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An investigation on homomorphisms and
subhyperalgebras of >-hyperalgebras
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Abstract

In this paper, we introduce the notion of 3-hyperalgebras for an ar-
bitrary signature ¥ and provide some examples. Then we extend the
notions of several kinds of homomorphisms and study their properties.
Also, we study subhyperalgebras of a 3-hyperalgebra 2, Sub(2), under
algebraic closure operators S, H and |. Finally, we introduce the notions
of closed, invertible, ultraclosed and conjugable subhyperalgebras and
investigate their connections to each other.
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1. Introduction

The theory of hypergroups was introduced by F. Marty in 1934,(see [22]). Hyperal-
gebras (or multialgebras) are particular relational systems which generalize the concept
of universal algebras. The hyperstructure theory and its applications so far, have been
investigated by many mathematicians in various fields, for example in graphs and hyper-
graphs theory [4], in categories theory [12, 25] and in n-ary hyperalgebras [8, 21]. Recent
book [7] contains wealthy applications. There are also applications to the following
subjects: geometry, hypergraphs, binary relations, combinatorics, codes, cryptography,
probability, etc.

There are several types of homomorphisms have been considered since the first papers
on hypergroups (for instance, by M. Dresher, O. Ore [11]|, M. Krasner [18], J. Kuntzmann
[19]) and later by M. Koskas [17]. However, the first explicit construction of hypergroup
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homomorphisms was given by P. Corsini [2]. A unified theory of various types of ho-
momorphisms was given by J. Jantosciak [16]. Some other types of homomorphisms
and connections among them were studied by V. Leoreanu [20]. There are more than
10 types of hypergroup homomorphisms. A detailed presentation of all these homomor-
phisms, connections between them and various examples can be found in [3].

Also, in the hypergroup theory there are several kinds of subhypergroups. Among
the mathematicians who studied this topic, we mention F. Marty [22], M. Dresher, O.
Ore [11], M. Krasner [18] who analyzed closed and invertible subhypergroups. Later Y.
Sureau [32] has studied ultraclosed, invertible and conjugable subhypergroups.

On the other hand, in 1962 G. Grdtzer began to study of multialgebras [12] and
it follows by H. E. Pickett [26] who investigated homomorphisms and subalgebras of
multialgebras. Then H. Hoft and P. E. Howard [14] and G. E. Hansoul [15] studied mul-
tialgebras and T. Vougiouklis [33] discussed about the representations of hyperstructures.
Furthermore, C. Pelea studied the fundamental relation of multialgebras [23]| and inves-
tigated them on the universal algebras point of view in [24, 25]. Thus it seems adequate
to undertake a study of multialgebras in the spirit of universal algebras.

In this article, we introduce the notion of ¥-hyperalgebra, 2, for an arbitrary signature
3. Then we generalize notions of various types of homomorphisms and subhyperalgebras
of 2 and we study their properties.

2. A brief excursion into hyperalgebras

This section contains a survey of the basic elements of universal algebras and hyper-
algebras which will be used in the next sections. In fact, we explain what is meant by a
hyperalgebra and then give several examples of familiar hyperalgebras. These examples
show that different hyperalgebras may have several common properties. This observation
provides a motivation for the study of X-hyperalgebras.

In the sequel A is a fixed nonempty set, P*(A) is the family of all nonempty subsets
of A, w is the set of positive integers and for n € w we denote the set of n-tuples over A,
By A™. Also, by B C,, A we mean that B is a finite subset of A.

Let A be a nonempty set. A family C of subsets of A that is closed under the intersec-
tion of arbitrary subfamilies is called a closed-set system over A. If C is also closed under
the union of subfamilies that are directed under inclusion, then it is called an algebraic
closed-set system. An algebraic closed set system € forms an algebraic lattice (€,N, V)
under set-theoretic inclusion. The closure operator associated with a given closed set
system C is denoted by Cle.

An n-ary hyperoperation (or function) on A is a function o from A™ to P*(A); n is the
arity (or rank) of o. A finitary hyperoperation is an n-ary hyperoperation, for some n.
The image of (a1, - ,a,) under an n-ary hyperoperation o is denoted by o(a1,- -+ ,an).
A hyperoperation o on A is called a nullary hyperoperation (or constant) if its arity is
zero; in fact, A nullary hyperoperation on A is just an element of P*(A); i.e. a nonvoid
subset of A. A hyperoperation o on A is unary, binary or ternary if its arity is 1,2 or 3,
respectively.

