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1. Introduction

If n is a positive integer, we denote by S, the symmetric group of permutations on the set [n] :=
{1,2,--- ,n}. The center of the symmetric group algebra, denoted by Z(CI[S,]), is linearly generated by
elements Cy, indexed by partitions of n, where C, is the sum of permutations of [n] with cycle-type A.
The structure coefficients ¢} describe the product in this algebra, they are defined by the equation:

C\Cs =Y 4sC,p

pkEn

In other words, ¢fs counts the number of pairs of permutations (z,y) with cycle-type A and ¢ such
that -y = z for a fixed permutation z with cycle-type p. There is no general formula to compute the
coefficients £ ;.
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The main two tools to compute the structure coefficients of the center of the symmetric group
algebra are the combinatorial way and the character theory. The first one is about studying the cycle-
type of the product of two permutations which can be a difficult task, see for example [1], [2], [3]
and [9]. However, this way had led to a complete formula for the structure coefficients when § is the
partition coding transpositions, see [8]. By using the representation theory of the symmetric group, the
structure coeflicients can be expressed in terms of irreducible characters of the symmetric group due to
the Frobenius theorem, see |7, Lemma 3.3|. This theorem was used by Goupil and Schaeffer to obtain an
explicit formula for the structure coefficients ¢f ; when one of the partitions codes the cycles of length n,
see [6].

In 1958, Farahat and Higman proved in |5, Theorem 2.2| that the coefficients ¢}, are polynomials in
n when A, § and p are fixed partitions, completed with parts equal to 1 to get partitions of n. In 1975,
Cori showed in his thesis [4] that these coefficients count the number of embeddings of certain graphs
into orientable surfaces.

The goal of this paper is to give new explicit formulas for the structure coefficients of the center of
the symmetric group algebra using the combinatorial method. We will be interested in computing the
product of an arbitrary class of the symmetric group by another coding cycles, especially of lengh three.
We hope that these results will be useful to obtain an explicit expression for the product of the class of
cycles of length three with an arbitrary class of the symmetric group.

2. Definitions and the combinatorial way to compute the struc-
ture coeflicients

A partition X is a list of integers (A1,...,\;) where Ay > Ao > ...\ > 1. The \; are called the parts
of \; the size of A, denoted by ||, is the sum of all of its parts. If |\| = n, we say that A is a partition of
n and we write A - n. The number of parts of A is denoted by I()).

We will especially use the exponential notation A = (171N 2m2(X) 3ms(\) ") “where m;()\) is the
number of parts equal to ¢ in the partition A. In case there is no confusion, we will omit A from m;(\) to
simplify our notation. If A = (171 () 2m2(}) gms(N)  pma(N) is a partition of n then S imi(A) = n.
We will dismiss i) from \ when m;(\) = 0. For example, we will write A = (12,3,62) instead of
A= (12,293,409 5% 62,7°). If X and § are two partitions we define the union AU § and subtraction A\ §
(if exists) as the following partitions:

AUG = (1N Fmi(8) gma(N)+ma2(8) 3ms(N)+ms(d) )

A\ 6 = (1N =ma(d) gma(N)=mz2() gma(N)=ma(d) _y if 1m;(X) > my(d) for any i.

The cycle-type of a permutation of S,, is the partition of n obtained from the lengthes of the cycles
that appear in its decomposition into product of disjoint cycles. For example, the permutation

(2,4,1,6)(3,8,10,12)(5)(7,9,11)

of 812 has cycle-type (1,3,42). In this paper we will denote the cycle-type of a permutation w by ct(w).
It is well known that two permutations of S,, belong to the same conjugacy class if and only if they have
the same cycle-type. Thus the conjugacy classes of the Symmetric group S,, can be indexed by partitions
of n. If A = (11N 2m2(N) 3ms(N) - yymn(N) s a partition of n, we will denote by Cy the conjugacy
class of §,, associated to A :

Cy:={o €S8, | ct(o) =A}.
The cardinal of C) is given by:
n!

|C>\| = 7.’
)
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where
x = 1y ()12 ()™ Ny (AL,

The family (C,)p-n, indexed by partitions of n where Cy is the sum of permutations of S, with
cycle-type p
=2

oeC,

forms a basis for the center of the symmetric group algebra. If A\ and ¢ are two partitions of n, the
product C,Cs can be written as a linear combination of the elements (C,) -, as follows:

Cr\Cs = _sC,.

pkEn

The coefficients ¢4 ; are called the structure coefficients of the center of the Symmetric group algebra.
There is a combinatorial way to find these structure coefficients. To compute ¢, we fix a permutation
v € C), that means ~ is a permutation of S,, with ct(y) = p, then ¢{; is the cardinal of the followin set:

s =] {(a,B) € Cx x Cs such that a0 f =~} | . (1)

Alternatively,

f s =| {B € Cs such that ct(yo ™) =A}|. (2)

We will use the above two formulas (1) and (2) to compute the coefficients ¢§, in this paper. Since
there is no general formula for the structure coefficients of Z(C[S,]), the combinatorial way is useful to
investigate a formula in case of special partitions. For example, to compute the product C(yn-2 2)C(1n-2 2),
we need to know how a transposition acts on another transposition. The composite of two transpositions
of S, gives:

e the identity if both transpositions are equals,
e a cycle of length three if they share only one element in their support,

e a product of two transpositions if their support are disjoint.

By using the combinatorial way, see [12, Example 6.5],we deduce that:

n(n—1
C(]_n—2,2)C(1n—2)2) = %C(ln) + 3C(1n—3)3) + 2C(1n—4722).

In fact, if A is a partition of n, there exists an explicit formula for the product CxC(;»-2 2y of the class
corresponding to A with the class of transpositions. It appears for the first time in [8] and as stated here
it can be found in [11, Proposition 2.8].

Proposition 2.1. Let A = (1™,2™2 ... n™n) be any partition of n then:

C,\.C(ln—272) = Z Z ¢ C/\k + Z (b C)\ i+ Z Z (b C /k

1=2,m; #0 k<E(i/2) i=1,m;>2 i=1,m;#0 k>i,m#0
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Where

o [ Rk +1)(i — k)i + 1) it i—k#£k
o = K2 (e 1) (mie£2) if i—k=Fk

¢fk_{(¢+k)(mi+k+1) if k£
ET O i(meg 4+ 1) it k=i

Example 2.2. 1. When X = (1"72,2), we get:

n(n —1)

C(ln—Z’z).C(ln—272) = (f)éc)\% + (;5,116)\/11 + ¢/12C>\/12 = C(ln) + 2C(1n—4’22) + 3C(1n73,3).

2. If r > 2 and n > 2r + 2, we have:

Caan-2r 2)-Can—29) = Z ¢12€TCA’2“T + ¢1lc>(11 + ¢12TC,\/1%
1<k<r

= (n—2r + 1)(2r — D)Cn-2r1 01y + Y K21 — k)Cin-2r ki 2r—1)
1<k<r
+ 7"26(171,727'77,2) + C(1n727-7272,2r) + (1 + 2T)C(17L727-71)2T+1),

3. Ifr>1 and n > 2r 4+ 3, we have:

_ 1 "2r41
C(ln—27‘—1,2T+1).C(1n—2’2) = E ¢2r+1C,\2 - ) C>\/11 + ¢ C)\/IQT'H
1<k<r

= (n — 27‘)(274)6(111727"727") + Z k(27" +1- k)C(ln—zr—17k,2r+1_k)

1<k<r
+ C(1n727‘7372,2r+1) + (2 + 27‘)6(171727‘72727-_)'_2),

4. The above proposition along with the derived formulas in items (1), (2) and (3) give the following
expressions in casen =6 :

= 15C(1n) + 26(12722) + 30(1373)

142) = 8Ca4.2) +C12,3) +4C12 1)

86(1274) + 6C(6)

14,2) = 9Cqs 3) +4C2 22) + C(2,4) + 5C(1 5

14 2) - 50(1,5) + 86(274) + 96(32)

C(QS).C(1472) = QS%CA% + QbIQQC/\’ZQ = C(12722) + 2C(2)4)

