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Abstract

This paper is devoted to study the existence of solutions for a class of fractional differential inclusions with
non instantaneous impulses involving the Caputo fractional derivative in a Banach space. The arguments
are based upon Monch’s fixed point theorem and the technique of measures of noncompactness.

Keywords: Inclusions, impulses, Caputo fractional derivative, measure of noncompactness, fixed point,

Banach space..
2010 MSC: 26A33, 34A37, 34G20, 4THOS.

1. Introduction

The theory of fractional differential equations is an important branch of differential equation theory,
which has an extensive physical, chemical, biological, and engineering background, and hence has been
emerging as an important area of investigation in the last few decades; see the monographs of Abbas et al.
[3, 4. 5], Kilbas et al. [25], Podlubny [30], and Zhou [35], and the references therein. On the other hand,
the theory of impulsive differential equations has undergone rapid development over the years and played a
very important role in modern applied mathematical models of real processes rising in phenomena studied
in physics, population dynamics, chemical technology, biotechnology and economics; see for instance the
monographs by Bainov and Simeonov [15], Benchohra et al. [16], Lakshmikantham et al. [21], and Samoilenko
and Perestyuk [31] and references therein. Moreover, fractional differential equations and inclusions present
a natural framework for mathematical modeling of several real-world problems. Some interesting results
about impulsive fractional differential equations are given in the papers [32), 33], 34].
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In pharmacotherapy, instantaneous impulses cannot describe the dynamics of certain evolution processes.
For example, when one considers the hemodynamic equilibrium of a person, the introduction of the drugs
in the bloodstream and the consequent absorption for the body are a gradual and continuous process. In
[1, 2 6, 23] 29] the authors initially studied some new classes of fractional differential equations with non
instantaneous impulses in Banach spaces.

However, the theory for fractional differential equations in Banach spaces has yet been sufficiently devel-
oped. Recently, Benchohra et al. [I7] applied the measure of noncompactness to a class of Caputo fractional
differential equations of order r € (0, 1] in a Banach space. Let E be a separable Banach space with norm ||-||.

In this paper, we study the following fractional differential inclusions with non instantaneous impulses

°D"y(t) € F(t,y(t)), forae.t e (sg,tgt1], k=0,...,m, 0<r <1, (1.1)

y(t) :gk(t7y(t))7 te (tk,Sk»], k= L,...,m, (12)

y(0) = wo, (1.3)

where D" is the Caputo fractional derivative, F': [0,T] x E — P(F) is a multivalued map, gi : (tg, sg] X E —
E, k=1,...,m,is a given function, and yg € F,0 =50 <t1 <81 <+ <t < $m <tmy1 =T.

To our knowledge no paper has been considered for impulsive fractional differential inclusions in abstract
spaces. This paper fills the gap in the literature. To investigate the existence of solutions of the problem
above, we use analogie Monch’s fixed point theorem combined with the technique of measures of noncom-
pactness, which is an important method for seeking solutions of differential equations. See Akhmerov et al.
8], AlvAsrez [9], Banas et al. [12, 13, 14], Guo et al. [20], MAlonch [26], Ménch and Von Harten [28].

2. Preliminaries

In this section, we first state the following definitions, lemmas and some notation. By C(J, E) we denote
the Banach space of all continuous functions from J into £ with the norm

[Ylloe = sup{lly(®)] : t € J}.

Let L'(J, E) be the Banach space of measurable functions y : J — E which are Bochner integrable,
equipped with the norm

T
Iyl = /0 ly(®)dt.

Let L*°(J, E) be the Banach space of measurable functions y : J — E which are essentially bounded.

PC(J,E)={y:J — E:yecC([0,t1] U (tk, sk) U (sk, tk+1], E), k=1,...,m and there
exist y(ty ), y(ty),y(s,) and y(sf) k=1,...,m with y(t,) = y(tx) and y(s;,) = y(si)}-

PC(J, E) is a Banach space with the norm
lyllpc = sup [ly()]].
teJ

Set
J = [O, T] \ Uglzl(tk, Sk].

Moreover, for a given set V of functions v : J — E let us denote by
V(t)={v(t), veV} teJ

and
V(J)=Av(t), veV, teJ}.

AC'(J, E) is the space of continuously differentiable functions whose first derivative is absolutely contin-
uous. We use the notations P(E) is the collection of all nonempty subsets of E.
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Pc (E) ={A C E: A is nonempty, convex},
Prc (E) ={A C E : A is nonempty, compact, convex}.

