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Abstract
The aim of this paper is to introduce color Hom-Novikov-Poisson algebras which generalize color Hom-
Novikov algebras. Many constructions of color Hom-Novikov-Poisson algebras are given either from
color Novikov-Poisson algebras or from ε-commutative Hom-associative color algebras.
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1. Introduction
Novikov-Poisson algebras both generalize commutative associative algebras and Novikov algebras. These

algebras were originally introduced by Xu [13], [14], motivated by studying simple Novikov algebras and irreducible
modules. Using Poisson algebras as a motivation, he defined a Novikov-Poisson algebra as a Novikov algebra that
is also equipped with a commutative associative product, satisfying some compatibility conditions [13]. Novikov-
Poisson algebras are closed under some perturbations of structure maps [14]. Every Novikov-Poisson algebras with
associative commutative unity can be constructed from an associative commutative derivation algebra [6]. The
relationship between Novikov-Poisson algebras and Hamiltonian super-operators was discussed in [15].

A graded version of ordinary algebras called graded or color algebras are considered and discussed in several
works. In this scheme, e.g., relations between simple Jordan color algebras and associative graded algebras are
discussed in [4], derivations and extensions of Lie color algebras are studied in [11]. The reader is referred to [2] for
some characterizations of color Hom-Poisson algebras and to [5] for the introduction of Novikov color algebras.

The purpose of this paper is to introduce color Novikov-Poisson algebras and the twisted version of these color
algebras called color Hom-Novikov-Poisson algebras, which are motived by recent works related to Hom-type
algebras. The theory of Hom-algebras originated from Hom-Lie algebras introduced by J. T. Hartwig, D. Larsson and
S. D. Silvestrov in [7] in the study of quasi-deformations of Lie algebras of vector fields, including q-deformations
of Witt algebras and Virasoro algebras. In this scheme, e.g., associative algebras and Leibniz algebras are twisted
into Hom-associative algebras and Hom-Leibniz algebras respectively in [10] and likewise, Hom-type analogues
of Novikov algebras and Novikov-Poisson algebras are defined and discussed respectively in [17] and [18]. For
further informations on other Hom-type algebras, one may refer to e.g., [8], [9],[16].

The notion of color algebras is extended to the Hom-setting by studying Hom-Lie superalgebras, Hom-Lie
admissible superalgebras [1], color Hom-Lie algebras [20] and color Hom-Novikov algebras [3]. For further
informations on other graded Hom-type algebras, on may refer to, e.g., [12], [19], [21], [22].

A description of the rest of this paper is as it follows.
In section 2, we recall basic notions concerning color algebras and color Hom-algebras and we extend the notion

of color algebras [5] to the one of color Novikov-Poisson algebras (Definition 2.4). In section 3, we define color Hom-
Novikov Poisson algebras and we point out that color Novikov-Poisson algebras are particular instances of color
Hom-Novikov-Poisson algebras and that, these color Hom-algebras generalize color Hom-Novikov algebras. Next,
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we prove some construction methods (Theorem 3.1, Proposition 3.2, Theorem 3.2 ). Theorem 3.1 and Proposition 3.2
say that color Hom-Novikov-Poisson algebras can be obtained from ε-commutative Hom-associative color algebras.
The structure map of a multiplicative color Hom-Novikov-Poisson algebra can be perturbed by a suitable element
and its own twisting map( Theorem 3.2).

In this paper, all graded vector spaces are assumed to be over a fixed ground field K of characteristic 0.

2. Preliminaries
Let G be an abelian group. A vector space V is said to be a G-graded if, there exists a family (Va)a∈G of vector

subspaces of V such that V = ⊕a∈GVa. An element x ∈ V is said to be homogeneous of degree a ∈ G if x ∈ Va. We
denoteH(V ) the set of all homogeneous elements in V. Let V = ⊕a∈GVa and V ′ = ⊕∈GV ′a be two G-graded vector
spaces. A linear mapping f : V → V ′ is said to be homogeneous of degree b ∈ G if f(Va) ⊆ V ′a+b , ∀a ∈ G. If, f is
homogeneous of degree zero i.e. f(Va) ⊆ V ′a holds for any a ∈ G, then f is said to be even. An algebra (A,µ) is said
to be G-graded if its underlying vector space is G-graded i.e. A = ⊕∈GAa, and if furthermore µ(Aa, Ab) ⊆ Aa+b,
for all a, b ∈ G. Let A′ be another G-graded algebra. A morphism f : A→ A′ of G-graded algebras is by definition
an algebra morphism from A to A′ which is, in addition an even mapping.