= 5
GRS
S 00800

=

Il

C32)Casz) = D3Cxy +@5°Cyra = 2C(1,2.3) + 3C(e)
Caz22)Ca2) = Qgc/\; + </)/1lc>\’11 + (/5/220)\’22 + ¢,1ZC,\/12 = 6C(14,2) + 3C(238) + 2C(12 4) + 3C(1,2,3)
Cu23)Cai2 = ¢%C/\; + ¢éc/\§ + ¢/1QC>\’12 + ¢/1SC>\’13 + ¢,23CA 3
= 3Ca.3) + 8C(2 %) + 6Cz2) + AC(.4) + 5Ci15)
Cl24)Caszy = $3Cx + ¢1Cx1 + G3Cx2 + ¢/24C/\/24 = C(12,4) + 3C(1,2,3) + 12C(23) + 6C(s)
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3. Some new explicit formulas for the structure coefficients

In this section we give new explicit formulas for the structure coefficients of the center of the sym-
metric group algebra involving cycles of length three. Specifically, in Proposition 3.4 we give an explicit
formula for the coefficients ci’ (1n-3,3) and in Proposition 3.10 the complete expression of the the product
Ciin—# 1)Cein-3 3) is given. We hope that these two results will help find an explicit expression for the
product of an arbitrary class of permutations with the class of cycles of length three similar to that given
in Proposition 2.1.

A cycle of length k will be sometimes called a k-cycle. If f and g are two permutations we will write
fg from time to time to denote the composite f o g. Occasionally and to simplify our notation, we will
dismiss the fixed elements when writting a permutation as a product of disjoint cycles.

Let A = (1™2,2™2 ... n™n) be a partition of n. The following permutation of n

y = (1,2)(3,4) - (2mg — 1,2m2) (2ma + 1,2ma + 2,2ma + 3) - - (2ma + 1,2ma + 2,2mo + 3) - - -

ms () transposition ms () cycles of length 3

will be called the canonical permutation of n associated to A. For example:

p(22,3) = (11 2)(37 4)(57 6a 7)7

P@s,425) = (17 27 33 4)(57 67 77 8)(9a 1Oa 1]-3 127 13)(14)(15)(16)

Lemma 3.1. Let n and k be integers such that n > k > 3, then

k
Card({(a,ﬂ) € C(yn—r 1) X C(1n-3 3y such that a o :p(lnqﬂk)}) = <3>

Lemma 3.2. Let n and k be integers such that n >k > 2, then
pan-rpyo(k k=1 k+1)=1 23 k=1 k+1)(k)(k+2) - (n).
Lemma 3.3. Let (i1,i2,- - ,ix) and (r1,72,- - ,1¢) be two disjoint cycles of size k and t respectively with
t> k> 2, then:
(i1yd2, yik) (1,72, 7) (ks T Tomk) = (G102, 30k, 71, T2y 5 Tek) (Te—kg 150 5T
Proposition 3.4. Let A = (1™1,2™2 ... n™) be any partition of n > 3 then:

Cﬁ(lnf373) = Z m; (;) + Z my.i.m; + Z Z i.j.m;m;. (3)

i>3, i>2, i>2,  j>i,
m;>1 m;>1 my>1 mj>1

Proof. To compute cﬁ(ln_3 3) by the combinatorial way, we should find the number of couples («, 3)
such that ct(a) = A, ct(B) = (173, 3) and a8 = px. We have to consider the following three cases:

1. There exists ¢ > 3 such that m; # 0, say C is a cycle of length ¢ in py. We will choose the three
elements of the 3-cycle in 8 among the elements of the cycle C and thus o will act as py outside
the support of C. By Lemma 3.1, and after renormalisation we can find (é) such couples (a, 3). We
can repeat the same process as many times as we have cycles of length ¢ in A which justify the first

coefficient
“\3

i>3,
my;>1

in the formula (3).

ot
~
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2. There exists ¢ > 2 such that m; # 0 and m; # 0. Consider (ay,as, - ,a;) to be a cycle of
length ¢ in py. Choose « to be the same as p) except that the cycle (a1,as, - ,a;) is replaced
by (a1,a9, - ,a;—1,b) where b is a chosen element among the m; unchaged integer by py. Then
by Lemme 3.2, @« o § = pj, where 8 = (a;_1,a;,b). Since there exists i way to write the cycle
(a1,az2,- -+ ,a;—1,b) and for each way the corresponding § is different, we conclude that for this case

there are
E ml.i.mi

i>2,
m;>1

ways to choose the couple (a, f3).

