MATHEMATICAL SCIENCES AND APPLICATIONS E-NOTES
7 (1) 1-8 (2019) ©MSAEN

A General Formula for Determinants and Inverses of
r-circulant Matrices with Third Order Recurrences
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Abstract
This note provides formula for determinant and inverse of r-circulant matrices with general sequences of
third order. In other words, the study combines many papers in the literature.
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1. Introduction

A r-circulant matrix of order n, C,, := cire, (co, c1,-- -, Cn_1), associated with the numbers cg, ¢y, ..., ¢p_1, 18
defined as
Co C1 s Cn—2 Cn—1
rCpn—1 Co s Cn—3 Cp—2
Cn = : Lo : : . (1.1)
rco rcy ... Co C1
rc rcy ... TCp-1 Co

where each row is a cyclic shift of the row above it [1]. If = 1, then the matrix C,, is ordinary circulant matrix. If
r = —1, then the matrix C,, is skew-circulant matrix.

Circulant matrices and their applications are a fundamental key in many areas of pure and applied science (see
[6, 10], and references there in). Recently, many researcher get very interesting properties of them. For example,
in [1], Shen and Cen obtained upper and lower bounds for the spectral norms of r-circulant matrices involving
Fibonacci and Lucas numbers. Further, they gave some bounds for the spectral norms of Kronecker and Hadamard
products of these matrices. In [2], Shen et al. obtained useful formulas for determinants and inverses of circulant
matrices with Fibonacci and Lucas numbers, using properties of circulant matrices and this sequences. In [3],
Bozkurt and Tam gave formulas for determinants and inverses of circulant matrices involving Jacobsthal and
Jacobsthal-Lucas numbers taking into account the method in [2]. Bozkurt and Tam [4] defined r-circulant matrices
with general second order number sequences. Then, the authors obtained formulas for determinant and inverse of
this matrix. Moreover, they gave some bounds for norms of r-circulant matrices involving Fibonacci and Lucas
numbers. Yazlik and Taskara [5] considered circulant matrices with k-Horadam numbers. Then, the authors
obtained formulas for determinant and inverse of this matrix. Liu and Jiang [8] defined Tribonacci circulant matrix,
Tribonacci left circulant matrix, Tribonacci g-circulant matrix. Then, the authors acquired determinants and inverses
of these matrices. In [9], Bozkurt et al. considered the determinant of circulant and skew-circulant matrices whose
entries are Tribonacci numbers. Bozkurt and Yilmaz [11] obtained formulas for determinant and inverse of circulant
matrices with Pell and Pell-Lucas numbers.

In this paper, we consider third order linear recurrence for n > 2:

Wy = an—l + an—2 +tWp_3 (12)
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with initial conditions Wy = 0, W7 = a and W5 = b. The first few values are
0,a,b,pb+ qa,p?b + pga + gb + ta, ... .
Then, we obtain formulas for determinants and inverses of r-circulant matrices F,,, i.e.,
E, = circ, (W, Wa, ..., W,),

where W, is given by (1.2).
As it can be seen from the definition of the sequence, it is a general form of some well-known sequences. In

other words,
QSlftp=g=a=>b=r=1andt = 0, then we obtain determinant and inverse of circulant matrices with

Fibonacci numbers, as in [2].
SIfp=a=b=r=1,t =0and g = 2, then we obtain determinant and inverse of circulant matrices with

Jacobsthal numbers, as in [3].
Slfg=a=r=1,p=>b=2andt = 0, then we obtain determinant and inverse of circulant matrices with Pell

numbers, as in [11].
OIf p=q=a=b=1t=r =1, then we obtain determinant and inverse of circulant matrices with Tribonacci

numbers, as in [8].
Slfp=g=a=b=t=1and r = —1, then we obtain determinant and inverse of skew-circulant matrices with

Tribonacci numbers, as in [9].
To sum up, the derived formulas combine many of the papers in the literature.

2. Determinant of F,

This section is dedicated for determinant formula of r-circulant matrices with general third order sequences.
Firstly, let us give the following lemmas.

Lemma 2.1. [9] If

d1 d2 d3 e dn—l dn
a b
c a b
D,, = .. , 2.1)
c a b
then
n k-1 a
det D, = > dpb" % (—Vbe Up— <> , 2.2
; k ( ) k—1 b (2.2)
where Uy (x) is the kth Chebyshev polynomial of second kind.
Lemma 2.2. If
X1 dy dy dg - dpy dy
i i fo fs o far [
0 a b 0 0
B, — c a b 7
c a
0
0 0 ¢ a b
then
det(B,) = X nif pr—i-k (—V&)HU ( a ) Y, de pr1-k (—\/&)HU <“>
n 1k,:1 k AW/ 1k:1 k =1 5vbe )

where Uy, () is the kth Chebyshev polynomial of second kind.
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Proof. Using the same method in the first Lemma 1, we have
det(B,) = Xy det(F,,—1) — Y1 det(D,,—1) .
So, this proof is completed.