Definition 2.1. Let G be an abelian group. A mapping ε : G×G −→ K∗ is called a bicharacter on G if the following
identities hold for all a, b, c ∈ G:
(i) ε(a, b)ε(b, a) = 1,
(ii) ε(a+ b, c) = ε(a, c)ε(b, c),
(iii) ε(a, b+ c) = ε(a, b)ε(a, c).

It is easy to see that ε(0, a) = ε(a, 0) = 1 and ε(a, a) = ±1 for all a ∈ G. In particular, for a fixed a ∈ G, the
induced map εa : G −→ K∗ defined by εa(b) = ε(a, b) is a homomorphism of groups.

In this paper, for simplicity, the degree of any homogeneous element x will be denoted again by x. Thus if x and
y are two homogeneous elements of degree a and b respectively and ε is a bicharacter, then we shorten the notation
by writing ε(x, y) instead of ε(a, b).
Unless stated, in the sequel all the graded spaces are over the same abelian group G and the bicharacter will be the
same for all the structures.

Definition 2.2. (i) A color algebra is a triple (A,µ, ε) consisting of a G-graded vector space A, an even bilinear
map µ : A × A −→ A i.e µ(Aa, Ab) ⊆ Aa+b for all a, b ∈ G, and a bicharacter ε : G × G −→ K∗. the color algebra
(A,µ, ε, , α) is said to be associative if µ(µ(x, y), z) = µ(x, µ(y, z)) and ε-commutative if µ(x, y) = ε(x, y)µ(y, x) for
all x, y, z ∈ H(A).
(ii) A double color algebra is a quadruple (A,µ1, µ2, ε) where (A,µi, ε) is a color algebra for i = 1, 2.

The following notion is due to [5], where it is called a Novikov color algebra. However, we call it a color Novikov
algebra in this paper to unify our terminologies.

Definition 2.3. [5] A color Novikov algebra is a color algebra (V, ·, ε) satisfying:

(x · y) · z = ε(y, z)(x · z) · y (2.1)
(x · y) · z − x · (y · z) = ε(x, y)((y · x) · z − y · (x · z)) (2.2)

for all x, y, z ∈ H(V ).

We give a generalization of color Novikov algebra as it follows.

Definition 2.4. A color Novikov-Poisson algebra is a double color algebra (V, µ1, µ2, ε) consisting of an ε-commutative
associative color algebra (A,µ1, ε), a color Novikov algebra (A,µ2, ε) such that the following compatibility condi-
tions

µ1(µ2(x, y), z)− µ2(x, µ1(y, z)) = ε(x, y)(µ1(µ2(y, x), z))− µ2(y, µ1(x, z)) (2.3)
µ2(µ1(x, y), z) = ε(y, z)µ1(µ2(x, z), y) (2.4)

for all x, y, z ∈ H(V ).
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Example 2.1. (i) Every Novikov-Poisson algebra [13],[14] is a color Novikov-Poisson algebra where ε(x, y) = 1 for
all homogeneous elements x, y.
(ii) Let (A, ·, ε) be a color Novikov algebra in which · is ε-commutative. Then (A, ·, ∗, ε) is a Novikov-Poisson algebra
where ”∗ = ·”.
(iii) Every Novikov-Poisson superalgebra [20] is a color Novikov-Poisson algebra in which G = Z2 and ε(x, y) =
(−1)xy for all homogeneous elements x, y.

For the rest of this section, we give basic facts about color Hom-algebras [2], [3], [20] as well as examples of color
Hom-Novikov algebras.