A signature or language type is a set X together with a mapping p : ¥ — w. The
elements of ¥ are called hyperoperation symbols. For each o € X, p(o) is called the arity
or rank of 0. In the sequel, for each n € w, 3, = {o|p(0) = n}.

Let X be a signature. A Y-hyperalgebraic structure is an ordered couple 2 = (A4, (¢® :
o € X)), where A is a nonempty set and o is a function from A°(?) to P*(A), for all
o € ¥. The set A is called the universe (or underlying set) of 2 and the o™’s are called
the fundamental hyperoperations of 2. In the following, we prefer to write just o for o™
if this convention creates an ambiguity which seldom causes a problem.



In this paper we shall use the following abbreviated notations: the sequence z;, - - - , z;
will be denoted by z]. For j < ¢ is the empty symbol. In this convention

2
a (‘Th'” s Lis Yit 1y 0 5 Yjs Zg4+1, 72:/1(0'))
will be written as Ugl(x’i,yfﬂ,zﬁ_"l)). In this case when y;11 = -+ = y; = y the last
=D o .
expression will be written in the form o* (z1, ¥ ,z;il)). Similarly, for subsets Bf( ) of

A we define
oM (BY) = U{a™ (1) |bi € By, Vi € L)}

p(o)

Also, for each i € I,,) and a}""’ € A we define

o (@) ={z € A:a; € o™ (ai",2,a0\7)}
and for each i € I,y and B{”) C A we define

o (B{') = Ufol (0 )|bi € Bi}.
A hyperalgebra 2 is unary if all hyperoperations are unary and it is mono-unary if
it has just one unary hyperoperation. 2l is a hypergroupoid if it has just one binary
hyperoperation o. According to [9], X-hyperalgebra 2 is called an n-ary hypergroupoid
if ¥ = {0} and p(0) = n. If o is a binary hyperoperation, we write acb for the image
of (a,b) under o. A hyperalgebra 2l is finite if |A| is finite. Let 2 be a X-hyperalgebra.
Hyperoperation o is called trivial hyperoperation if for any (af(")) € A”9) we have
lo®(a?'”))| = 1. 2 is called a trivial S-hyperalgebra if for any o € %, o™ is trivial.

Let A = (A, (6® : 0 € X)) be a Y-hyperalgebra and ¢ € £. Now, we extend an

n-ary hyperoperation o® to an n-ary operation o*2 on P*(A) by setting for all (AT<U>) €
g)*( A)p(o)

‘Bm AP(U) U{U P(U) |al € Aiic Ip(g))}
It is easy to see that Po = (P*(A), < 67 ™ : o € ¥ >) is a S-algebra.

2.1. Definition. Let 2 be a X-hyperalgebra, o € ¥ and j < i < p(c). We say that o is

weakly (i, j)-associative if for each azp(”) ! € A we have

A, i—1 o)+i—1 2p(o)—1 A j—1 A o)+j—1 2p(o)—1
o™ (ai oM (@), a2 ne (@] oM (@) T, a2 # 0,

and (i, j)-associative if

A o)+i—1 2p(o)—1 A j—1 A o)+j—1 2p(o)—1
(@), a2t = oM@l o™ (@) T a2

We say that o is (weakly) associative if it is (weakly) (4, j)-associative for each ,j € I,(5).

A, i1
o (ay ,0

Definition 2.1 is a generalization of associative binary hyperoperation. An n-ary hy-
pergroupoid 2 is called an n-ary semihypergroup (n-ary H, semigroup) if o is (weakly)
associative.

2.2. Examples. (i) [9] Let A = {a,b,c} with the hyperoperation o defined by the
following table
o ‘ a b c
ala b c

b|b {a,c} {a,b}

c|c {a,b} {a,b}
Now, we define the ternary hyperoperation o on A by o(z,y,2) =z oy o z, for
each z,y,z € A. One can see that 2 = (A, o) is a 3-ary semihypergroup.



(ii) Let A ={a,b,c} with the hyperoperation o defined by the following table
o ‘ a b c
ala b c
b|b ¢ {a,b}
cle b {ab}
It is easy to check that 2 = (A, o) is a H, semigroup but it is not a semihyper-
group.

2.3. Definition. [8, 9] Let 2 be a X-hyperalgebra, o € ¥ and B C A. We say that B has
the reproduction axiom with respect to o if for each b:™!, b, bffl) € Band 1<i<p(o)
the relation

21)  beovi 2, b)

has a solution € B. Observe that condition (1) can be reformulated as follows

(22)  B=o"(7",BbT ).

