is Riemann-Liouville fractional differential operator of order ¢, m — 1 < g < m,m > 1 is an integer. We obtain some oscillation
criteria for this equation.

Keywords: Fractional differential, Oscillation
2010 Mathematics Subject Classification: 34A08, 34K11

1. Introduction

In this paper, we consider the oscillation theory for a fractional differential equation with mixed nonlinearities of the type

oDIx(r) - p(0)x(r) + iq,(r)\x(r)\”*'x(r) — (1)

lim J; 9x(t) = ay (1.1)

t—at

aD?_kx(a):ak, k=1,..,n—1

where {p(¢)},{v(¢)} and {¢;(¢)} (1 < i< m) are continuous functions on [a,+o) and A; (1 < i < m) are ratios of odd positive integers with
M>>h>1>0 > > Ay

By a solution of equation (1.1) we mean a function x(z) which is defined for r > a and satisfies equation (1.1). Such a solution is said to be
oscillatory if it has arbitrarily large zeros on [a,c0); otherwise, it is called nonoscillatory. Equation (1.1) is said to be oscillatory if all its
solutions are oscillatory.

By D/ we denote the Riemann-Liouville differential operator of order g with 0 < ¢ < 1. For p > 0, the operator J¢ defined by

Jix(t) = ﬁ (/at(l — )P~ x(s)ds, Px=x

is called the Riemann-Liouville fractional integral operator. The Riemann-Liouville differential operator ,D{ of order ¢ for 0 < ¢ < 1 is
defined by ,Dfx(t) = %J; “9x(¢) and, more generally, if n > 1 is an integer and n— 1 < g < n, then

d"
7.](’; qx(l)

aDix(t) = ar
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In [4,Lemma 5.3], under much weaker assumptions on p(¢),v(r) and g;(t), the initial value problem (1.1) is equivalent to be Volterra fractional
integral equation

n qk 1 t 3
0=X H i g Lo

Therefore, a function x(z) is a solution of (1.2) if and only if it is a solution of fractional differential equation (1.1).

m

v(s) + p(s)x(s) — ; gi(s)x(s)[* " x(s) | ds (1.2)

2. Preliminaries
Definition 2.1. The Riemann-Liouville fractional derivative of order q > 0 of a function x : [a,e) — R is defined by

1

(Idx)(1) = (g

/L; t(r — )7 x(s)ds Q2.1

provided the right-hand side is pointwise defined on [a,), where I is the gamma function. Furthermore, ng =X

Definition 2.2. The Riemann-Liouville fractional derivative of order g > 0 of a function x : [a,o0) — R is defined by

dm o
(@Dfx)() = — 2 (I %) (1) (2.2)
provided the right-hand side is pointwise defined on [a,),where n— 1 < g < n and n > 1 is an integer. Furthermore, we set DO =X

Lemma 2.3. Suppose that X,Y and U,V are nonnegative, then

AXYA* L oxt < a—nyr, A>1 (2.3)

pUVFL_UFr > (u—1)VH, 0<pu <1 (2.4)

where each equality holds if and only if X =Y orU =V

Lemma 24. Let (q), 0, ...,0,) be an m-tuple satisfying o) > 0p > ... > 0y > 1> @1 > ... > @y > 0. Then there exists an m-tuple
(771 yN25-- 0, rlm) Satisfying

1 m
Z oin; = Z ain;
i=1 i=l+1

withYX \ni=1and0<n; <1fori=1,2,...,m.

3. Main Results

Theorem 3.1. Assume

20 for 1<i<l;

t) >0, gt 3.1
p(t) ,‘11(){<0 for I+41<i<m. (3.1
If for some constant K > 0,

t mn i
litrginftl_"/ (t—5) T [ v(s) +K Y p7 (s)lqi(s)| % % |ds = —oo (3.2)
= a i=1
and
.t .
limsuptlfq/ (t—s)77! —l—KX:pl T(s)|gi(s)| ™% |ds =00 (3.3)
t—yoo a

then every solution of (1.1) is oscillatory.
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Proof. Suppose to the contrary that there exist a nonoscillatory solution x() of equation (1.1). Without loss of generality, we may suppose
that x(¢) > 0 for ¢ > T It follows from equation (1.2) that

x(r) < ; % + ﬁ/al(tfs)q_lw(sﬂds
- s s [ e el s [ s
-l s [ el g [ 9o
T
:ké % + ﬁ / " )0 R ) lds+ ﬁ /T (t— )1~ Vv(s)ds
i e Lzlmpmx@) ~ai(s)x l<s>>] ds
i e Lélwp(s)x@ + lgi(s) <s>>] s G
(3.5)

where F(s) = v(s) + p(s)x(s) = L7, qi(s)x% (s) and A = (XL Ai—1)/(m—1)>0.Fort > T, set

Xi=gq;'