Definition 2.5. (i) By a color Hom-algebra, we mean a quadruple = A = (A,µ, ε, α) consisting of a G-graded vector
space A, an even bilinear map µ : A×A −→ A i.e µ(Aa, Ab) ⊆ Aa+b for all a, b ∈ G, a bicharacter ε : G×G −→ K∗
and an even linear map α : A −→ A. A color Hom-algebra (A,µ, ε, , α) is said to be multiplicative if α ◦ µ = µ ◦ α⊗2
and ε-commutative if µ(x, y) = ε(x, y)µ(y, x) for all x, y ∈ H(A).
(ii) The Hom-associator of a color algebra A is the trilinear map asA : A⊗3 −→ A defined as asA(x, y, z) =
µ(µ(x, y), α(z))−µ(α(x), µ(y, z)) for all x, y, z ∈ H(A).A is said to be Hom-associative color algebra is asA(x, y, z) =
0 for all x, y, z ∈ H(A).
(iii) A double color Hom-algebra is a quintuple V = (V, µ1, µ2, ε, α) in which (V, µi, ε, α) is a color Hom-algebra for
i = 1, 2. If furthermore α ◦ µi = µi ◦ α⊗2 for i = 1, 2 then V is said to be multiplicative.
(iv) A mixed Hom-associator of V is the trilinear map ˜asV : V ⊗3 −→ V defined as ˜asV(x, y, z) = µ1(µ2(x, y), α(z))−
µ2(α(x), µ1(y, z)) for all x, y, z ∈ H(V ).

Remark 2.1. If ε(x, y) = 1 for all homogeneous elements x and y then the notion of color Hom-algebra and double
color Hom-algebra is reduced to the one of Hom-algebra [7] and double Hom-algebra [18] respectively.

Definition 2.6. (ii) A weak morphism f : (A,µ, ε, α) −→ (A′, µ′, ε, α′) of two color Hom-algebras is an even linear
map f : A −→ A′ of the underlying G-graded vector spaces, satisfying f ◦µ = µ′ ◦f⊗2. If furthermore f ◦α = α′ ◦f,
then f is said to be a morphism.
(ii) A weak morphism f : (A,µ1, µ2, ε, α) −→ (A′, µ′1, µ

′
2, ε, α

′) of two double color Hom-algebras is an even linear
map f : A −→ A′ of the underlying G-graded vector spaces, satisfying f ◦ µi = µ′i ◦ f⊗2 for i = 1, 2. If furthermore
f ◦ α = α′ ◦ f, then f is said to be a morphism.
(iii) A derivation of degree d ∈ G of a color Hom-algebra (A, ·, ε, α) is a linear map D : A −→ A such that
D(x · y) = D(x) · y + ε(d, x)x ·D(y). In particular, an even derivation is a derivation of degree zero [3].

Similarly in the Definition 2.3, the following notion is due to [3], where it s called a Hom-Novikov color algebra.
In this paper, we called it a color Hom-Novikov algebra.

Definition 2.7. A color Hom-Novikov algebra is a color Hom-algebra A = (A, ·, ε, α) satisfying:

(x · y) · α(z) = ε(y, z)(x · z) · α(y) (2.5)
asA(x, y, z) = ε(x, y)asA(y, x, z) (2.6)

for all x, y, z ∈ H(A) where asA is the Hom-associator (Definition 2.5 (ii) ).

Remark 2.2. Every Hom-Novikov superalgebra [22] is a color Hom-Novikov algebra in which G = Z2 and ε(x, y) =
(−1)xy for all homogeneous elements x, y.

Below is an example of color Hom-Novikov algebra for G = Z2 given in [21].

Example 2.2. There is a three-dimensional multiplicative color Hom-Novikov algebra
Ã = (A = A0 ⊕A1, µ̃, α) where the non-zero products are: µ̃(e1, e2) = 1

2λe1 = −µ̃(e2, e1),
µ̃(e2, e2) =

1
2e2, µ̃(e3, e2) =

1
2λe3, µ̃(e3, e3) =

1
2λ

2e1 and the morphism α is defined as:
α(e1) = λ2e1, α(e2) = e2, α(e3) = λe3.

Proposition 2.1. [3] Let A = (A,µ, ε, α) be a multiplicative color Hom-Novikov algebra. Then Aαn = (A,αn ◦ µ, ε, αn+1)
is also a multiplicative color Hom-Novikov algebra for each n ∈ N.

This allows to give the following example.