An n-ary semihypergroup (H, semigroup) 2l is called an n-ary hypergroup (H, group)
if A satisfies the reproduction axiom. An m-ary hypergropouid which satisfies the repro-
duction axiom is called n-ary hyperquasigroup.

2.4. Examples. (1) [8] Let A = {a,b,c} be a set with a 3-ary hyperoperation o as
follows:

o(a,a,a) =a

q
-
o

e

,¢t olca,a)=c

(b,b,0) = {

o(a,a,b) =b o(b,b,b) ={b,c} o(c,a,b)={b,c}
o(a,a,c) =c o(b,b,c) = A o(e,a,c) = {a,b}
o(a,b,a) =b o(b,a,a) =b o(c,b,a) = {b,c}
o(a,b,b) ={a,c} o(b,a,b)={a,c} o(c,bb)=A
o(a,b,c) ={b,c} o(ba,c)={b,c} o(c,bc)=A
o(a,c,a) =c o(b,c,a) ={b,c} o(cc,a)={a,b}
o(a,c,b) ={b,c} o(bc,b)=A o(c,c,b) = A
o(a,c,c) ={a,b} o(b,c,c)=A o(e,e,c) = {b,c}

One can see that A = {A, o} is a 3-ary hypergroup.
(2) [9] Let B = {a,b, c}. We define hyperoperation o as follows

T rT=y=2=z
_ T
olog,7) = r=yatzath

z
{a,c} z=y=bz#b
One can see that B = {B, 0} is a 3-ary hypergroup.
2.5. Definition. Let 2 be a X-hyperalgebra, o € 3 and {3,j} C I,,). We say that o is
{4, j }-commutative if for each a’f(c’) € A we have
o™(a}”)) = o™ (ai ™! 4, a1 ar, all)
where t = min{i,j} and s = max{i,j} We say that o is commutative if it is {7,j}-
commutative for each i,j € I,(,).
Obviously, the 3-ary hypergroup 2 = (A, o) in Example 2.4 is commutative, too.

2.6. Definition. [9] Let 2 be a X-hyperalgebra and o € X. We say that 2 has a weak
neutral element with respect to o if there exists an element e € A such that

. )i
ze Um((ze ) (p(e) l))

s Ly



holds for all € A and i € I,,y. If for all z € A and i € I,(,), we have

o (i—1 o)—i
31((6) 7(p(e) ))

rT=0 ,

then “e” is called a neutral element. The set of weak neutral elements is denoted by
W Ny and the set of neutral elements is denoted by Ng. Clearly, No C W Ny.

An n-ary semihypergroup 2l is called an n-ary W-hypermonoid if W Ny # () and it is
called an n-ary hypermonoid if Ny # (. Obviously, if 2 is a 2-ary hypermonoid, then
|Ny(| = 1.

2.7. Definition. Let 2 be a S-hyperalgebra and ¢ € ¥. We say that ¢ satisfies the

weak idempotent property if x € a(p(ag)), for each z € A. Also, we say that o™ has the

idempotent property if x = a(p(sg)).

An n-ary commutative semihypergroup 20 = (A, o) is called an n-ary hypersemilattice
if “o” satisfies the weak idempotent property and 2 is called an n-ary semihyperlattice
if “o” satisfies the idempotent property.

2.8. Examples. 1) Let A = {a,b,c,d} with the hyperoperation o defined by the
following table
ol a b c d
a({a} {b} A} {d}
b | {b} {a,b} {d} {cd}
c|{a {dy AHa,c} {bd}

U

{d} {e,d} {bd} A

One can see that 2 = (4, 0) is a 2-ary hypersemilattice. Also, if we define the
ternary hyperoperation o’ on A by o’(z,y,2) =xoyo z for all z,y,z € A, then
one can see easily that A’ = (A, 0’) is a 3-ary hypersemilattice.

2) Let B = {a,b, ¢, d} with the hyperoperation o defined by the following table

o a b c d

a| {a}  Abed} {cdt {d}
b | {b,c,d} {b} {c,d} {d}
c| {cdt  A{cdt  A{c} {d}
d| {d} {d} {d}  {d}

One can see that B = (B, 0) is a 2-ary semihyperlattice. Also, if we define the
ternary hyperoperation o’ on B by o'(z,y,2z) = xoyo z for all z,y,z € B, then
one can see easily that B’ = (B, 0’) is a 3-ary semihyperlattice.