Let X,Y be two sets, N : X — Y a set-valued map, and A — Y. We define

graph(N) = {(z,y) : x € X,y € N(X)} (the graph of N).

Let R > 0, and let
B={z€FE:|z| <R},

and
U={ze€C(J,E): |z < R}.

Clearly U = C(J, B).
For more details on multi-valued maps see [10, 11}, [I8] 19} 27].

Now let us recall some fundamental facts of the notion of Kuratowski measure of noncompactness.

Definition 2.1. ([12]). Let X be a Banach space and Qx the bounded subsets of X. The Kuratowski
measure of noncompactness is the map a : Qx — [0, oo] defined by

a(B) =inf{e > 0: B C U} B; and diam(B;) < €}; hereB € Qx.

Properties: The Kuratowski measure of noncompactness satisfies the following properties (for more
details see [12])

(a) a(B) =0« B is compact (B is relatively compact).
(b) «(B) = a(B).

(c) AC B= a(A) <aB).

(d) a(A+ B) < a(A)+ «(B).

(e) a(cB) = |cla(B);c€R.

(f) a(convB) = a(B).

For completeness we recall the definition of Caputo derivative of fractional order.

Definition 2.2. (|25]). The fractional (arbitrary) order integral of the function
h € L*([0,T), E) of order r € Ry is defined by

I"h(t) = F(lr) /0 (t — 5)"Lh(s)ds,

o
where I' is the Euler gamma function defined by I'(r) = / tte~tat, r > 0.
0

Definition 2.3. ([25]). For a function h € AC™(J, E), the Caputo fractional-order derivative of order r of

h is defined by
1

(DI = sy [ =9 sy

where n = [r] + 1.
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We need the following auxiliary lemmas [25].
Lemma 2.4. Let r > 0 and h € AC™(J, E). Then the differential equation
°Doh(t) =0, forae teJ

has solutions h(t) = co +cit +cot? + -+ cp1t" L €R,i=0,1,2,...,n—1,n=[r] + 1.
Lemma 2.5. Let r > 0 and h € AC™(J,E). Then

I"“Dih(t) = h(t) +co + cit + cot> + -+ cp1t"™,  forae teJ
for somec; €R,i=0,1,2,...,n—1, n=[r] + 1.
Definition 2.6. . A multivalued map F': J x E — P(E) is said to be Carathéodory if
i t — F(t,u) is measurable for each u € E

ii w — F(t,u) is upper semicontinuous for almost all ¢ € J.

For each y € C(J, E), define the set of selections of F' by
Spy={f €LY JE),f(t) € F(t,y(t)) ae. teJ}.

For our purpose we will only need the following fixed point theorem, and the important Lemma.

Theorem 2.7. ([7, [26]). Let E be a Banach space and f € LY(J,E) countable with |u(t)] < h(t) for
a.et € J, and each u € C; where h € L*(J,Ry) then the function ¢(t) = a(C(t)) belongs to L'(J,Ry) and

satisfies
| o({ [ i e} =2 [ atctos

Theorem 2.8. ([7,[26]) (the set-valued analog of Monch’s fized point theorem).

Let K be a closed, conver subset of a Banach space E ; U a relatively open subset of K, and N : U —
Po (K). Assume graph (N) is closed, N maps compact sets into relatively compact sets, and that for some
0 € U; the following two conditions are satisfied:

( M cU,M C conv({0} UN(M))

and M = C with C C M countable ) = Mcompact. (2.1)

z & AN(z)for all z € U\U, X € (0,1) (2.2)
Then there exists x € U with x € N(z).

Lemma 2.9. [27] Let J be a compact real interval. Let F be a multivalued be a Carathéodory multivalued
map and let © be a linear continuous map from L'(J, E) — C(J, E). Then the operator

©o0Spy:C(J,E) = Pxc (C(J,E)),y — (©08ky)(y) = O(Sky)

is a closed graph operator in C(J,E) x C(J,E).
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3. Existence of Solutions
First of all, we define what we mean by a solution of the problem ([1.1])-(1.3)).

Definition 3.1. A function y € PC(J,E)NAC(J', E) is said to be a solution of (1.1)-(|1.3)) if there exists a
function f € LY(J, E) with f(t) € F(t,y(t)), for a.e. t € J, such that

°‘D'y(t) = f(t), for ae. t € J,0<r <1,

and the function y satisfies conditions (|1.2)-(]1.3]).
To prove the existence of solutions to (|1.1])-(1.3)), we need the following auxiliary lemma.

