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Abstract
In this study, a new identity for functions defined on an open invex subset of set of real numbers is
formed. After that we established Hermite-Hadamard-like inequalities for this type of functions. Then, by
using the this identity and the Hölder and Power mean integral inequalities we present new type integral
inequalities for functions whose powers of fourth derivatives in absolute value are preinvex functions.
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1. Preliminaries and fundamentals
Definition 1.1. A function ψ : I ⊆ R→ R is said to be convex if the inequality

ψ (tζ + (1− t)θ) ≤ tψ (ζ) + (1− t)ψ (θ)

is valid for all ζ, θ ∈ I and t ∈ [0, 1]. If this inequality reverses, then ψ is said to be concave on interval I 6= ∅.

Definition 1.2. ψ : I ⊆ R→ R be a convex function on the interval I of real numbers and ζ, θ ∈ I with ζ < θ. The
following celebrated double inequality

ψ

(
ζ + θ

2

)
≤ 1

θ − ζ

θ∫
ζ

ψ (x) dx ≤ ψ (ζ) + ψ (θ)

2

is Hermite-Hadamard’s inequality for convex functions [14]. Both inequalities hold in the reserved direction if ψ is
concave.

Hermite-Hadamard inequality [3] has been considered the most useful inequality in mathematical analysis.
Readers can find more informations in [2, 5, 8, 14]. Some of the classical inequalities for means can be derived from
Hermite-Hadamard inequality for particular choices of ψ.

Let us recall the notion of preinvexity which is signicant generalizations of the notion of convexity, and some
related results.

Definition 1.3 ([16]). Let K be a non-empty subset in Rn and Λ : K ×K → R. Let ζ ∈ K, then the set K is said
to be invex at ζ with respect to Λ (·, ·), if ζ + tΛ (θ, ζ) ∈ K, ∀ζ, θ ∈ K t ∈ [0, 1] . K is said to be an invex set with
respect to if K is invex at each ζ ∈ K. The invex set K is also called Λ-connected set.

Definition 1.4 ([16]). A function ψ : K → R on an invex set K ⊆ R is said to be preinvex with respect to η, if

ψ (ζ + tΛ(θ, ζ)) ≤ (1− t)ψ(ζ) + tψ(θ), ∀ζ, θ ∈ K, t ∈ [0, 1]

The function ψ is said to be preconcave if and only if −ψ is preinvex.
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It is to be noted that every convex function is preinvex with respect to the map Λ (θ, ζ) = θ − ζ but the converse
is not true see for instance.

In [10], the authors introduced Condition C defined as follows:

Definition 1.5 ([10]). Let S ⊆ R be an open invex subset with respect to the map Λ : S × S → R. We say that the
function satisfies the Condition C if, for any ζ, θ ∈ S and any t ∈ [0, 1],

Λ (θ, θ + tΛ (ζ, θ)) = −tΛ (ζ, θ) (1.1)

Λ (ζ, θ + tΛ (ζ, θ)) = (1− t) Λ (ζ, θ) . (1.2)

Note that, using the Condition C, we have

Λ (θ + t2Λ (ζ, θ) θ, θ + t1Λ (ζ, θ)) = (t2 − t1) Λ (ζ, θ)

for any ζ, θ ∈ S and any t1, t2 ∈ [0, 1].

In recent years, many mathematicians have been studying about preinvexity and types of preinvexity. A lot of
efforts have been made by many mathematicians to generalize the classical convexity [4, 12, 13, 15–17]. Ben-Israel
and Mond gave the concept of preinvex functions which is a special case of invexity [4].

In [11], Noor has obtained the following Hermite-Hadamard type inequalities for the preinvex functions.

Theorem 1.1 ([11]). Let ψ : [ζ, ζ + Λ(θ, ζ)] → (0,∞) be a preinvex function on the interval of the real numbers K◦ (the
interior of K) and ζ, θ ∈ K◦ with Λ(θ, ζ) > 0. Then the following inequalities holds

ψ

(
2ζ + η(θ, ζ)

2

)
≤ 1

Λ(θ, ζ)

∫ ζ+Λ(θ,ζ)

ζ

ψ(x)dx ≤ ψ(ζ) + ψ(θ)

2
(1.3)

For several recent results on inequalities for preinvex functions which are connected to (1.3), we refer the
interested reader to [1, 6, 7, 9] and the references therein.

