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New Inequalities for Preinvex Functions

Huriye Kadakal* and Imdat Iscan

Abstract

In this study, a new identity for functions defined on an open invex subset of set of real numbers is
formed. After that we established Hermite-Hadamard-like inequalities for this type of functions. Then, by
using the this identity and the Holder and Power mean integral inequalities we present new type integral
inequalities for functions whose powers of fourth derivatives in absolute value are preinvex functions.
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1. Preliminaries and fundamentals
Definition 1.1. A function ¢ : I C R — R is said to be convex if the inequality

P+ (1—1)0) <t (Q) + (1 — )y ()
is valid for all ¢,6 € I and t € [0, 1]. If this inequality reverses, then ¢ is said to be concave on interval I # &.

Definition 1.2. ¢ : I C R — R be a convex function on the interval I of real numbers and (, 0 € I with { < 6. The
following celebrated double inequality

¢(C2+9) Sgic/gw(x)dxgw
¢

is Hermite-Hadamard’s inequality for convex functions [14]. Both inequalities hold in the reserved direction if ¢ is
concave.

Hermite-Hadamard inequality [3] has been considered the most useful inequality in mathematical analysis.
Readers can find more informations in [2, 5, 8, 14]. Some of the classical inequalities for means can be derived from
Hermite-Hadamard inequality for particular choices of .

Let us recall the notion of preinvexity which is signicant generalizations of the notion of convexity, and some
related results.

Definition 1.3 ([16]). Let K be a non-empty subset in R® and A : K x K — R. Let ¢ € K, then the set K is said
to be invex at { with respectto A (-,-),if ( +tA(0,() € K, V(,0 € K t € [0,1]. K is said to be an invex set with
respect to if K is invex at each ( € K. The invex set K is also called A-connected set.

Definition 1.4 ([16]). A function ¢ : K — R on an invex set K’ C R is said to be preinvex with respect to 7, if
¥ (C+tA0,¢) < (1= 8)y(¢) +t(0), V(,0€K, tel0,1]

The function 4 is said to be preconcave if and only if —1) is preinvex.
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It is to be noted that every convex function is preinvex with respect to the map A (6,¢) = 6 — ¢ but the converse
is not true see for instance.
In [10], the authors introduced Condition C defined as follows:

Definition 1.5 ([10]). Let S C R be an open invex subset with respect to the map A : S x S — R. We say that the
function satisfies the Condition C if, for any ¢,6 € S and any ¢ € [0, 1],

A(0,0+tA((,0)) = —tA(C,0) (1.1)
Note that, using the Condition C, we have
A0+ t0(C,0)0,0+ 1A (C,0)) = (t2 — t1) A (€, 0)
for any ¢,6 € S and any 4,1, € [0, 1].
In recent years, many mathematicians have been studying about preinvexity and types of preinvexity. A lot of
efforts have been made by many mathematicians to generalize the classical convexity [4, 12, 13, 15-17]. Ben-Israel

and Mond gave the concept of preinvex functions which is a special case of invexity [4].
In [11], Noor has obtained the following Hermite-Hadamard type inequalities for the preinvex functions.

Theorem 1.1 ([11]). Let ¢ : [¢,¢ + A(6, )] — (0, 00) be a preinvex function on the interval of the real numbers K° (the
interior of K) and ¢,0 € K° with A(6,() > 0. Then the following inequalities holds

¢+A(6,6)
. <2<+n<9,<>> < s /< payds < YO 0) o

2 = A6 = 2

For several recent results on inequalities for preinvex functions which are connected to (1.3), we refer the
interested reader to [1, 6, 7, 9] and the references therein.
Let 0 < ¢ < 0, throughout this paper we will use

4= agn=1"
9p+1fcp+1 % 9 R
Ly (¢,0) = <(p+1)(9—C)) , (#0, peR, p#-1,0

for the arithmetic and generalized logarithmic mean, respectively. Moreover, for shortness, the following notations
will be used:

o = acon=c+ 00 o —acony=ci M0
A

R N
A6 9

and

3
1o = 209 (4G9

6 1 )w”’<<+A<e,c>> A6.0) <<+ AG.Q)

/ ) v (4 a.0)

70,0 (¢ 2O (¢ 1 A0.0) — (€ + A (¢ +AWB, Q)+ ABC) [ (¢ +tA®,0)) dt
2 0

In this paper, using a general integral identity for a three times differentiable functions, we establish some new
type integral inequalities for mappings whose third derivative in absolute value at certain powers are preinvex.
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2. Main result for our lemma
We will use the following Lemma for obtain our main results about the preinvexity.
Lemma 2.1. Let K C R be an open invex subset with respect to mapping A (-,-) : Kx K — Rand (,0 € K with A(6,¢) > 0.