Theorem 2.1. For n > 4, the determinant of E,, is

n—2
Wi | (9,43 n) ((Wm(pvvﬁqwnl))x:z?’ +rt Y Waorgay 2 (—y/Ezn) T Upa (2 o
P VZnZn
n—2
. n—i— - yn
YW = W, e ) T e )] 7
— 2y/Tp2n
Wy — pW-
where xp, = W1 —rWig, yn = Wa —rWipo — p(Wh —rWiga), 2p = —1tW, , j = _% and
1
n .
fo = YW,
1=2
n—1 )
gn = T Z(Wiﬂ —pW)e" ™ + Wy — priv,,
i=2
n—3 )
hn = rt Z Wienilil =+ (Wl - T(an + an—l)e + W3 — le - qTWn .
=1

Proof. Firstly, let us define n-square matrix

1 0 0 0 0
0 e"2 0 0 1
0 e 0 1 0
F, = 0 e * 0 0
0 e 1 ... 00
0 1 0 ... 00

here e is the positive root of the characteristic equation z,,e? + y,e + z, = 0, i.e.,

o — —Yn + y% — 4z, 2y

)
2x,

where
T = W1 — 1 What, Yyn = Wo — rWiyio — p(Wy — rWyy1), and 2z, = —rtW,, .

Then, consider n-square matrix G,, as below:

1 ]/o o 0 0 0 olo o0 o0
—pr{0 0 0 0 0 olo o0 1
—qr|0 0 0 0 0 0l0 1 —p
—tr |0 O 0 0 0 0 1 —-p —q
0 /0 0 0 0 0 1 | —p —q —t
G, = 0 /l0 0 0 0 0 —p|l—q -t 0
0o l0 0 0 0 1 —q| -t 0 0
0 l0 0 0 1 —p —t| 0 0 0
0 0 0

0 [0 1 —p —q —t 0| :
0 |1 —p —q —t 0 0l0 0 0

)
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It can be seen that for all n > 3,

where F), is defined in (2.3) and det(G, F},) = 1. By matrix multiplication, we get;

det(Gy) = det(F,) = {

L
_1’

n
n

1,2 (mod4)
1,2 (mod4),

Kn = GnEnFna (24)
ie.,
Wl fn anl Wn72 W2
r(Wa—pW1)  gn r(Wn — pWy—1) T(Wno1 —pWyn_2) r(Ws—pW,)
0 hn Wl—’l“(an + an—l) Tth_g, Tth
K, = 0 0 Yn Ty ’
0 0 Zn Un Tn
0 0 Zn Yn Tp
where
foo= W
i=2
n—1 )
gn = Wi—prWn+71 Y (Wi —pWi)e" ™,
i=2
n—3 )
hn = Wy—pWy —qW, + (W1 —r(pW, + ¢W,—1)e + 1t Z Wien 1%,
i=1
Multiplying the first row with j = — w and adding it to the second row in K,,, we obtain
1
Wl fn Wn—l Wn—2 W2
0 gntif, TWut(@G—rp)W,_; W a+({—rp)W,_, rWa+(j — rp)W,
0 hy, Wi—r(W,, +qW, _1) 7tWp_3 rtWy
0 0 Un Ty 0
|Kn‘ =
Zn Yn
. 0
0 0 0 0 Zn  UYn Tn
By Laplace expansion on the first column
det K,, = Wi det Z,, = det E,,
here
gntifn | TWat(G—rp)W,_ | tWaa+(G—rp)W, _, rWs+(j —rp)W,
hn Wi—r(pW ,+qW ,_;) rtWn_3 rtWi
0 UYn Tn 0 0
Zn - 0 Zn Yn Tn
: ‘ - : 0
0 0 Zn Yn Tn
Applying Lemma 2, we complete the proof. O
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3. Inverse of £,

In this section, we compute the inverse of the matrix E,,. Note that, just only for the inverse, we consider

W2 = pa. SO,
Wl fn Wn—l Wn—2 W2
0 9n T(Wn - anfl) T(anl - an72) T(Wd_pW2)
0  hy | Wi—r(pW, +qW,_;) rtW o —3 rtW
G.E,F,=K,=| 0 O Yn T
0 0 Zn Yn Ln

Lemma 3.1. [8] Let ¢ = ( Z ) be an (n — 2)-square matrix, then

i 4 —y A
“\ AU Aty lagvat )

o
U

wherel = o — VAU, V is a row vector and U is a column vector.