Let 0 < ζ < θ, throughout this paper we will use

A = A (ζ, θ) =
ζ + θ

2

Lp (ζ, θ) =

(
θp+1 − ζp+1

(p+ 1)(θ − ζ)

) 1
p

, ζ 6= θ, p ∈ R, p 6= −1, 0

for the arithmetic and generalized logarithmic mean, respectively. Moreover, for shortness, the following notations
will be used:

α = α (ζ, θ,Λ) = ζ +
Λ(θ, ζ)

2
, αt = αt (ζ, θ,Λ) = ζ + t

Λ(θ, ζ)

2
,

β = β (ζ, θ,Λ) = ζ +
Λ(θ, ζ)

3
, βt = βt (ζ, θ,Λ) = ζ + t

Λ(θ, ζ)

3
,

γ = β (ζ, θ,Λ) = ζ +
Λ(θ, ζ)

4
, γt = γt (ζ, θ,Λ) = ζ + t

Λ(θ, ζ)

4

and

Iψ(ζ, θ,Λ) :=
Λ3(θ, ζ)

6

(
ζ +

Λ(θ, ζ)

4

)
ψ′′′ (ζ + Λ(θ, ζ))− Λ2(θ, ζ)

2

(
ζ +

Λ(θ, ζ)

3

)
ψ′′ (ζ + Λ(θ, ζ))

+Λ(θ, ζ)

(
ζ +

Λ(θ, ζ)

2

)
ψ′ (ζ + Λ(θ, ζ))− (ζ + Λ(θ, ζ))ψ (ζ + Λ(θ, ζ)) + Λ(θ, ζ)

∫ 1

0

ψ (ζ + tΛ(θ, ζ)) dt.

In this paper, using a general integral identity for a three times differentiable functions, we establish some new
type integral inequalities for mappings whose third derivative in absolute value at certain powers are preinvex.
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2. Main result for our lemma
We will use the following Lemma for obtain our main results about the preinvexity.

Lemma 2.1. LetK ⊆ R be an open invex subset with respect to mapping Λ (·, ·) : K×K → R and ζ, θ ∈ K with Λ(θ, ζ) > 0.
Suppose that the function ψ : K → R is a fourth times differentiable function on K such that ψ(iv) ∈ L [ζ, ζ + Λ(θ, ζ)] .
Then the following identity hold:

Λ4(θ, ζ)

∫ 1

0

t3

6

(
ζ + t

Λ(θ, ζ)

4

)
ψ(iv)(ζ + tΛ(θ, ζ))dt =

Λ3(θ, ζ)

6
γψ′′′ (ζ + Λ(θ, ζ))− Λ2(θ, ζ)

2
βψ′′ (ζ + Λ(θ, ζ))

+Λ(θ, ζ)αψ′ (ζ + Λ(θ, ζ))− ψ (ζ + Λ(θ, ζ)) (ζ + Λ(θ, ζ)) + ψ(ζ)ζ +

∫ ζ+Λ(θ,ζ)

ζ

ψ(u)du

Proof. Integrating fourth times by parts and then changing the variable, we obtain

Λ4(θ, ζ)

∫ 1

0

t3

6

(
ζ + t

Λ(θ, ζ)

4

)
ψ(iv)(ζ + tΛ(θ, ζ))dt

= Λ3(θ, ζ)
t3

6
γtψ
′′′ (ζ + tΛ(θ, ζ))

∣∣∣∣1
0

− Λ2(θ, ζ)
t2

2
βtψ

′′ (ζ + tΛ(θ, ζ))

∣∣∣∣1
0

+ Λ(θ, ζ)tαtψ
′ (ζ + tΛ(θ, ζ))|10 − (ζ + tΛ(θ, ζ))ψ (ζ + tΛ(θ, ζ))|10

+Λ(θ, ζ)