Suppose that the function v : K — R is a fourth times differentiable function on K such that 1)(*) € L[¢, ¢+ A(6,0)].
Then the following identity hold:

A%(6,¢)
6

W (C+ A0, C)) -

By (¢ + A6,Q))

A%(6,¢)
4 2

3
A%(9,0) / i (<+t ©, O)wi”)(umw,cndt:
C+A(6,4)
FAB, Ot (¢ + A, 0)) — o (¢ + AD, O) (¢ + AB, ) +B(O)C + /< () du

Proof. Integrating fourth times by parts and then changing the variable, we obtain

3
A4(0,0) / ! (<+t . O)wi”)(um(a,c»dt

= M0,0% w” (C+1A(0,0)] — A2(0,0% ﬁtw” (C +tA(6,0))
0 0
+ A0, )t (C+ A0, )]y — (C+A0,0)) ¥ (¢ + A0, )]y
1
A(6,¢) / ¥ (C+tA(0,Q))dt

= A9 am.0) -

/ MO0 sy ¢+ 40,0
A, <>aw (€ A.0) (¢ + A, € +A0.0)

(O +A0.0 [ 000l
3
= A9 am.0) - P01 am.0)
FAG ot €+ AB.0) (€ + A,0) (€ +AG,0)
C+A(6,0)
w @+ [ vl
¢

O

Theorem 2.1. Let K C R be an open invex subset with respect to mapping A (+,-) : K x K — Rand ¢,0 € K with A(0,() >
0. Suppose that the function 1) : K — R is a fourth times differentiable function on K such that ") € L[¢, ¢+ A(6,¢)]. If

|1/)(“’) |q is preinvex on K for ¢ > 1, then the following inequality holds:

2175 AP 50,0 11 giv i a
[L0(C6,0)] < == e cun 0+ [pe0| cantc.0)] " e
(3p+1
where
A€ [L851 (3,0 = ¢Lg (1,.0)] ¢>0,7>0,
Cia(G0) =3 4+ LI (=0 — A (T (=), ¢ < 0,7 >0,
~A0,0) [EEE (¢ - + ¢ (¢, )], ¢<0y<0.
and
~A0, ) [L451 (1, Q) = 7L8 (1,0)] ¢>0,7>0,
Can (C,0) := —4(C+7)LZE( <> fle(vq“,(—c)ﬁl),<<o,v>o7
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Proof. If || for ¢ > 1 is preinvex on [¢,{ + A(6, ()], using Lemma 2.1, the Holder integral inequality and
[+ M@ < [ O + (1= 1) [pEI(Q[ we get

[1,(¢,0,A)]

Ly t (iv)
< G0 [l [ptc a0
1 1 z 1 ‘ :
< 6A‘*(e,o ( /0 t3pdt) ( / el w<w><<+m(e,o>\th)
< ZAY0,0) (/ t‘“’dt) (/ le“ ‘WW (1715)’77/1(@)(()’{1} dt>q
1 AYh @
(w) q (w) _ q
S O (Jucer \/ml at + [ \/ (-t hlar)”
1 A4(9 C 4|,¢(w) ’ . 4|,l/)(w ‘ . é
= d A6 d
St ( o= | - ompans Haatl [T, - - oyl i
2175 A%HE( g
_ w) _ (W) _ _
- 2 <3p+1 L (Jee] [ aw-ora pof 0.0 - o>u|qdu)
2175 A%HE(

_ T(ng D [|6e0)[* Cra (6,00 + [50)| Can (c.0)] .