2.9. Example. Consider Examples 2.8. One can see that 2’ is a 3-ary W-hypermonoid
and B’ is a 3-ary hypermonoid.

2.10. Examples. i) A commutative hypermonoid 20 = (A, o, e) is called canonical
hypergroup if
— every element has a unique inverse, which means that for all x € A, there
exists a unique ! € A, such that e € z oz,
— it is reversible, which means that if z € yoz, theny € zoz™ ! and z € y~'ox.
ii) A Krasner hyperring is a hyperalgebraic structure R = (R, +,.) which (R, +,0)
is a canonical hypergroup, (R,.) is a semiring and the multiplication, ., is dis-
tributive with respect to the hyperoperation +.

One can find definitions of hyperlattices [27, 28], hyper-MV algebras [29, 31], hyper-
BCK algebras [30] and etc.



3. Homomorphisms

In the universal algebra theory, the concepts of congruence, quotient algebra and
homomorphism are closely related. In this section, we give some ideas about homomor-
phisms of hyperalgebras and we state connection between them.

3.1. Definition. Let 2 and 8 be X-algebras. A map f: A — B is a homomorphism
(resp. dual homomorphism), in symbols f : A — B, if, for all 0 € ¥ and all af(d) €A,

F@™ @) C o™ (flar), -+, f(ap0)
(resp. (0™ (7)) 2 0™ (f(ar), -+ F(ap(x)))
Also, f is called a good homomorphism if
10™(a17)) = 0™ ((a1), -+, Flapi))
Hom(2,B) will denote the set of all homomorphisms and Homeg (2, B) will denote

the set of all good homomorphisms from 2 to B. f: A — B is called an isomorphism
if f € Hom(2,B) and f~* € Hom(B,2l), too.

3.2. Example. Let M = {0,a,b,1}. Consider the following tables:
&l 0 a b 1

o

0 {0 ) @ 1o a b1
al{a) {0} {1} {1 T
bl 1) ) ()
1)

It is easy to see that M = (M, ®,*,0) is a trivial hyper-MV algebra which is totally
ordered as an MV-algebra. Also, let HS3 = (S3,®, ) 0) is the hyper-MV algebra where
={o0,1 3 3,1}7 x®y:=[0,min(l,x+y)]NSs and z* =1 —=x. Now, let f: M — HS3
be a map that f(0) =0, f(a) = 5, f(b) = 2 and f(1) = 1. It is easy to check that
fisa hyper—MV alg‘ebra homomorphism. For example f(a @ a) = f({b}) = {2} and
f(a) ® fla) = 3 ®us 3 = {0,%,2} so f( ®a) C fla) ® f(a). Also, if we define
: HS3 — 2 such that g(0) = 0, g(3) = a, g(3) = b and g(1) = 1, then g is
a dual homomorphism that is not a homomorphism, since g( Dus ;) = {0, a,b} but
a(2) @ g(2) = {b}.
3.3. Theorem. A bijective homomorphism of ¥-hyperalgebras is an isomorphism if and
only if it is good.

Proof. Let 2,%B be S-hyperalgebras, f : A —» B is a bijection, 0 € ¥ and a?'”) €
A. First, suppose that f is an isomorphism and b € ¢®(f(a1), - , f(ap0))). So
F70) € £ 0®(f(ar), -+, f(apo)))) and since f~' € Hom(%B,2) we obtain that
b € f(0®(a?'”))) and it implies that f € Homea(A,B). Conversely, suppose that f
is a bijective good homomorphism. Let ¢ € ¥ and b’f(a> € B. Since, f is onto, there are
a’f(cr> € A, such that f(a;) = b;, for each i € I,(»). Now, we have
FHERE) =1 e (@), flapa)
=/ @)
= (T b))
O

If there is a good isomorphism between 2 and B, then we write 2 = 9. Clearly, & is
an equivalence relation on the set of all 3-hyperalgebras.