∫ 1

0

ψ (ζ + tΛ(θ, ζ)) dt

=
Λ3(θ, ζ)

6
γψ′′′ (ζ + Λ(θ, ζ))− Λ2(θ, ζ)

2
βψ′′ (ζ + Λ(θ, ζ))

+Λ(θ, ζ)αψ′ (ζ + Λ(θ, ζ))− (ζ + Λ(θ, ζ))ψ (ζ + Λ(θ, ζ))

+ζψ (ζ) + Λ(θ, ζ)

∫ 1

0

ψ (ζ + tΛ(θ, ζ)) dt

=
Λ3(θ, ζ)

6
γψ′′′ (ζ + Λ(θ, ζ))− Λ2(θ, ζ)

2
βψ′′ (ζ + Λ(θ, ζ))

+Λ(θ, ζ)αψ′ (ζ + Λ(θ, ζ))− (ζ + Λ(θ, ζ))ψ (ζ + Λ(θ, ζ))

+ζψ (ζ) +

∫ ζ+Λ(θ,ζ)

ζ

ψ(x)dx.

Theorem 2.1. LetK ⊆ R be an open invex subset with respect to mapping Λ (·, ·) : K×K → R and ζ, θ ∈ K with Λ(θ, ζ) >
0. Suppose that the function ψ : K → R is a fourth times differentiable function on K such that ψ(ıv) ∈ L [ζ, ζ + Λ(θ, ζ)] . If∣∣ψ(ıv)

∣∣q is preinvex on K for q > 1, then the following inequality holds:

|Iψ(ζ, θ,Λ)| ≤ 21− 2
p

3

Λ2+ 2
p (θ, ζ)

(3p+ 1)
1
p

[∣∣∣ψ(iv)(θ)
∣∣∣q C1,Λ (ζ, θ) +

∣∣∣ψ(iv)(ζ)
∣∣∣q C2,Λ (ζ, θ)

] 1
q

. (2.1)

where

C1,Λ (ζ, θ) :=


Λ(θ, ζ)

[
Lq+1
q+1 (γ, ζ)− ζLqq (γ, ζ)

]
, ζ > 0, γ > 0,

4 (ζ + γ)Lq+1
q+1 (γ,−ζ)− 8ζ

q+1A
(
γq+1, (−ζ)q+1

)
, ζ < 0, γ > 0,

−Λ(θ, ζ)
[
Lq+1
q+1 (−ζ,−γ) + ζLqq (−ζ,−γ)

]
, ζ < 0, γ < 0.

and

C2,Λ (ζ, θ) :=


−Λ(θ, ζ)

[
Lq+1
q+1 (γ, ζ)− γLqq (γ, ζ)

]
, ζ > 0, γ > 0,

−4 (ζ + γ)Lq+1
q+1 (γ,−ζ) + 8γ

q+1A
(
γq+1, (−ζ)q+1

)
, ζ < 0, γ > 0,

Λ(θ, ζ)
[
Lq+1
q+1 (−ζ,−γ) + γLqq (−ζ,−γ)

]
, ζ < 0, γ < 0.
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Proof. If
∣∣ψ(iv)

∣∣q for q > 1 is preinvex on [ζ, ζ + Λ(θ, ζ)], using Lemma 2.1, the Hölder integral inequality and∣∣ψ(iv)(ζ + tΛ(θ, ζ))
∣∣q ≤ t ∣∣ψ(iv)(θ)

∣∣q + (1− t)
∣∣ψ(iv)(ζ)

∣∣q ,we get

|Iψ(ζ, θ,Λ)|

≤ 1

6
Λ4(θ, ζ)

∫ 1

0

t3 |γt|
∣∣∣ψ(iv)(ζ + tΛ(θ, ζ))

∣∣∣ dt
≤ 1

6
Λ4(θ, ζ)

(∫ 1

0

t3pdt

) 1
p
(∫ 1

0

|γt|q
∣∣∣ψ(iv)(ζ + tΛ(θ, ζ))