O

Corollary 2.1. Under the conditions of Theorem 2.1, If we choose n(0,() = 0 — ( then when |w(“’) |q is convex on K for
q > 1 we obtain

— 2 — — ’
OO (30) gy - O (220 i 1 S5 2y - HOB=HOC g [ v

Q=

2" (0—Q' {

WO Ly (€0) + [0 Can(0)]

3 @Bpt1)r
where
(0 - [Lath (352,¢) - crg (352.¢)]. (> 0,52 >0,
Ci(0) = (e+oyLit (342 ¢) - A ((20)" - cw“) €< 0,35 >0,
~0-Q (Lt (~¢ -5y exg (¢, )], (<052 <o,
-0 -0 [LZE <SCZG7C) ’YLq< C+o g)} ¢>0,%H >,
C2(¢,0) =4 —(7¢+0) e (352, ) + jle(( 30) ™ (Cort) <035 5,
(-0 [in}( ¢,— 3<+9>+7Lq( C,f%”ﬂ, ¢<0,% <.

Remark 2.1. If the mapping A satisfies condition C then by use of the preinvexity of |¢(?) 7
inequality for every ¢ € [0, 1]:

D) (¢ + A8, g))‘q = ]ww (C+ A6, ¢) + (1 = A, ¢ + A(D, C)))]q

, q , q
Ep) (C+ A0 + @ =] () - 22)
If we use (2.2) in the proof of Theorem 2.1, then (2.1) becomes the following inequality:

we obtain following

IN

21—7 A2+ (9 C

BC6N) € 5

<[+ a0 caco+ i o]’ @3



58 H. Kadakal & I. Iscan

We note that by use of the preinvexity of [¢)|? we get [() (¢ + A(6,¢))|" < [¢(*)(0)|* . Therefore, the inequality
(2.3) is better than (2.1).

Theorem 2.2. Let K C R be an open invex subset with respect to mapping A(-,-) : K x K — Rand (,0 € K
with A(8,() > 0. Suppose that the function  : K — R is a fourth times differentiable function on K such that
) € L[¢, ¢+ A0, Q). If v is preinvex on K for q > 1, then the following inequality holds:

2

g (3q+1) [ (0)|" + [ ()]

3+1
o) < oA 0,008 (00) eSS 7 4
where
A(“)L”(%C), ¢>0,7>0,
C’3,/\ (C?e) = p+ 1A ( p+17 (_C)p+1) 7C < Oa v > Oa

p+1
A(i D (_Ca _7) ) C < 07 7 < 0.

Proof. 1f |1,ZJ(“’) |q for ¢ > 1 is preinvex on [(,¢ + A(#, )], using Lemma 2.1, the Holder integral inequality and
[ (¢ + A0, )| <t (0)]" + (1 —t) [ (¢)|, we obtain the following inequality:

14(6.0.0)
< / £ el [0 (¢ + 20, ) a
< A4e<( |%|pdt) (/Olt?’q\w<i“><<+m<e7<>)\th);
< oo () |%|pdt) (/Olt?’q [tjw““)(e)\qﬂl—t)\w“”(o\q]dt)q
sl ) ol s )

]. 2_1 3+l /’Y |77[}(“j) ]. ].
= —2» "A°"4(@ Pd LA . ‘ iv) ‘ - -
3 (’O(a ol dx 3q +2 + | 30+1 3q+2

3¢+ 1) [0 (0)|" + \w“‘w(c)!q] :

- 32**1A3+ (6,0)C3 5 (C,0) (3g+1) (3¢ +2)

O

Corollary 2.2. Under the conditions of Theorem 2.2, If we choose A(6,¢) = 6 — ¢ then when [()|* is convex on K for
q > 1 we have

— 2 — - ¢
(0-2¢) <3g+9>¢,,,(9)_(9 9) <2c+9>w ()+ﬂ¢() ¥(0)0 w(<)<+0i</¢ W(u)du

6 4 2 3 0—C

—_

1 (iv) q (iv) a7
< Lo gerich, o | SR (Ow ,

3 (3¢+1) (3¢ +2)
where
Sy (R2c). (>0, %2>y,
p+1
(6.0 =1 ZA((22) . <>p+1>,<<0 >0,

(-6 -%2), <o, %2 <o
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Remark 2.2. 1f the mapping A satisfies condition C then using (2.2) in the proof of Theorem 2.2, then (2.4) becomes
the following inequality:

1.2 (3q+ 1) [0 (¢ +tA(0,0))|" + [ ()]
I,(C,0,A)] < =25 1A% 4 (6, CP .0 2.5
We note that by use of the preinvexity of || we get [ (¢ + A(6,¢))|* < [ (0)|". Therefore, (2.5) is better

than (2.4).