3. There exists ¢ > 2 and j > 4 such that m; # 0 and m; # 0. Suppose (a1,aq,---,a;) and
(b1,ba,--- ,b;j) are two cycles of length ¢ and j in py. Then by Lemma 3.3, if we take o to
be the same as py except that the cycles (a1, a2, --,a;) and (by,bs,---,b;) are replaced by
(bit1,bit2,- -+ ,bj,a1,a2, -+ ,a;) and (by,---,b;). Then it is clear that ct(e) = A and af = px
where § = (b;, a;, b;). Since there are j ways to write the cycle (bj11,bi42, -+ ,bj,a1,a2,--- ,a;) and
i ways to write (b1,---,b;), we will get in total ij couples («, ) satisfying the desired conditions.
We can repeat the same process as many times as we have cycles of lengthes ¢ and j in p) which
gives reason to the coefficient

i>2,  j>i,
m;>1 my>1

that appears in formula (3).

O

Example 3.5. We illustrate the above proof by an example. Suppose A\ = (12,2,4) is a partition of 8.
We will list below all the possible permutations o and 3 of 8 such that ct(a) = A, ct(8) = (1°,3) and
ao 8 =px. There are three cases to distinguish as in the above proof:

a. The support of B is taken from the cycle of length 4 of py :

1. a=(1,2)(3,5,4,6) and B = (3,5,4)
2. a=(1,2)(3,6,4,5) and 8 = (3,6,5)
3. a=(1,2)(4,6,5,3) and 8 = (4,6,5)
4. a=(1,2)(5,6,4,3) and 8 = (3,6,4)

b. Two elements in the support of B are taken either from the cycle of length 2 or the cycle of lentgh
4 of pa and the third one is taken among the invariant elements of py :

1 a=(1,7)(3,4,5,6) and 8 = (1,2,7)
2. a=(1,8)(3,4,5,6) and 8 = (1,2,8)
3. a=(2,7)(3,4,5,6) and 8 = (2,1,7)
4. a=(2,8)(3,4,5,6) and § = (2,1,8)
5. a=(1,2)(3,4,5,7) and 8 = (7,5,6)
6. a=(1,2)(3,4,5,8) and 8 = (8,5,6)
7. a = (1,2)(3,4,7,6) and 8 = (4,5,7)
8. a=1(1,2)(3,4,8,6) and 8 = (4,5, 8)
9. a=(1,2)(3,7,5,6) and B = (3,4,7)
10. o = (1,2)(3,8,5,6) and 8 = (3,4,8)



O. Tout / J. Algebra Comb. Discrete Appl. 6(2) (2019) 53-62

11. « =(1,2)(7,4,5,6) and 8 = (3,7,6)
12. a = (1,2)(8,4,5,6) and B = (3,8,6)

b. Two elements in the support of 8 are taken from the cycle of length 4 of py and the third one is
taken from the cycle of length 2 :

1. o= (3,4)(5,6,1,2) and B = (2,6,4)
2. a=(3,4)(5,6,2,1) and 8 = (1,6,4)
3. a=(6,3)(4,5,1,2) and 8 = (2,5,3)
4. o= (6,3)(4,5,2,1) and 8 = (1,5,3)
5 a=(56)(3,4,1,2) and 8 = (2,4,6)
6. o= (5,6)(3,4,2,1) and B = (1,4,6)
7. a = (4,5)(6,3,1,2) and B = (2,3,5)
8. a=(4,5)(6,3,2,1) and 8 = (1,3,5)

Thus [C(lz72’4)]0(1272)4)6(15’3) =4+1248 = 24.
Example 3.6. By formula (3), we get:

(2,6) _ (1,4%) _ (2,7) _ (3,6) _ (1*,5) _
Cl26),(15,3) = 32 C(1142),16,3) = 16, €57 (10.3) = 495 €(36) 16,3y =39, C(1aT5) (16,3) = 30,

(1 2,5) _ (2,3,4) (123) (1%,2,4)
€(12,2,5),(16,3) — 34, €(2,3,4),(16,3) = =31, €(1,2,32),(16,3) — =22, €(13,2,4),(16,3) — =30

(12 2,32)
C12,2,32),17,3) =

(12,2,6)

c B
(12,2,6),(17,3)

= 30, (3 7),(17,3)

= 48, = 57.