∣∣∣q dt) 1
q

≤ 1

6
Λ4(θ, ζ)

(∫ 1

0

t3pdt

) 1
p
(∫ 1

0

|γt|q
[
t
∣∣∣ψ(iv)(θ)

∣∣∣q + (1− t)
∣∣∣ψ(iv)(ζ)

∣∣∣q] dt) 1
q

≤ 1

6

Λ4(θ, ζ)

(3p+ 1)
1
p

(∣∣∣ψ(iv)(θ)
∣∣∣q ∫ 1

0

t |γt|q dt+
∣∣∣ψ(iv)(ζ)

∣∣∣q ∫ 1

0

(1− t) |γt|q dt
) 1

q

=
1

6

Λ4(θ, ζ)

(3p+ 1)
1
p

(
4
∣∣ψ(iv)(θ)

∣∣q
Λ2(θ, ζ)

∫ γ

ζ

4 (u− ζ) |u|q du+
4
∣∣ψ(iv)(ζ)

∣∣q
Λ2(θ, ζ)

∫ γ

ζ

(Λ(θ, ζ)− 4(u− ζ)) |u|q du

) 1
q

=
21− 2

p

3

Λ2+ 2
p (θ, ζ)

(3p+ 1)
1
p

(∣∣∣ψ(iv)(θ)
∣∣∣q ∫ γ

ζ

4 (u− ζ) |u|q du+
∣∣∣ψ(iv)(ζ)

∣∣∣q ∫ γ

ζ

(Λ(θ, ζ)− 4(u− ζ)) |u|q du
) 1

q

=
21− 2

p

3

Λ2+ 2
p (θ, ζ)

(3p+ 1)
1
p

[∣∣∣ψ(iv)(θ)
∣∣∣q C1,Λ (ζ, θ) +

∣∣∣ψ(iv)(ζ)
∣∣∣q C2,Λ (ζ, θ)

] 1
q

.

Corollary 2.1. Under the conditions of Theorem 2.1, If we choose η(θ, ζ) = θ − ζ then when
∣∣ψ(ıv)

∣∣q is convex on K for
q > 1 we obtain∣∣∣∣∣ (θ − ζ)

2

6

(
3ζ + θ

4

)
ψ′′′(θ)− (θ − ζ)

2

(
2ζ + θ

3

)
ψ′′(θ) +

ζ + θ

2
f ′(θ)− ψ(θ)θ − ψ(ζ)ζ

θ − ζ
+

1

θ − ζ

∫ θ

ζ

ψ(u)du

∣∣∣∣∣
≤ 21− 2

p

3

(θ − ζ)1+ 2
p

(3p+ 1)
1
p

[∣∣∣ψ(ıv)(θ)
∣∣∣q C1,η (ζ, θ) +

∣∣∣ψ(ıv)(ζ)
∣∣∣q C2,η (ζ, θ)

] 1
q

,

where

C1 (ζ, θ) =


(θ − ζ)

[
Lq+1
q+1

(
3ζ+θ

4 , ζ
)
− ζLqq

(
3ζ+θ

4 , ζ
)]
, ζ > 0, 3ζ+θ

4 > 0,

(7ζ + θ)Lq+1
q+1

(
3ζ+θ

4 ,−ζ
)
− 8ζ

q+1A

((
3ζ+θ

4

)q+1

, (−ζ)q+1

)
, ζ < 0, 3ζ+θ

4 > 0,

−(θ − ζ)
[
Lq+1
q+1

(
−ζ,− 3ζ+θ

4

)
+ ζLqq (−ζ,−γ)

]
, ζ < 0, 3ζ+θ

4 < 0.

C2 (ζ, θ) =


−(θ − ζ)

[
Lq+1
q+1

(
3ζ+θ

4 , ζ
)
− γLqq

(
3ζ+θ

4 , ζ
)]
, ζ > 0, 3ζ+θ

4 > 0,

− (7ζ + θ)Lq+1
q+1

(
3ζ+θ

4 ,−ζ
)

+ 8γ
q+1A

((
3ζ+θ

4

)q+1

, (−ζ)q+1

)
, ζ < 0, 3ζ+θ

4 > 0,

(θ − ζ)
[
Lq+1
q+1

(
−ζ,− 3ζ+θ

4

)
+ γLqq

(
−ζ,− 3ζ+θ

4

)]
, ζ < 0, 3ζ+θ

4 < 0.