3.4. Definition. Let 2,8 be two X-hyperalgebras. A map f: A — B, is called



e a very good homomorphism if it is good and for each o € %, afw) € A and
1 € Ip(s), we have
A (@) _ B
f(oi(af"7) = o (f(a1), -+, flape)))-
e a 2-homomorphism if for each o € ¥ and a’f<a) € A, we have
PO (@), flape)) = £ (™ (@] ))).
e an almost strong homomorphism if for each o € ¥ and a’f(U) € A, we have

FTHO®(F(ar), -, flap@))) = o (f 7 (Flar), -, 7 (F(ap(e))-

3.5. Theorem. Let A,*B be two X-hyperalgebras. If f : A — B is a good homomor-
phism, then f is a 2-homomorphism. Furthermore, if f is a very good homomorphism,
then f is an almost strong homomorphism.

Proof. Let 0 € ¥ and af'”) € A. First let f € Homa (A, B). Let a € £~ (f(a™(a?))),
so f(a) € f(6™(a?"”)) and it implies that there is a’ € 0™ (a?”) such that f(a) = f(a’).
Since f is good we obtain that a € f~'(0®(f(a1), -, f(ay()))). Conversely, assume

that a € f~'(a® (f(ar), -, f(ap()))); s0 f(a) € o™ (f(ar),-+ , f(ap())) and it shows
that f is a 2-homomorphism.
Now, suppose that f is a very good homomorphism. Since f € Hom(2,B) we obtain

that f(o®(f~'(f(a1)), -+ f (Flap))))) € a®(f(ar), -+, f(aps))). It shows that
(@) F T (ap0) S N (far), - s flape))))-

Conversely, assume that a € f (0™ (f(a1),  , f(aps))))- Hence, f(a) €
o®(f(a1), , f(a))), so for each i € I,,) we have

flai) € ol (far), -+, flaizn), f(a), faiv1),  , f(@p)))-

Since, f is very good we obtain that
fla) € f(o7 (a1 a,afl?)).

Hence, there is a} € a?‘(afl,a,af_ﬁ)) such that f(a;) = f(a;). It implies that a €
(a7 (@), affl)). Since ¢ is arbitrary, continuing the above method shows that
f is an almost strong homomorphism. |

3.6. Definition. Let 2(,B be two X-hyperalgebras, f € Hom(2,B), 0 € ¥ and i €
I,)- [ is called strong on the i-th component respect to o if for all a’f(o) € A, f(a) €
o®(f(a1), , f(ay())) implies that there exists a; € A such that f(a;) = f(ai) and
a € Jm(ai_l,ag,afﬁ)). f is called strong respect to o if for all i € Iy, f is strong on
the i-th component. f is called strong if for each o € X, f is strong respect to o.

3.7. Theorem. Any strong homomorphism is almost strong.

Proof. Let f € Hom(2(,B) be a strong homomorphism, o € 3 and a’l’(0> € A. Since
f € Hom(,B), similar to Theorem 3.5, we can obtain that

M (fHf (@) T (@p))) S FTHeP(f(@r), - f(ape))).  Now, assume
that a € f'(0®(f(a1),  , f(apc)))). So fla) € o®(f(ar), -, f(apo))). Since
[ is strong respect to o, for each i € I,,), there exists aj € A such that
f(a;) = f(aj) and a € Um(ai_l,a§7afﬁ))7 whence a € Ugl(a§_17ffl(f(ai))@ffl)) -

o™ (71 (f@n)), - f T (f @) 0



4. Subhyperalgebras

There are several important methods of constructing new hyperalgebras from given
ones. Three of the most fundamental are the formation of subhyperalgebras, homomor-
phic images, and direct products. In this section, subhyperalgebras will occupy us.

4.1. Definition. Let 2 be a YX-hyperalgebra and B C A. Then B is called a subhy-
peruniverse of 2, if for all o € ¥ and /") € B we have o®(b/'”)) C B. The set of all
subhyperuniverses of 2 will be denoted by Sub(2).

Note that this implies ¢® C B for every ¢ € Lo, and that the empty set is a subhy-
peruniverse of 2 if and only if 3¢ = ), i.e., 2 has no distinguished constants.

4.2. Example. Consider hypersemilattice 21 in Examples 2.8. It is easy to see that
B = {a, b} is a subhyperuniverse of 2I.

4.3. Theorem. (A, Sub(2)) is an algebraic closed set system for every 3-hyperalgebra
2A.

Proof. Let X C Sub(). Let 0 € ¥ and a’f(a) € NK. Then for every K € K, we have
a?”) € K and hence 0®(a?”) C K. So 0™ (a%'”)) C NK. Therefore, NK € Sub(2L).
Now, assume that X is a directed subset of Sub(2). Let af(a) € UK. Since there is
only a finite number of a; and X is directed, they are all contained in a single K € XK.
Hence o (a?”)) C K. Therefore, UX € Sub(2). O

The closure operator associated with the closed set system (A, Sub(2)) is denoted by
Sg*. Thus Sg* : P(A) — Sub(A) and Sg*(X) = N{K € Sub(A) : X C K}; this is
called the subhyperuniverse generated by X. Hyperalgebra 2l is called finitely generated
if there exists a finite subset X of A such that Sg*(X) = A.