Lemma 3.2. Let 0 <r <1 and let h: J — E be integrable. Then linear problem

‘Dry(t) =h(t), teJy, k=0,...,m, (3.1)
y®) =gr(t), ted,, k=1,...,m, (3.2)
y(0) = yo,
has a unique solution given by :
Yo+ iy Jo (8 = 5)7 " h(s)ds ift €[0,t1],
y(t) = § gr(t), ift € Jy = (t, skl (3.4)

i) + 15 Jo (= 9)"th(s)ds, if t € Ty := (sp, tra].

We are now in a position to state and prove our existence result for the problem (1.1)—(1.3) based on
Monch’s fixed point. Let us list the following conditions.

(H1) F:J x E — Py.(F) is a Carathéodory multi-valued map.

(H2) There exists a function p € L>(J,R4) such that

1E®y)llp = sup{|vllec - v(t) € F(t,y)} < p(t), for each (t,y) € J x E.

(H3) For each bounded and measurable set B C C(J, E) and for each ¢ € J, we have
a(F(t, B(t) < p(t)a(B(1)),
where B(t) = {u(t) : uw € B} .
(H4) g are uniformly continuous functions and there exists ¢, € C(J,R4) such that
ot )| < ce(®)|lyll, for eachye Eandte J, k=1,...,m.

(H5) The function ¢ = 0 is the unique solution in PC(J; E) of the inequality

*

9 t
() < 2P /<I>(S)d5,k=0,...,m.

%
1—c* Jg,

(H6) For each bounded set B C E we have

a(gr(t, B)) < ci(t)a(B),t € J.
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Let
* = esssupiegp(t),
¢ =max{supci(t): k=1,...,m} < 1. (3.5)
teJ

Remark 3.3. In (H3) and (H6), « is the Kuratowski measure of noncompactness on the space E.

Theorem 3.4. Assume that assumptions (H1) - (H6) hold. Then the problem (1.1)-(1.3) has at least one
solution J.

Proof. Transform the problem (|1.1))—(1.3) into a fixed point problem. Consider the multi-valued map
N : PC(J,E) — P (PC(J,E)) defined by
N(y)(t) ={h € PC(J,E) :
Yo+ oy Jo (¢ = 5)7 "1 f(s)ds if t [0, 1],
h(t) = § gr(t. y(2)), it t€Jy = (tk,si], [ € Sry}
9k (Sk, y(sk)) + F(lr) fstk (t—s8)""1f(s))ds, ifte Jp:= (Sp,trs1]-

Clearly, the fixed points of operator N are solutions of problem ([1.1)—(1.3). The proof will be given in a
couple of steps.

Step 1: N is convex for eachy € PC(J, E).
If h1, ho belong to N(y), then there exist fi, fo € Sp,y such that for each ¢ € J we have

Yo + 155 Jo (t = )" fils)ds if t €10,t1],
hi(t) = 4 gk (t,y(1), if t € Jj o= (tg, s, 1=1,2
k(s y(s8)) + 155 Ju (= )L fil))ds, it t € Ty := (sp, b
Let 0 < A < 1. For each t € J, we have
(Ahy + (1 = Aho)(t) =
Yo + ﬁ [t =) Y\ + (1= N) f2)(s)ds if t € [0,11],
gr(t, y(t)), if t € Jp,
Gh(soys8) + g S (= 87 O+ (1= N f)(s))ds, i€ .
Since Spy is convex (because F' has convex values), we have
(A1 + (1= A)h2) € N(y).

Step 2: For each compact M € U, N(M) is relatively compact.
To prove this, let M € U be a compact set and let (h,) be any sequence of elements N (M). We show that
(hy) has a convergent subsequence by using Arzela-Ascoli criterion of noncompactness in PC(J, E) . Since
(hn) € N(M) there exist (yn,) € M and (f,) € Sr,, such that

Yo+ 1355 Jo (t = )" fuls)ds if t €[0,t1],
ha(t) = S gi(t, yn(t)), if t € J) = (tg, sx],
9k (Sk, Yn(sk)) + ﬁ fstk (t—8)""Lfu(s))ds, ifte Jp:= (s, tpr1)-