Example 2.3. From the example of a multiplicative color Hom-Novikov algebra Ã in Example 2.2, we get the
family of multiplicative color Hom-Novikov algebras (Ãαn)n ∈ N where the each n ∈ N, Ãαn = (A, µ̃αn , αn+1)
with the following non-zero products µ̃αn(1, e2) = 1

2λ
2n+2e1 = −µ̃αn(2, e1), µ̃αn(e2, e2) = 1

2e2, µ̃αn(e3, e2) =
1
2λ

n+1e3, µ̃αn(e3, e3) =
1
2λ

2n+2e1 and the morphism defined by αn+1(e1) = λ2n+2e1, α
n+1(e2) = e2, α

n+1(e3) =
λn+1e3.
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3. Definition and constructions
The purposes of this section are to present color Hom-Novikov-Poisson algebras and to discuss some basic

properties and examples of these objects. It turns out that color Hom-Novikov-Poisson algebras generalize color
Novikov-Poisson algebras as the same way as Hom-Novikov-Poisson algebras generalize Novikov-Poisson algebras.
We point out once again that Hom-Novikov-Poisson superalgebras [19] are particular instances of color Hom-
Novikov-Poisson algebras.

Definition 3.1. A color Hom-Novikov-Poisson algebra is a double color Hom-algebra A = (A, ·, ∗, ε, α) consisting
of an ε-commutative Hom-associative color algebra A = (A, ·, ε, α), a color Hom-Novikov algebra A = (A, ∗, ε, α)
such that the following compatibility conditions:

(x · y) ∗ α(z) = ε(y, z)(x ∗ z) · α(y) (3.1)
˜asA(x, y, z) = ε(x, y) ˜asV(y, x, z) (3.2)

hold for all x, y, z ∈ H(A) where ˜asA is the mixed Hom-associator (Definition 2.5 (iv) ).

Remark 3.1. (i) Every color Novikov-Poisson algebra is a color Hom-Novikov-Poisson algebra with identity as
twisting map.
(ii) Let A = (A,µ1, µ2, ε, α) be a multiplicative Hom-Novikov-Poisson algebra and β be a morphism of A. Then
Aβ = (A, β ◦ µ1, β ◦ µ2, ε, β ◦ α) is a multiplicative Hom-Novikov-Poisson algebra.

Example 3.1. There is a tree-dimensional color Hom-Novikov-Poisson algebra A = (A1 ⊕ A2, ·, µ, ε, α) with
A0 = Ce1 ⊕ Ce2 and A2 = Ce3 such that the non-zero products are µ(e1, e1) = e2, µ(e2, e2) = e1, µ(e1, e3) =
e3, µ(e2, e3) = e3 and α(e1) = e2, α(e2) = e1, α(e3) = 0. In fact A = (A1 ⊕ A2, ·, µ, ε, α) is a non trivial Hom-
Novikov-Poisson superalgebra [21]. According to Remark 3.1 (ii), we get the following color Hom-Novikov-Poisson
algebras: Aα = (A1 ⊕A2, ·α, µα, ε, α2) with α2(e1) = e1, α

2(e2) = e2, α
2(e3) = 0 where the non-zero products are

µα(e1, e1) = e1, µα(e2, e2) = e2 and Aα2 = (A1 ⊕A2, ·α2 , µα2 , ε, α) (since α3 = α) where the non-zero products are
µα2(e1, e1) = e2, µα2(e2, e2) = e1. Actually, we have Aα2n−1 = Aα and Aα2n = Aα2 for all n ∈ N∗.

The following useful observation says that there is another way to state the compatibility condition (3.1) in a
color Hom-Novikov-Poisson algebra.