Remark 2.1. If the mapping Λ satisfies condition C then by use of the preinvexity of
∣∣ψ(iv)

∣∣q we obtain following
inequality for every t ∈ [0, 1]:∣∣∣ψ(iv) (ζ + tΛ(θ, ζ))

∣∣∣q =
∣∣∣ψ(iv) (ζ + Λ(θ, ζ) + (1− t)Λ(ζ, ζ + Λ(θ, ζ)))

∣∣∣q
≤ t

∣∣∣ψ(iv) (ζ + Λ(θ, ζ))
∣∣∣q + (1− t)

∣∣∣ψ(iv)(ζ)
∣∣∣q . (2.2)

If we use (2.2) in the proof of Theorem 2.1, then (2.1) becomes the following inequality:

Iψ(ζ, θ,Λ) ≤ 21− 2
p

3

Λ2+ 2
p (θ, ζ)

(3p+ 1)
1
p

×
[∣∣∣ψ(iv)(ζ + Λ(θ, ζ))

∣∣∣q C1,Λ (ζ, θ) +
∣∣∣ψ(iv)(ζ)

∣∣∣q C2,Λ (ζ, θ)
] 1

q

. (2.3)
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We note that by use of the preinvexity of
∣∣ψ(iv)

∣∣q we get
∣∣ψ(iv)(ζ + Λ(θ, ζ))

∣∣q ≤ ∣∣ψ(iv)(θ)
∣∣q . Therefore, the inequality

(2.3) is better than (2.1).

Theorem 2.2. Let K ⊆ R be an open invex subset with respect to mapping Λ (·, ·) : K × K → R and ζ, θ ∈ K
with Λ(θ, ζ) > 0. Suppose that the function ψ : K → R is a fourth times differentiable function on K such that
ψ(iv) ∈ L [ζ, ζ + Λ(θ, ζ)] . If

∣∣ψ(iv)
∣∣q is preinvex on K for q > 1, then the following inequality holds:

|Iψ(ζ, θ, η)| ≤ 2
2
p−1

3
Λ3+ 1

q (θ, ζ)C
1
p

3,Λ (ζ, θ)

[
(3q + 1)

∣∣ψ(iv)(θ)
∣∣q +

∣∣ψ(iv)(ζ)
∣∣q

(3q + 1) (3q + 2)

] 1
q

, (2.4)

where

C3,Λ (ζ, θ) =


Λ(θ,ζ)

4 Lpp (γ, ζ) , ζ > 0, γ > 0,
2
p+1A

(
γp+1, (−ζ)p+1

)
, ζ < 0, γ > 0,

Λ(θ,ζ)
4 Lpp (−ζ,−γ) , ζ < 0, γ < 0.

Proof. If
∣∣ψ(iv)

∣∣q for q > 1 is preinvex on [ζ, ζ + Λ(θ, ζ)], using Lemma 2.1, the Hölder integral inequality and∣∣ψ(iv)(ζ + tΛ(θ, ζ))
∣∣q ≤ t ∣∣ψ(iv)(θ)

∣∣q + (1− t)
∣∣ψ(iv)(ζ)

∣∣q , we obtain the following inequality:

|If (ζ, θ,Λ)|

≤ 1

6
Λ4(θ, ζ)

∫ 1

0

t3 |γt|
∣∣∣ψ(iv)(ζ + tΛ(θ, ζ))

∣∣∣ dt
≤ 1

6
Λ4(θ, ζ)

(∫ 1

0

|γt|p dt
) 1

p
(∫ 1

0

t3q
∣∣∣ψ(iv)(ζ + tΛ(θ, ζ))

∣∣∣q dt) 1
q

≤ 1

6
Λ4(θ, ζ)