Using Theorem the properties of measure of a and (H5), we obtain that

Yo+ 17 Jo (t = 9)" " fu(s)ds itte ot
a({hn()}) = a | S ge(t,yn(t)), it Tl = (b, e,
9k(sk, yn(sk)) + F(lr) fstk (t —s) " fu(s))ds, ifte€ Jp = (sp,trs1]-
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Ift e [0, tl]
a({ha()}) < 15 i a(t — )7 fu(s)ds)

(3.6)

=t Jo(t = )" a{fu(s)ds}.
If t € Jg, we have

a({hn()}) < a{gr(sn un(si)) + w2y S a{(t — )7 fuls)}ds

< cx(t)afyn(si)} + iy o, (¢ = ) " a{ fu(s)}ds (3.7)

< C*a{yn(t)} + F(2r) fstk (t - S)T_la{fn(s)}ds-

IfteJ,
a({ha(t)}) = algr(t,yn(t))

< cx(t)a{yn(t)} (3.8)

< C*a{yn(t)}'

On the other hand, since M is compact in U, the sets {f,(s),n > 1},{yn(t),n > 1} are compact.
Consequently, a{ fn(s),n > 1} = 0 for a.e. s € J and a{y,(t),n > 1} =0 for a.e. t € J. we conclude that
{hn(t),n > 1} is relatively compact in E | for each ¢t € J. In addition let 71 and 7 from J with 7 < 7.
Then, for 7,1 € Ji, we have

() = on ()| = Iy (72072 — )7 = (1 = 8)7) fuls) s
. (3.9)
S F(r) f7—12 |(7-2 - S)T_l - (Tl - S)r_l|p(5)d87
for 7,1 € [0, 1], we have
in(72) = Phn(rOll - = ks 7272 = )7 = (71 = )" fu(o)llds,
(3.10)
< iy 7 1(r2 = 8)" 7 = (11— 8)" " p(s)ds,
and for 7, € J}, we have
[hn(72) = [hn ()| = llgr (72, Yn(72)) — (71, yn (1)) - (3.11)

As 19 — 75 , the right hand side of the above inequality tends to zero. This shows that {h,(t),n > 1} is
equicontinuous. Consequently, {h,,n > 1} is relatively compact in PC(J, E).

Step 3: N has a closed graph.
Let (yn, hn) € graph(N),n > 1}, with |lyn — |, [|hn — k|| — 0 as n — oo. We must show that (y,h) €
graph(N). (yn,hn) € graph(N) means that h, € N(y,) which means that there exists f, € Spy, , such
that for each t € J,

Yo+ iy Jo (8 = 5)" "L fa(s)ds if t € 0, 4],
hn(t) = § gk (t, yn(t)), if t € Jy := (tk, skl,
9k (Sk, Yn(sK)) + ﬁ fstk (t—s)" "L fu(s))ds, ifte Jp = (sp,trs1]-
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Let
Yo ifte [0, tl],

an(t) = S gr(t,yn(t)),  ift € J. == (ty, sil,
(9581 Yn(sk)), 1t € Ty = (sp, tr]-

p

Yo ifte [0, tl],
a(t) = 4 gi(t,y(t)), if t € Ji, == (tk, sk,
k(i y(sk)), ift € Jp = (s, tpya]-

We have ||a,, — a|| = 0 as n — oo.
Consider the continuous linear operator

©: L™(J,E) —C(J,E)

g ot =) f(s)ds  ifte [0,
f ’—>@(f)(t) = 0, ifte Jllc = (tk,sk],
iy J (6= )7 f())ds, it € Ty = (g, thra].

We have

[(hn = an)(t) = (h = a)(B)| = [|(hn = h)(t) + (@ — an)(D)]].
< |[(hn = R)DO + (@ = an) (D],

implies that
[(hp —ap)(t) — (h—a)(t)|| — 0 as n — oo.

From Lemma [2.9)it follows that © o Sp is a closed graph operator. Moreover, we have
(hn — an)(t) € O(SFy,)

Since y, — y, Lemma [2.9 implies that

oy Jo(E—=8) " f(s)ds if t € [0,01],
) ift € Jllc = (tk,sk],
g Ju (=8 f(s)ds, ift € Ty = (sk, tera),

(hn — an)(t) =

)

for some f € Sg,.
Step 4: M relatively compact in PC(J, E)