Lemma 3.1. Let A = (A, ·, ∗, ε, α) be a double color Hom-algebra in which · is ε-commutative. Then

(x · y) ∗ α(z) = ε(y, z)(x ∗ z) · α(y) (3.3)

holds for all x, y, z ∈ H(A) if and only if

(x · y) ∗ α(z) = α(x) · (y ∗ z) (3.4)

for all x, y, z ∈ H(A). In particular, if A is a color Hom-Novikov-Poisson algebra, then

(x · y) ∗ α(z) = ε(y, z)(x ∗ z) · α(y) = α(x) · (y ∗ z) for all x, y, z ∈ H(A). (3.5)

Proof. Pick x, y, z ∈ H(A). Then the ε-commutativity of ” · ” implies (x · y) ∗ α(z) = ε(x, y)(y · x) ∗ α(z) and
(y ∗ z) · α(x) = ε(y + z, x)α(x) · (y ∗ z). Therefore

(x · y) ∗ α(z) = α(x) · (y ∗ z)

holds for all x, y, z ∈ H(A) if and only if

(y · x) ∗ α(z) = ε(x, z)(y ∗ z) · α(x)

for all x, y, z ∈ H(A).
Finally remarking that (y · x) ∗ α(z) = ε(x, z)(y ∗ z) · α(x) is equivalent to (3.3), we conclude that (3.3) holds for all
x, y, z ∈ H(A) if and only if (3.4) holds for all x, y, z ∈ H(A).
If α = IdA, we get the following result which will be used below.
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Corollary 3.1. Let (A, ·, ∗, ε) be a color Novikov-Poisson algebra such that (A, ·, ε) is an ε-commutative associative color
algebra and (A, ∗, ε) is a color Novikov algebra. then

(x · y) ∗ z = x · (y ∗ z) (3.6)

holds for all x, y ∈ H(A).

The following result shows that every ε-commutative Hom-associative color algebra with an even derivation
commutating with the twisting map, has a color Hom-Novikov-Poisson algebra structure.

Theorem 3.1. Let (A, ·, ε, α) be an ε-commutative Hom-associative color algebra and ∂ : A → A be an even derivation
commutating with α. Then A = (A, ·, ∗, ε, α) is a color Hom-Novikov-Poisson algebra

where x ∗ y = x · ∂y, for all x, y ∈ H(A).

Proof. It follows from [3] (Theorem 3.12) that (A, ∗, ε, α) is a color Hom-Poisson algebra. We need to check the
two compatibility conditions (3.1) and (3.2). Pick x, y, z ∈ H(A), then we have:

(x · y) ∗ α(z) = (x · y) · ∂(α(z))
= ε(x, y)(y · x) · ∂(α(z))(by the ε-commutativity of ·)
= ε(x, y)(y · x) · α(∂(z))
= ε(x, y)α(y) · (x · ∂(z))(by the Hom-associativity)
= ε(x, y)ε(y, x+ z)(x · ∂z) · α(y)(by the ε-commutativity of ·)
= ε(y, z)(x ∗ z) · α(y)

which proves the equality (3.1). Furthermore we get
(x ∗ y) · α(z)− α(x) ∗ (y · z) = (x · ∂y) · α(z)− α(x) · ∂(y · z)

= (x · ∂y) · α(z)− α(x) · (∂y · z + y · ∂z)
= α(x) · (∂y · z)− α(x) · (∂y · z + y · ∂z)
= −α(x) · (y · ∂z)
= −(x · y) · α(∂z)

Similarly, we get (y ∗ x) · α(z)− α(y) ∗ (x · z) = −(y · x) · α(∂z). Then (3.2) is obtained from the ε-commutativity of
” · ”. Below, an example of a color Hom-Novikov-Poisson algebra is given for G = Z2.

Example 3.2. Let (A, ·, α) be a commutative Hom-associative algebra with a derivation d such that α ◦ d = d ◦α. Set
Ã = A×A = Ã0 ⊕ Ã1 with Ã0 = A× {0}, Ã1 = {0} ×A. For any x0, x1, y0, y1 in A, define the operation � on Ã by

(x0, x1) � (y0, y1) = (x0 · x1, 0)

and two even linear maps α̃ : Ã −→ Ã and ∂ : Ã −→ Ã by α̃(x0, x1) = (α(x0), α(x1)) and ∂(x0, x1) = (d(x0)), x1).

then (Ã, �, α̃) is a commutative Hom-associative superalgebra (an ε-commutative Hom-associative color algebra
with G = Z2) and ∂ is an even derivation of (Ã, �, α̃) such that ∂ ◦ α̃ = α̃ ◦ ∂ [21]. By Theorem 3.1 (Ã, �, ∗, α) is a
color Hom-Novikov-Poisson algebra where

(x0, x1) ∗ (y0, y1) = (x0, x1) � ∂(y0, y1) := (x0 · d(y0), 0)

We have the following way for constructing color Novikov-Poisson algebras from ε-commutative associative
color algebras.