(∫ 1

0

|γt|p dt
) 1

p
(∫ 1

0

t3q
[
t
∣∣∣ψ(iv)(θ)

∣∣∣q + (1− t)
∣∣∣ψ(iv)(ζ)

∣∣∣q] dt) 1
q

=
1

6
Λ4(θ, ζ)

(∫ 1

0

|γt|p dt
) 1

p
(∣∣∣ψ(iv)(θ)

∣∣∣q ∫ 1

0

t3q+1dt+
∣∣∣ψ(iv)(ζ)

∣∣∣q ∫ 1

0

(
t3q − t3q+1

)
dt

) 1
q

=
1

3
2

2
p−1Λ3+ 1

q (θ, ζ)

(∫ γ

a

|x|p dx
) 1

p

[∣∣ψ(iv)(θ)
∣∣q

3q + 2
+
∣∣∣ψ(iv)(ζ)

∣∣∣q ( 1

3q + 1
− 1

3q + 2

)] 1
q

=
1

3
2

2
p−1Λ3+ 1

q (θ, ζ)C
1
p

3,Λ (ζ, θ)

[
(3q + 1)

∣∣ψ(iv)(θ)
∣∣q +

∣∣ψ(iv)(ζ)
∣∣q

(3q + 1) (3q + 2)

] 1
q

Corollary 2.2. Under the conditions of Theorem 2.2, If we choose Λ(θ, ζ) = θ − ζ then when
∣∣ψ(iv)

∣∣q is convex on K for
q > 1 we have∣∣∣∣∣ (θ − ζ)

2

6

(
3ζ + θ

4

)
ψ′′′(θ)− (θ − ζ)

2

(
2ζ + θ

3

)
ψ′′(θ) +

ζ + θ

2
ψ′(θ)− ψ(θ)θ − ψ(ζ)ζ

θ − ζ
+

1

θ − ζ

∫ θ

ζ

ψ(u)du

∣∣∣∣∣
≤ 1

3
2

2
p−1(θ − ζ)2+ 1

qC
1
p

3,Λ (ζ, θ)

[
(3q + 1)

∣∣ψ(iv)(θ)
∣∣q +

∣∣ψ(iv)(ζ)
∣∣q

(3q + 1) (3q + 2)

] 1
q

,

where

C3 (ζ, θ) =


θ−ζ

4 Lpp

(
3ζ+θ

4 , ζ
)
, ζ > 0, 3ζ+θ

4 > 0,

2
p+1A

((
3ζ+θ

4

)p+1

, (−ζ)p+1

)
, ζ < 0, 3ζ+θ

4 > 0,

θ−ζ
4 Lpp

(
−ζ,− 3ζ+θ

4

)
, ζ < 0, 3ζ+θ

4 < 0.
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Remark 2.2. If the mapping Λ satisfies condition C then using (2.2) in the proof of Theorem 2.2, then (2.4) becomes
the following inequality:

|Iψ(ζ, θ,Λ)| ≤ 1

3
2

2
p−1Λ3+ 1

q (θ, ζ)C
1
p

3,Λ (ζ, θ)

[
(3q + 1)

∣∣ψ(iv) (ζ + tΛ(θ, ζ))
∣∣q +

∣∣ψ(iv)(ζ)
∣∣q

(3q + 1) (3q + 2)

] 1
q

. (2.5)

We note that by use of the preinvexity of
∣∣ψ(iv)

∣∣q we get
∣∣ψ(iv)(ζ + Λ(θ, ζ))

∣∣q ≤ ∣∣ψ(iv)(θ)
∣∣q . Therefore, (2.5) is better

than (2.4).