~ =
=
\./
=
@
=
o
=
o
h<
|
N
=
—~
@
~
=
.
—
©n
=
N—

1 A _\ A
Ui = lqi(s)|% x(s) and V;= (kP(S)|4i(S)| "‘) (s), I+1<i<m.
1
For t > T, multiplying the inequality (3.4) by I'(¢)z!~7 and using (2.3) and (2.4) we find that

n k

l—~ qu Zak|t_ q

F(q)tl’q+t1"7/
= I'g—k+1)

a

" (t—s)TV|F(s)|ds 414 /t (t—5)4"v(s)ds
JT

t ! i
174 /Tl (1= Y (= 1)p*T(s)g; " (s)ds

+tl_q/Tj(tfs)q_l i (171,4)(%) T

i=l+1

() |gi(s)| 7 ds

- ak| (t—a 7kr(q)tlfq+tlfq/n(t_s)q*I\F(s)\dsﬂl*q /t(t—s)q’lv(S)ds
S S Tla—k+1) ¢ o

lfq/ 5)4~ 1 1 1
+t K
T] ZP

M

()| *ds t>T, (3.6)

i
where K = max{A; — 1, max;<;<m(l — l,)(%)q} Take T; > T. Next, we consider the cases 0 < g < 1 and ¢ > 1.
Case 1. Let 0 < ¢ < 1.Then we getn =1,

l—q

T

\a||tl_‘1(tfa)‘1_]<\a1|< 2) =)  fort>T 3.7

Th—a

and

1—q [T 1 hn o\

z*‘f/ (1—s)0~ |F(s)|ds</ (T S) F(s)|ds = ea(T1, ) for 1> T (3.8)
a a 2

it follows from (3.7)-(3.8) that

1
$)qi(s )I”f)ds for t > T (3.9)
i=1

t
L(q)t'x(t) < c1 (D) +ea(Th, 1) +f17q/ (t—s)" ( JFKZPA I
Ty
Taking the limit inferior of both sides of inequality (3.9) as  — oo, we get a contradiction to (3.2). In the case x() is eventually negative, a
similar argument leads to contradiction to (3.3).
Case 2. Let ¢ > 1. Then we have n > 2,

|ak\ f*aq kXTI |ak\ (h—a)'*

1 -4 E E c3 ]2 for t > 17 (3 10)
k=1 3 k=1 q ) ( )
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and
Th Th t—s q—1 Th
T’ [ ) F(s)las = 1) | (7) F)lds <Tlg) [ [FW)ds:=es(T))  for 17, @1
a a a
From (3.10) and (3.11), we conclude
t
r(q)rlqu(z)<C3(Tz)+(;4(n)+t1*q/ (1—s)4 ( +1r<zpA () |gils )‘l‘x')ds for t> T (3.12)
T

Taking the limit inferior of both sides of inequality (3.12) as t — oo, we get a contradiction to condition (3.2).This completes the proof. [J
Corollary 3.2. Suppose p(t) >0, g;(t) >0, 1 <i <m.If (3.2),(3.3) hold for some constant K| > 0, then equation (1.1)is a oscillatory.

Proof. Suppose to the contrary that there exists a nonoscillatory solution x(¢) of equation (1.1). Without loss of generality, we may suppose
that x(¢) is an ultimately positive solution of equation (1.1). So, there exists 7 > a such that x(¢) > 0 for r > Tj. It follows from equation
(1.1) that

I(g)i! qx(z)éké %r(f])t“ut“%n (zfs)(rl\F(s)\dsﬂl*q/rj(tfs)qflv(s)ds
e [ (t—s)"! [é(;p(m(s) —qis)d (s))} ds, (3.13)

Fort > T, set
% 1 T .
X;=gq;" (s)x(s) and Y;= (mp(s)qi i (s)) (s), 1<i<m,

and, using (2.3), we obtain

t—a q k T t
I'(g - Ix(r) < e ( == 7 T t]_qut]_q/ t—s)YF(s ds+tl_"/ t—s) v (s)ds
<Xy M-y r ) = (o)
1- 1 =
+1 q/(t—s" KIZpM Vgi(s)|™%ds, t>T (3.14)
T

i=1

where K; > , so we omit the details. The proof Corollary 1 is finished. O

If 1 =0 in equation (1.1), then 1 > A1 > Ay > --- > Ay.Similarly, we obtain the following corollary.

Corollary 3.3. Suppose p(t) <0, g;(r) <0, 1 <i<m.If (3.2),(3.3) hold for some constant K, > 0, then equation (1.1)is a oscillatory.
If p(s) =0and 1 <1 < m in equation (1.1), we obtain the following corollary.

Corollary 3.4. Assume

>0 for 1<i<l;
qi(t) (3.15)
<0 for l+1<i<m.
If there exists a positive function r(t) on [a,e) such that for some constant K3 > 0,
t 1
litrginftl“’/ (t—s)T ( +K3Zr T (5)|gi(s )|w>ds__oo (3.16)
« a i=1
and
1 1
limsuptl_q/ (t—s)1" ( +K3Zr 1 (s)|gi(s )11i>ds_oo (3.17)
t—»oo a i=1

then every solution of equation (1.1) is oscillatory.
Proof. For Ay >---> 2 > 1> A > ... > Ay, by Lemma 2, there exist an m-tuple (71,..., M) satisfying

! m
Y ami= Y, A
i=1

i=l+1
Suppose to the contrary that there exists a nonoscillatory positive solution x(¢) for # > T.It follows from equation (1.1) that

|ak|t— B 1—q (T —1 1—¢ [ —1
I'(qg Z C q/a (1 — )1~V F (s)|ds+1 q/T(tfs)q v(s)ds

1

+z'*‘1/t r— i Ai Ai
s)? nir( —qi(s)x"(s)) | ds

IR [ Y. (~itir(s)x(s) +lats) <s>>} ds

i=l+1
The remainder of the proof is similar, so we omit the details. O
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