Corollary 3.2. Let A = (A, ·, ε) be an ε-commutative associative color algebra and ∂ : A −→ A be an even derivation of A.
Then the quadruple (A, ·, ∗, ε) is a color Novikov-Poisson algebra where

x ∗ y = x · ∂y for all x, y inH(A).

The following result will be used to give an example of color Hom-Novikov-Poisson algebra. It is a color graded
generalization of Proposition 2.2 in [14].
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Proposition 3.1. Let (A, ·, ∗, ε) be a color Novikov-Poisson algebra, such that (A, ·, ε) is an ε-commutative associative color
algebra and (A, ∗, ε) is a color Novikov algebra. Suppose that (A, ·, ε) contains an identity element 1A, i.e. 1A ·x = x ·1A = x
for all x ∈ H(A). Define a linear map ∂ : A −→ A by

∂(x) = 1A ∗ x− (1A ∗ 1A) · x, for all x ∈ H(A) (3.7)

Then ∂ is an even derivation of (A, ·, ε).

Proof. It is clear that ∂ is an even linear map.
Next by (3.6) we have:

x ∗ y = (x · 1A) ∗ y = x · (1A ∗ y) for all x, y ∈ H(A) (3.8)

Note that 1A ∈ A0( homogeneous element of degree zero) and then for x, y ∈ H(A),

∂(x · y) = 1A ∗ (x · y)− (1A ∗ 1A) · (x · y)
= (1A ∗ x) · y + x ∗ (1A · y)− (x ∗ 1A) · y − (1A ∗ 1A) · (x · y) (by (2.3)
= (1A ∗ x) · y + x · (1A ∗ y)− (x ∗ 1A) · y − (1A ∗ 1A) · (x · y) (by (3.8) )
= (1A ∗ x) · y + x · (1A ∗ y)− ε(x, y)y · (x ∗ 1A)− (1A ∗ 1A) · (x · y)

(since x ∗ 1A ∈ Ax and · is ε-commutative)
= (1A ∗ x) · y + x · (1A ∗ y)− ε(x, y)(y · x) ∗ 1A − (1A ∗ 1A) · (x · y)( by (3.6) )
= (1A ∗ x) · y + x · (1A ∗ y)− (x · y) ∗ 1A − (1A ∗ 1A) · (x · y)

(by the ε-commutativity of ·)
= (1A ∗ x) · y + x · (1A ∗ y)− (x · y) · (1A ∗ 1A)− (1A ∗ 1A) · (x · y) (by (3.8) )
= (1A ∗ x) · y + x · (1A ∗ y)− 2(1A ∗ 1A) · (x · y)

( since 1A ∗ 1A ∈ A0 and · is ε-commutative)
∂(x) · y + x · ∂(y) = (1A ∗ x− (1A ∗ 1A) · x) · y + x · (1A ∗ y − (1A ∗ 1A) · y)

= (1A ∗ x) · y + x · (1A ∗ y)− ((1A ∗ 1A) · x) · y − x · ((1A ∗ 1A) · y)
= (1A ∗ x) · y + x · (1A ∗ y)− ((1A ∗ 1A) · x) · y − x · (y · (1A ∗ 1A))
= (1A ∗ x) · y + x · (1A ∗ y)− (1A ∗ 1A) · (x · y)− (x · y) · (1A ∗ 1A)

(by the Hom-associativity )
= (1A ∗ x) · y + x · (1A ∗ y)− 2(1A ∗ 1A) · (x · y)

Thus we have ∂(x · y) = ∂(x) · y + x · ∂(y) and therefore ∂ is an even derivation of (A, ·, ε).
Now, we give the following example of color Hom-Novikov-Poisson algebra by using Theorem 3.1 and Proposition
3.1.