Lemma 3.2. Let us define the matrix T = [t; ;]7-°, of the form:

ij=1
Wlmn y 1= ja
Lis — Wiyn ,i=7+1,
K len ,i:j+2,
0 , otherwise.
Then, inverse of T is
1 ..
leZL’n ’7j - ‘7
T e a B L
©314,5=1 _yntifz,jjz'iltifl’j ,i = ] + k(k > 2)
0 1< g

(3.1)

Proof. From matrix multiplication, we can easily see that TT-' =T7-1T =1I,,_5, where I,,_3 is identity matrix. O

Theorem 3.1. Let E,, = circ, (W1, Ws, ..., W,,) be r-circulant matrix. Then,

E; 1 = cire, (0’2 - (p—i— Z;‘) ch — qcy — tck,
’ ’

/ R / Iy Cno1TPCh
—pcy + (L —q)dy—tcy,

gr
1 / / / 1 / / / /
p (Cn72 —PCp_1— qcn) yere g (cn—k+3 —DPCh ka4 — ACh—kt5 T tcn—k+6)) )
where
/
Cl - 07 )
/
ey = Wign,
w, 1
/ T
cy=—"71 3 s (Waei — pWi—p—1), (for so = 7),
k=0
rpy Wi (W, —pW, ) w- n=3
/ 1 1 n n—1 ks
cy=— . =5 2wkt (Whek — pWiog—1),
: k=1
n—3
1 rpesWi(Wp—pWi_ %%
¢ = —p=s (e D IS s (Woe — pWaokon), (> 4)
k=1
and

gn =W —prWy, +r Z?;Ql(WiJrl - pWi)en_iﬂ

by = Wa —pW1 — qrWy, + (W1 — r(pW,, + qWp—1)e + 1t Z?:_lg Wen—1-%,
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Proof. Firstly, Let us define

1 0 0 O 0
0 1 0 O 0
0 —2 1 0 0
Ho=190 0 o0 1 0
0 0 0 0 1
and
Wl 7‘](‘ 7Wn_1+7'fn(wn_pwnfl) 7Wn_2+rfn(wn—l_pwn72)
O Wl _ TW1 (W,prW:;l) _ TW1 (W,Lflfp%{}nfz)
gn 9n
N U W
n 0 0 0 Wi
0 0 0 0
Then, from matrix multiplication, we have
w2 0
0 Wign
Wips  Wipy T Wipn
Wiy, Wiz,
HnGnEnFnLn = B 1
len len
' . Wll‘n
len W1yn

where Y, = diag(W#, Wign), Y1 @ N is the direct sum of )} and N,

hn hn
ps=Wiy—r <Wn <p+ g> —Wn (Q+pg>>

rh,

and

pi=——Wn_iy3 = pWy_iz2) +rtWy_ip1 fori=4,5,...

n

If we define P = H,Gy, and Q = F,,L,,, we get
Ef=QV eNT)P.

According to Lemma 4, we define (n — 2)-square matrix

o Wips V
N_<U T).

Then, we have

L 1 —vr~!
N-l= L l :
=LU ply ipigy !

where
U = (Wiyn, Wi2n,0,...,0)",
V. = (Wips, Wips,...,Wipn),
Wlxn aZ:J

len ai = j + 2
0 , otherwise,

=1 i=1

n (Ws—pW.:
W,y Inl g3np 2)
_T‘Wl(W37pW2)
9n

0

Wy

:yl@N7

n—3 n—4
Wi <P3 - Wiyn Z ti1piys — Wiz Z pi+4> .
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Letbe R = _VZT7 row vector, S = =LY column vector and J = T~ + $T-'UVT~!, where T~ ! is as in (3.1)
Then, we have

R= [p17p27"'7pn—3}7

n—3
where p; = _TWI > Pr+3ty i
k=i
S = [517 52504, Sn—B]T7
where s; = = t) 1yn and fori > 2, s; = =+ (ynzlJrzn i2)>
/ Wi / = / .
th;— Tyntia Z‘pk,_i'_gtk’j yfori=1
J = Ui,j = k=
th i — (ynt“ + znt] 5) ZpkHtM yfori=2,3,...,n—3.
=j
So, we obtain
% V4 b2 t Pn-3
51 U1,1 U1,2 Tt Ulp-3
Nl = 82 u2,1 Uu2,2 S U2p-3 ,
Sn—3  Un-31 Un-32 **° Un-=3n-3 / _ o) (n_2)
where s;’s, p;’s and u; ;s are as in above.
The last row elements of the Q = F,,L,, are 0, Wy, — TWl(W” pW”’l), —TWI(W”’gl_pW”’z) e, —77”%(“;377”‘/‘/2).
Then, the last row elements of @ (V; ' @ N~!) are as the followmg
cg = 0,
Co legna
-3
’I"Wl < 1
& = - ZSk(ank —pWiy_k—1), (for so = 7)7
In =0
n—3
rptW1 (W — pWi 1 rWh
&G = - (o no1) _ Zum ke — PWn_r—1),
gn In 1=
rpt_3W1(W — pW 1 T‘W1
C; = - - L Zuk t— 3 Wh—k — an—k—l)v (t > 4)
9n 1
Since inverse of r-circulant matrix is r-circulant matrix [4], E, ! matrix is an r-circulant matrix. If E;! =
circ, (c1,ca,. .., cy,), last row elements of the E,, ! matrix are as in below:
reg = —prch + (p;h”' - qr) ch —trd
res =l
reg =ch,_q — pc,

1
— /
TCs = Cp,_o — PC,_1 — (4C,,

— A / / /
TCk = Cly_joy3 = PCh_ppgs — UCh_prs — L0 g (for5 <k <n),
c1=ch— er% ¢ — qc) — tc.

Therefore, we complete this proof. O
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