Let M C U, where M Cconv({0} U N(M)) and for some countable set C C M let M = C. Taking into
account ([3.9)-(3.11)) , it is easily seen that N (M) is equicontinuous. Therefore, M Cconv({0}UN(M)) implies
that M is equicontinuous. It remains to apply the ArzAtela-Ascoli theorem to show that for each ¢ € I the
set M(t) is relatively compact. By taking into account that C' is countable and C' C M Cconv(0 U N(M)),
we can find a countable set H = {h,, : n > 1} C N(M) such that C C conv({0} U H). Then, there are
yn € M and f, € Sg,, with

Yo+ 7 Jo (t = )" ful(s)ds ifte 0,4,
hn(t) = 4 gi(, yn (t)), if t € J] = (tg, s,
k(38 Yn () + 155 Jo, (¢ = )77 fuls))ds, it € Ty = (s, b,

Sk
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Taking into account Theorem [2.7| and the fact that M C C C eonv({0} U H), we obtain

a(M(t)) < ((C(1) < a(H(t)) = afhn(t) :n < 1}).

Using (3.6))-(3.8), we obtain
ift € [0, tl]

t —s)" o s)ds,n
w07 | =9 el u(s)dsn = 1,

if t € Ji, we have

a({M(D)}) < Cafyn(t)} + Ff) / (t— s ol fu(s)n > 1}ds
ift € Jj,
a({M(B)}) < afyn(t)n > 1},
Also, since f, € Spy, and yn(s) € M(s), then from (H3) we have

(t —s) " La{fuls)ds,n > 1} = (t — )" p(s)a(M(s))ds.

It follows that
ift e [O, tl]

if t € Ji, we have

ift e Jj,
a({M(1)}) < ca(M(1)) = (1 - ¢ )a(M(t)) < 0.

Consequently, if t € [0,¢;] U Ji, we have by (H5), that the function ® given by ®(¢) = a(M(t)) satisfies
® = 0; that is, a(M(t)) = 0 for all t € J. Now, by the ArzAfela-Ascoli theorem, M is relatively compact in
PC(J,E).

Step 5: A priori estimate.

Let y € PC(J, E) be such that y € AN (y) for some A € (0,1). Then for each ¢t € J we have

Mo + g Jo (8= 5)7 1 f(s)ds if t €[0,1],
y(t) = ¢ Agr(t, y(t)), ift € J) = (tg, 51,

Ak (Sk,y(sk)) + ﬁ fstk (t—s)""1f(s)ds, ifte Jy:= (sg,trr1l,
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for some f € Sg,. On the other hand we have,

HMMIS\Mﬁw®M+Md+ZL/WH@—W”Uﬁmﬁ

L(r) Js,
1 Pt r—1
< @O+ ol + s [ -9 as)ds
) Jo
p*TT'
< cylly(t =N
< eyl + ol + s
p* T
< c*|ly(t —_—.
s @l +livol + 75575
Then 1 "
p*
< — | :=d.
Il < 1= (ool + 225
Set

U={ye PC(J,E):|y|| <d+1}.
Condition ({2.2)) is satisfied by our choice of the open set U. From Theorem we conclude that N has at
least one fixed point y € PC(J, E) being a solution of problem (|1.1))-(1.3)).

4. An Example

Let us consider the following fractional differential inclusions with non instantaneous impulses,

°D3 L — or eac 1 L
Dzy,(t) € OFnt e Hy(t)H)[yn(t) 1, yn(t)], f h te <0, 3] U <2,1} , (4.1)
yn(t) = ZHT:_}_etSin‘yn(t)’vt € (;7 ;:| ) (42)
yn(o) =0. (43)

Set -
E:ll:{y:(ylay27"'7yna"'7)7z‘yn| <OO},
n=1

FE is a Banach space with the norm

9]
lyll =D [yl
n=1

Let
F(tvy) = (Fl(t7y)7F2(t7y)7 . .,Fn(t, y)? . ')7
1
Fn(tay) = (9—|—n—|—et)(1 + ||y(t)||)[yn(t) - 1ayn(t)],
and

gl(tu y) - (gll(t7y)a912(t7y)7 s 7gln(t7y)7 . ')7

sin [y (2)|
g1,(t,y) = m~
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Clearly F is closed and convex valued. For each y € E and ¢ € [0, 1], we have

1
F(t < .
1P 0)lp < 5=

Hence, the hypothesis (H2) is satisfied with p(t) = ﬁ and ¢ (t) = ﬁlet.

Since all conditions of Theorem are satisfied with p* = %0 and c* = %, problem |D|D has at least

one solution.
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