Example 3.3. Assume that (A, ·, ∗, ε) is a color Novikov-Poisson algebra, where (A, ·, ε) is an ε-commutative
associative color algebra with unity 1A and (A, ∗, ε) is a color Novikov algebra. Since · is ε-commutative and
1A ∗ 1A ∈ A0, we have by (3.6), (1A ∗ 1A) · x = x · (1A ∗ 1A) = (x · 1A) ∗ 1A = x ∗ 1A for all x ∈ H(A) and then the
map ∂ defined in (3.7) takes the form

∂(x) = 1A ∗ x− x ∗ 1A for all x ∈ H(A).

Let α be a morphism of the double color algebra (A, ·, ∗, ε). Define a new multiplication on A by

x � y = α(x · y) for all x ∈ H(A).

Then (A, �, α, ε) is an ε-commutative Hom-associative color algebra. Obviously α(1A) = 1A. As a consequence,
α commutes with ∂. Furthermore, ∂ is an even derivation of (A, �, ε) since it is an even derivation of (A, ·, ε) by
Proposition 3.1. Now, define a new operation on A by

x ∗ y = x � ∂(y) for all x ∈ H(A).

Then thanks to Theorem 3.1, (A, �, ∗, ε, α) is a color Hom-Novikov-Poisson algebra
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We need the following observation which will be used below.

Lemma 3.2. Let (A,µ, ε, α) be an ε-commutative Hom-associative color algebra. Then

µ(µ(x, y), α(z)) = ε(y, z)µ(µ(x, z), α(y)) (3.9)

holds for all x, y, z ∈ H(A).

Proof. Let x, y, z ∈ H(A). Then

µ(µ(x, y), α(z)) = ε(x, y)µ(µ(y, x), α(z)) (by the ε-commutativity)
= ε(x, y)µ(α(y), µ(x, z)) ( by the Hom-associativity)
= ε(x, y)ε(y, x+ z)µ(µ(x, z), α(y)) (by the ε-commutativity)
= ε(x, y)ε(y, x)ε(y, z)µ(µ(x, z), α(y)) (by (iii) of Definition 2.1)
= ε(y, z)µ(µ(x, z), α(y)) (by (i) of Definition 2.1)

Another way for constructing color Hom-Novikov-Poisson algebra from ε-commutative Hom-associative color
algebras is given as it follows;

Proposition 3.2. Let A = (A,µ, ε, α) be an ε-commutative Hom-associative color algebra. then (A,µ, µ, ε, α) is a color
Hom-Novikov-Poisson algebra.

Proof. Indeed, in this case the defining identity (2.6) of a color Hom-Novikov algebra coincide with the compati-
bility condition (3.2). The condition (2.6) holds because asA = 0 by the Hom-associativity. The condition (3.1) holds
by Lemma 3.2.

The purpose of the following result is to show that certain perturbations preserve color Novikov-Poisson algebra
structures. We need the following preliminary observation about perturbing the structure maps in an ε-commutative
Hom-associative color algebra.

Lemma 3.3. Let A = (A,µ, ε, α) be an ε-commutative Hom-associative color algebra and t be an element inH(A) of degree
0 i.e. t ∈ A0. Define the operation µt : A⊗2 −→ A by

µt(x, y) = µ(t, µ(x, y)) (3.10)

for all x, y ∈ H(A). Then At = (A,µt, ε, α
2) is an ε-commutative Hom-associative color algebra. Moreover if A is

multiplicative and α2(t) = t, then At is also multiplicative.

Proof. The ε- commutativity of µt follows from the one of µ. The multiplicativity is straightforward to check.
To prove that At is Hom-associative, pick x, y, z ∈ H(A) and abbreviate µ(x, y) to xy. Then using the fact that
t(yz) ∈ Ay+z, α2(x) ∈ Ax and using repeatedly the condition ε(t, w) = ε(w, t) = 1 which holds for all w ∈ H(A)
(since t ∈ A0 ), we have:

µt(µt(x, y), α
2(z)) = t{(t(xy))α2(z)}

= t{α(t)((xy)α(z))} (by Hom-associativity )
= t{α(t)(α(x)(yz))} (by Hom-associativity )
= ε(x, y + z)t{α(t)((yz)α(x))} (by ε-commutativity)
= ε(x, y + z)t{((yz)α(x))α(t)} (by ε-commutativity)
= ε(x, y + z)t{((yz)t)α2(x)}( by Lemma 3.2)
= ε(x, y + z)t{(t(yz))α2(x)} (by ε-commutativity)
= ε(y + z, x)ε(x, y + z)t{α2(x)(t(yz))} (by ε-commutativity)
= µt(α

2(x), µt(y, z)) (by Definition 2.1 (i))

This shows that At is Hom-associative.