Theorem 2.3. LetK ⊆ R be an open invex subset with respect to mapping Λ (·, ·) : K×K → R and ζ, θ ∈ K with Λ(θ, ζ) >
0. Suppose that the function ψ : K → R is a fourth times differentiable function on K such that ψ(iv) ∈ L [ζ, ζ + Λ(θ, ζ)] . If∣∣ψ(iv)

∣∣q is preinvex on K for q ≥ 1, then the following inequality holds:

|Iψ(ζ, θ,Λ)| ≤ 27

3
Λ−

1
q (θ, ζ)D

1− 1
q

1,Λ (ζ, θ)
[∣∣∣ψ(iv)(θ)

∣∣∣qD2,Λ (ζ, θ) +
∣∣∣ψ(iv)(ζ)

∣∣∣qD3,Λ (ζ, θ)
] 1

q

(2.6)

where

D1,Λ(ζ, θ) : =


Λ4(θ,ζ)

44

Λ(θ,ζ)+5ζ
20 , ζ > 0, γ > 0

Λ4(θ,ζ)
44

Λ(θ,ζ)+5ζ
20 − ζ5

10 , ζ < 0, γ > 0

−Λ4(θ,ζ)
44

Λ(θ,ζ)+5ζ
20 , ζ < 0, γ < 0

,

D2,Λ(ζ, θ) : =


Λ5(θ,ζ)

45

Λ(θ,ζ)+24ζ
120 , ζ > 0, γ > 0

Λ5(θ,ζ)
44

5Λ(θ,ζ)+24ζ
120 + ζ6

15 , ζ < 0, γ > 0

−Λ5(θ,ζ)
44

Λ(θ,ζ)+24ζ
120 , ζ < 0, γ < 0

,

D3,Λ(ζ, θ) : =


Λ5(θ,ζ)

44

Λ(θ,ζ)+6ζ
120 , ζ > 0, γ > 0

Λ5(θ,ζ)
44

Λ(θ,ζ)+5ζ
60 − Λ(θ, ζ) ζ

5

10 − 4 ζ
6

15 , ζ < 0, γ > 0

−Λ5(θ,ζ)
44

Λ(θ,ζ)+6ζ
120 , ζ < 0, γ < 0.

Proof. Using Lemma 2.1 and Power-mean integral inequality, we get

|Iψ(ζ, θ,Λ)|

≤ 1

6
Λ4(θ, ζ)

∫ 1

0

t3 |γt|
∣∣∣ψ(iv)(ζ + tΛ(θ, ζ))

∣∣∣ dt
≤ 1

6
Λ4(θ, ζ)

(∫ 1

0

t3 |γt| dt
)1− 1

q
(∫ 1

0

t3 |γt|
∣∣∣ψ(iv)(ζ + Λ(θ, ζ))

∣∣∣q dt) 1
q

≤ 1

6
Λ4(θ, ζ)

(∫ 1

0

t3 |γt| dt
)1− 1

q
(∫ 1

0

t3 |γt|
[
t
∣∣∣ψ(iv)(θ)

∣∣∣q + (1− t)
∣∣∣ψ(iv)(ζ)

∣∣∣q] dt) 1
q

=
1

6
Λ4(θ, ζ)

(∫ 1

0

t3 |γt| dt
)1− 1

q
(∣∣∣ψ(iv)(θ)

∣∣∣q ∫ 1

0

t4 |γt| dt+
∣∣∣ψ(iv)(ζ)

∣∣∣q ∫ 1

0

t3(1− t) |γt| dt
) 1

q

=
1

6
Λ4(θ, ζ)

(
44

Λ4(θ, ζ)

)1− 1
q
(

44

Λ5(θ, ζ)

) 1
q
(∫ γ

ζ

(u− ζ)3 |u| du
)1− 1

q

×
(∣∣∣ψ(iv)(θ)

∣∣∣q ∫ γ

ζ

4(u− ζ)4 |u| du+
∣∣∣ψ(iv)(ζ)

∣∣∣q ∫ γ

ζ

(u− ζ)3 [Λ(θ, ζ)− 4(u− ζ)] |u| dx
) 1

q

=
27

3
η−

1
q (θ, ζ)

(∫ γ

ζ

(u− ζ)3 |u| du
)1− 1

q

×
(∣∣∣ψ(iv)(θ)

∣∣∣q ∫ γ

ζ

4(u− ζ)4 |u| du+
∣∣∣ψ(iv)(ζ)