We used the SageMath software [10] to confirm these results.

n—3
We turn now to compute remarkable coefficients in the product CxC(1n-3 3y, the coefficients A

A, (1n—3.3)?
AN\ (1%)u(3) AN (B)U(1?)
N, (1n-5,3) and X (1n-3,3)

Proposition 3.7. Let A = (1™1,2™2 ... n™") be any partition of n > 6 then:

n—3 : _ (1n—6 92
J708) g( 2 A= 3)
)\(1n 3 3) my + 1 1 = (1 73)7
0 otherwise.

Proof. First if A = (1"73,3), use formula (3) to get the result. Suppose now that A = (1776 32),
then 0&1(1;3},3)3) is the number of couples (o, 3) such that ct(a) = (1"7¢,3%), ct(8) = (1"73,3) and
af = pan-s3). To choose a, pick the first 3-cycle of o to be (1,2,3) and form the second 3-cycle C by
choosing arbitrary 3 integers of the remaining n — 3 integers, there are 2(";3) such way to do that. Take

B=C"', then aff = p(in-a 3 andcln o3 5. :2(”*3). O

n—6 32) (1n=3 3) 3
Proposition 3.8. Let A = (1™1,2™2 ... n™") be any partition of n > 3 such that my > 3 then:
AN\ (1%H)U(3)

Cr(in-3,3) = M3 + 1.
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60

Proof. Any permutation with cycle-type \ \ (1%) U (3) has mg + 1 cycle of length 3. Let v be such
3
a permutation. The coefficient ci\((fnlﬁf)) is the number of couples («, 3) such that ct(a) = A, ct(8) =

(1=3,3) and a3 = 7.We can choose 3 to be any 3 cycle among the m3 + 1 3-cycles of v and « is the
same as y except that the cycle g is replaced by the identity on its support. O

Proposition 3.9. Let A = (1™1,2™2 ... n™) be any partition of n > 3 such that ms > 1 then:

NBU) _ o (T +3
A(1n=33) — 3 :

Proof. Let p be a permutation such that ct(p) = A\ (3) U (12). The coefficient ci\((f’ﬁ%_l;)) is the number

of couples («, 3) such that ct(a) = X, ct(8) = (173, 3) and a3 = p. The permutation p has m + 3 fixed
element. Let § be any 3-cycle formed with these m + 3 fixed elements. There are 2(m13+3) way to make
B. Since A is a 3-cycle, its inverse 37! is a 3-cycle also and pB~! has cycle-type A. O

The next proposition gives an explicit expression for the product of the class of 3-cycles by the class
of cycles of length k for an arbitrary k.

Proposition 3.10. Let n > k > 3 then:

.. m 1n—k U 2‘7]’,7“
CanrCan-ag) = D 2W< o )))C(l'""’)U(i,j,r)

£ n—=k
i<j<r,
i+itr=k
[(k+1)/2]
+ Z 2Z(k + 1 - i)c(ln_k_l)U(i7k+l—i) + (]f + 2)C(1n—k—2)u(k+2)
=2 if n>k+42
if n>k+1
k
+ C(ln—k—?»,k)u(g) +[ 3 +(n-— k)k] C(ln—kvk)
—_————
if n>k+3

Proof. We use formula (2) in this proof. Let ¢,j and r be three integers such that ¢ < j < r and

n—k s
i+ j +r = k. Consider the permutation p(in—ryy(,j,), the coefficient cEin_k)ZJ)(l(’lj,’f_)s 3) is the number of

permutations § such that ct(8) = (1"73,3) and ct(p(1n—r)u(i,;,n B~ ") = (1"=* k). Choose B = (x,y, z) to
be any cycle formed with an element x of [i], an element y of [z + j] \ [{] and an element z of [k] \ [¢ + j].
There are thus 2ijr ways to form . Then p(lnfk)u(i,j’,ﬁ)ﬁfl is the following cycle of length &

(1727"'7$7'Z+]—7"' ak72+]+17 7zay+17"' ,Z+],Z+17 »y7$+17"‘ 7/6)

To obtain the coefficient 2ijr (ml((ln;’i);(i’j’r))) that appears in formula (4), one should remark that when
i =1, x can be chosen among the m; + 1 fixed elements of p(in—xyy( j,r), and when i =1 and j =1, x
and y can be chosen among the my + 2 fixed elements of p(1n—xyu(,j,r)-

n—k—1 . .
Now fix an integer 2 < i < [(k + 1)/2]. To compute cgn,k7k))fl(fb’,k3+,§)ﬂ)

number of permutations 3 such that ct(8) = (1"73,3) and ct(p(n—r-1yu@rp1-9B 1) = (1"7% k). We
can choose 3 to be:

, we need to determine the

e any 3-cycle (a,k,k + 1) with a € [i], then
pan—s-1uG k-8B 1 = (1,2, )i+ 1, k+1)(k+1,ka)(k+2)-- (n)
= (1a27 ,Cl,i+1,"' 7k7a+17"' 7Z)(k+1)(k+2)(n)

Since there are k — i + 1 ways to write the cycle (i + 1,--- ,k + 1), in total there are i.(k — i + 1)
possibilities to choose § in this case.
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e any 3-cycle (b,i — 1,¢) with b € [k] \ [¢], then
p(l"*kfl)u(i,k—&-l—i)ﬁil = (1a 27 e 37')(7/ + ]-7 T 7k7 + 1)(237' - 1; b)(k + 2) c (TL)
= (1,2, i1 b4 L kit b (k4 2) - (n).
Since there are ¢ ways to write the cycle (1,--- ,4), in total there are i.(k — i + 1) possibilities to
choose (3 in here.
Thus in total, we obtain the coefficient 2i(k + 1 — 7).

We turn now to calculate the number of permutations B such that ct(8) = (1"73,3) and
Ct(p(ln—k—z)u(k+2)ﬂ71) = (1" k). There are k + 2 ways to choose 3, it can be taken to be any cy-
cle (i,44+ 1,44+ 2) with [i] € [k +2] (k+3 =1 and k4 4 = 2 in here). Then

Pan-r—2yui) B = (1,2, k+2)(i+2,i+1,i)(k+3)---(n)
(1,2 4,043, k+2)G+ )i+ 2)(k+3)---(n)

is a k-cycle.

It remains to remark that the last two coefficients in formula (4) can be derived from Proposition
3.8 and Proposition 3.4 respectively. O
Example 3.11. 1. We list below all the cases forn =19 :

C(9)6(1673) = 146(12,7) + 240(1,2,6) + 30C(173,5) + 400(2275) + 326(1742)

+486(27374) + 54C(33) + 846(9).

C(178)C(1673) = 36C(13,6) + 40C(1272’5) + 48C(12,374) + 32C(172274) + 36C(172732)
—|—4OC(4,5) + 360(3’6) + 280(2’7) + 640(178).

Caz,7)Cas,3) = 60C(14 5) +48C(13 2,4y + 24C(12 22 3) + 54C (13 32) + 32C(1 42)
+30C(1,3,5) + 24C(1,2,6) + 49C(12,7) + 9C(9)-

Cas,6)Cas,3) = 80C(15,4) +48C(14,2,3) + 16C(13 23) + 20C(12 2,5y + 24C(12 3 4)
+38C(1376) + C(3,6) + 8C(178).

C11,5Cas,3) = 90C(16,3) +40C (15 22) + TC(12 7) + 16C(13 2,4y + 18C(13 32)
+C(1,3}5) + 300(14’5).

Cas,4)Cas 3y = 84C7 2) +6C(136) + 12C(14 2.3) + C(12,3,4) + 24C(15 4)-

C(1673)C(1673) = 168C(19) + 5C(14,5) + 86(15’22) + 2C(13,32) + 196(1673).

C(13,7)C(1773) = 1006(15’5) + 64C(147274) + 246(13’22,3) + 72@(14732) + 32(:(12742)
+ 30C(12,3,5) + 24C(12,2,6) + C(3,7) + 9C(1,9) + 56C(13 7).

The coefficients ¢ 5 can be expressed in terms of irreducible characters of the symmetric group:

oy B

» GG XAXs5 Xp

TS dim V, ’ @
puEn

where XX is the irreducible character of the symmetric group associated to the partition x evaluated on an
element of the conjugacy class Cy and dim V, is the dimension of the irreducible representation associated
to the partition u. The formula (4) is due to Frobenius. It was used along with the Murnaghan-Nakayama
rule to compute the structure coefficients of the center of the symmetric group algebra, see [6] for the
computation of the coefficients cg\"). It will be interesting to investigate how the explicit formulas for the
structure coefficients given in this paper could be found by the Frobenius formula.
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