Theorem 2.3. Let K C R be an open invex subset with respect to mapping A (-,-) : K x K — Rand (,0 € K with A(0,() >
0. Suppose that the function v : K — R is a fourth times differentiable function on K such that ) e L¢, ¢+ A6,0)]. If

| ) |q is preinvex on K for q¢ > 1, then the following inequality holds:

1
—= -1 v a v a a
1(¢,0,0)] < 2875 0,0D; 1 (¢,0) [[0(0)]" Do (6.60) + [0 (©)] Dsa (¢,0)] 26)
where
A4510 ,$) A6, C)+o( C>0,7>0
. A%(6,0) A(6,C +d<
DiA(G8) : = <M> <A2 L <0, 750
4(140 (ZC())JrOC, <<077<0
AOOMOOHUC 5 g s
Dan(G,0) : ={ Aosaediang, ¢ o Ly
5
Aigc)%, ¢<0,7v<0
A5(6,¢) A(0,0)+6¢
As‘(‘f; )/\(‘912)05 ) . . ¢>0,7v>0
Dsa(¢,0) = = ﬁﬁ —A0,0) 55 — 45, < 0,7 >0
— D0 MELIHEC ¢<0,7<0.

Proof. Using Lemma 2.1 and Power-mean integral inequality, we get

[1,(C, 0, M)

< N, /0 e [0 ( + A (0, €))| e
< gveo ([ o dt)lq ([ 2| awopfar)’
< Iveo ([ vt|dt>1_é (/OltS ol [t @) + =0 [pe)] dt)é

1

(J
- oo ([ e mdt)l_; (je@| [ e piar+ o] [ ea-ola)
(w9 0)1i (x0 o); ([ -0 '“'d“)l_;
<(Jeeoof [ atw= ot aus o [ w=0 16,0 =40 = O]l
- Srteo ([ w-or |u|du)1_"
<(Jreoof [ atw= ot aus o [ w= 06,0 =400 O]l

— 23A 7 (0, C)DiA‘ll (¢,0) Hiﬁ(w) ‘ Da (C,0) + ‘1/)(“)) ‘ Dsa (¢ 9)}

_ 1
= AM0C

Q=
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Corollary 2.3. Under the conditions of Theorem 2.3, If we choose A(6,() = 6 — ¢ then when |1/)(i“) ]q is convex on K for
q > 1 we get

— 2 — - 0
G 64) <3g+9> gy~ =9 (2<+9) 0) + 20 pri) - f(e)ef(C)chelg/c F(u)du

4 2 3 2 0
27 1-3 (@) (| (iv) v
< 2 -0 00D 0[O Dan 0 + [0 Dan (0]
where
—ca)?

CoRES (> 0,5 >0

Di(G,0) = ¢ Ot - €. <0, 34+9 >0,
_=0Torac o g 3<+9 <0

5
(QZE,C) 505%9(7 C > 0 3C+0 > 0

5 6
Dy(¢,0) = Ol 286 1 £.¢ <0, 3“9 >0 ,
_ (9;4() 50;»2%]9{’ C < O 3C+0 <0
(6=9)° 0+5¢ 3<+9
5 9 > O > 0
D3(C,0) = 0-o* 9+5§20 c"’ CC“’ 3<+9
4
o 4§> Glgff, ¢ <0, 3<j" <0.

Remark 2.3. If the mapping A satisfies condition C then using (2.2) in the proof of Theorem 2.3, then (2.6) becomes
the following inequality:

1

7 1 _1 . i a
LGN < TAOODL (G0 [ ¢+ A60) Do (.0 + [0 @] Dsa o) @7)

We note that by use of the preinvexity of [¢()|" we get [ (¢ + A(6,¢))|" < [)(0)|" . Therefore, (2.7) is better
than (2.6).

Corollary 2.4. Tnking g = 1 in Theorem 2.3, then we get

27
3A(0,¢)

15(¢.0,4)] < [[002(0)] D21y (6,0) + [9(0)| Doy (,0)]
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