∣∣∣q ∫ γ

ζ

(u− ζ)3 [Λ(θ, ζ)− 4(u− ζ)] |u| du
) 1

q

=
27

3
Λ−

1
q (θ, ζ)D

1− 1
q

1,Λ (ζ, θ)
[∣∣∣ψ(iv)(θ)

∣∣∣qD2,Λ (ζ, θ) +
∣∣∣ψ(iv)(ζ)

∣∣∣qD3,Λ (ζ, θ)
] 1

q

.
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Corollary 2.3. Under the conditions of Theorem 2.3, If we choose Λ(θ, ζ) = θ − ζ then when
∣∣ψ(iv)

∣∣q is convex on K for
q ≥ 1 we get∣∣∣∣∣ (θ − ζ)

2

6

(
3ζ + θ

4

)
f ′′′(θ)− (θ − ζ)

2

(
2ζ + θ

3

)
f ′′(θ) +

ζ + θ

2
f ′(θ)− f(θ)θ − f(ζ)ζ

θ − ζ
+

1

θ − ζ

∫ θ

ζ

f(u)du

∣∣∣∣∣
≤ 27

3
(θ − ζ)

−1− 1
q (θ, ζ)D

1− 1
q

1,Λ (ζ, θ)
[∣∣∣ψ(iv)(θ)

∣∣∣qD2,Λ (ζ, θ) +
∣∣∣ψ(iv)(ζ)

∣∣∣qD3,Λ (ζ, θ)
] 1

q

,

where

D1(ζ, θ) =


(θ−ζa)4

44
θ+4ζ

20 , ζ > 0, 3ζ+θ
4 > 0

(θ−ζ)4
44

θ+4ζ
20 −

ζ5

10 , ζ < 0, 3ζ+θ
4 > 0

− (θ−ζ)4
44

θ+4ζ
20 , ζ < 0, 3ζ+θ

4 < 0

,

D2(ζ, θ) =


(θ−ζ)5

45
5θ+19ζ

120 , ζ > 0, 3ζ+θ
4 > 0

(θ−ζ)5
44

5θ+19ζ
120 + ζ6

15 , ζ < 0, 3ζ+θ
4 > 0

− (θ−ζ)5
44

5θ+19ζ
120 , ζ < 0, 3ζ+θ

4 < 0

,

D3(ζ, θ) =


(θ−ζ)5

45
θ+5ζ
120 , ζ > 0, 3ζ+θ

4 > 0
(θ−ζ)5

45
θ+5ζ
120 − (θ − ζ) ζ

5

10 − 4 ζ
6

15 , ζ < 0, 3ζ+θ
4 > 0

− (θ−ζ)5
45

θ+5ζ
120 , ζ < 0, 3ζ+θ

4 < 0.

.

Remark 2.3. If the mapping Λ satisfies condition C then using (2.2) in the proof of Theorem 2.3, then (2.6) becomes
the following inequality:

|Iψ(ζ, θ,Λ)| ≤ 27

3
Λ−

1
q (θ, ζ)D

1− 1
q

1,Λ (ζ, θ)
[∣∣∣ψ(iv)(ζ + Λ(θ, ζ))

∣∣∣qD2,Λ (ζ, θ) +
∣∣∣ψ(iv)(a)

∣∣∣qD3,Λ (ζ, θ)
] 1

q

. (2.7)

We note that by use of the preinvexity of
∣∣ψ(iv)

∣∣q we get
∣∣ψ(iv)(ζ + Λ(θ, ζ))

∣∣q ≤ ∣∣ψ(iv)(θ)
∣∣q . Therefore, (2.7) is better

than (2.6).

Corollary 2.4. Taking q = 1 in Theorem 2.3, then we get

|Iψ(ζ, θ,Λ)| ≤ 27

3Λ(θ, ζ)

[∣∣∣ψ(iv)(θ)
∣∣∣D2,η (ζ, θ) +

∣∣∣ψ(iv)(ζ)
∣∣∣D3,η (ζ, θ)

]
.
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