The structure maps of a multiplicative color Hom-Novikov-Poisson algebra can be perturbed by a suitable
element and its own twisting map as it follows.
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Theorem 3.2. Let A = (A,µ, µ′, ε, α) be a multiplicative color Hom-Novikov-Poisson algebra where (A,µ, ε, α) is an
ε-commutative Hom-associative color algebra, (A,µ′, ε, α) a color Hom-Novikov algebra and t be an homogeneous element in
A0 such that α2(t) = t. Then At = (A,µt, µ

′
α, ε, α

2) is also a multiplicative color Hom-Novikov-Poisson algebra, where

µt(x, y) = µ(t, µ(x, y))

µ′α(x, y) = µ′(α(x), α(y))

for all x, y ∈ H(A).

Proof. By Lemma 3.3, we know that (A,µt, ε, α2) is a multiplicative ε-commutative Hom-associative color
algebra. Also, (A,µ′α, ε, α2) is a multiplicative color Hom-Novikov algebra by Proposition 2.1. It remains to
prove the compatibility conditions (3.1) and (3.2) for At. To prove the compatibility condition (3.1) for At, pick
x, y, z ∈ H(A). With µ(x, y) and µ′(x, y) written as xy and x ∗ y respectively, we have:

µ′α(µt(x, y), α
2(z)) = (α(t)α(xy)) ∗ α3(z) (by the multiplicativity)

= α2(t)(α(xy) ∗ α2(z)) (by (3.4) in A)
= t((α(x)α(y)) ∗ α2(z)) (by the multiplicativity)
= t{α2(x)(α(y) ∗ α(z))} (by (3.4) in A)
= µt(α

2(x), µ′α(y, z)).

This proves that At satisfies (3.4), which is equivalent to (3.1) by Lemma 3.1.
To prove the compatibility condition (3.2) for At, we consider the mixed Hom-associator ˜asAt

(Definition 2.5 )
and we use the condition ε(t, w) = ε(w, t) = 1 which holds for all w ∈ H(A) (since t ∈ A0 )

˜asAt
(x, y, z) = µt(µ

′
α(x, y), α

2(z))− µ′α(α2(x), µt(y, z)) (3.11)

for all x, y, z ∈ H(A). The first term in the mixed Hom-associator is:

µt(µ
′
α(x, y), α

2(z)) = t{(α(x) ∗ α(y))α2(z)}
= {(α(x) ∗ α(y))α2(z)}t (by the ε-commutativity )
= {(α(x) ∗ α(y))α2(z)}α2(t) (by the the condition α2(t) = t )
= (α2(x) ∗ α2(y))(α2(z)α(t)) (by the Hom-associativity )
= (α2(x) ∗ α2(y))α(α(z)t) (3.12)

The second term in the mixed Hom-associator is:
µ′α(α

2(x), µt(y, z)) = α3(x) ∗ α(t(yz))
= α3(x) ∗ {α(t)(α(y)α(z))}
= α3(x) ∗ {(α(y)α(z))α(t)} (by the ε-commutativity )
= α3(x) ∗ (α2(y)(α(z)t)) (by the Hom-associativity ) (3.13)

Using (3.11), (3.12) and (3.13), it follows that the mixed Hom-associators of At and A are related as follows:
˜asAt(x, y, z) = (α2(x) ∗ α2(y))α(α(z)t)− α3(x) ∗ (α2(y)(α(z)t))

= ˜asA(α
2(x), α2(y), α(z)t)

Then the condition (3.2) in At follows from the one in A. Setting α = IdA in Theorem 3.2, we get the following
result which is a color graded generalization of Lemma 2.4 in [14].

Corollary 3.3. Let (A, ·, ∗, ε) be a color Novikov-Poisson algebra and a ∈ A be an arbitrary homogeneous element of degree
zero. Then (A, �, ∗, ε) is also a color Novikov-Poisson algebra, where

x � y = a · x · y

for all x, y ∈ H(A).
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