B is a maximal proper subhyperuniverse of 2 if B # A and there does not exist a
C € Sub() such thatB C C C A.

4.4. Theorem. Let 2 be a finitely generated -algebra. Then every proper subhyperuni-
verse of 2 is included in a mazximal proper one.

Proof. Let A= S¢*(X), for X C,, A. Assume that B is a proper subhyperuniverse of 2.
Let X = {K € Sub(?) : BC K C A}. Since X contains B, it is nonempty. Suppose that
€ C X be a chain. Clearly, € is directed so by Theorem 4.3, UC € Sub(2). Because X is
finite and X is directed, one can see that UC is a proper subhyperuniverse of 2. hence,
by Zorn’s lemma X has a maximal element. O

4.5. Theorem. (Principle of Structural Induction) Let 2l be a X-hyperalgebra generated
by X. To prove that a property P holds for each element of A, it suffices to show that

induction basis. P holds for each element of X.
induction step. If o € ¥ and P holds for each of elements a‘f(a) € A, then P
holds for each elements of o2 (a%'”).

Proof. Let P ={x € A: P holds for z}. X C P and P is closed under the hyperopera-
tions of A. Hence, P € Sub(A) and it implies that A = S¢g*(X) C P. O

Let 2 be a X-hyperalgebra and X C A. We define
EX)=XU{teo™a):Voex, af e Xx}.
Now, we define E™(X) for n > 0 by

E°(X) =X,
E"(X) = E(E"(X)).



4.6. Theorem. Let A be a X-hyperalgebra and X C A. Then
Sg%(X) = UZoF'(X).

Proof. Let P = {x € S¢g*(X) : z € I = U FY(X)}. Clearly, X C P. Now, let

o €Y and z1, -, Ty € P. One can see that E'(X) C E**!(X) for each i € w, so it
implies that there is a n € w such that x1,--- ,z,) € E™(X). Thus o (zy, - V(o)) C
E™!(X) C I. Therefore by Theorem 4.5, we get the result. O

4.7. Definition. Let 2l and B be two -hyperalgebras. Then B is a subhyperalgebra of
2 if B C A and every fundamental operation of B is the restriction of the corresponding
operation of 2, i.e., for each function symbol o € ¥, ¢® is o™ restricted to B; we write
simply B < 2. If B < 2, then B € Sub(2). Conversely, if B € Sub(2) and B # (), then
there is a unique B < 2 such that B is the universe of B.

4.8. Theorem. Let A, B be L-hyperalgebras, f € Homa(A,B) and h € Hom(,*B).
Then
(i) For each K € Sub(l), f(K) € Sub(*B).
(i) For each L € Sub(B), h™*(L) € Sub(A), if (L) # 0.
(iii) For each X C A, f(Sg*(X)) € Sg*(f(X)).

Proof. (i) Let 0 € ¥ and ¥)”) € f(K). Choose a?'”) € K such that f(ai) =
bl( : .). F(ap()) = bpey- Then o®(B5'7) = 0™ (f(a1), -, flap))) = (0 (af'”)) C
F(K).
(ii) Assume that h~'(L) # 0. Let o € Sand af”) € h=*(L). So f(ai), - - L flape)) €
L. Then h(c®(a'”)) C o®(h(ar),- - ,h(ap))) € L. Hence, o (at'?)) C
RTH(L).
(iii) f(X) C f(Sg*(X)) € Sub(B), by part (i). Therefore, Sub® (f(X)) C f(Sg*(X)).
For the reverse inclusion, X C f~!(f(X)) C f~*(Sg®(f(X)) € Sub(2), by part
(i4). Hence, Sg™(X) C f~'(Sg™ (f(X)))-
(]

Let Algu(X) be the class of all X-hyperalgebras. < is a partial ordering of Algn (X).
Clearly, it is reflexive and antisymmetric. If € <% and 8 < 2, then C C A and for each
o and 7 € C, we have 0%(c?7) = 62 (7)) = 0®(<£'”)). Hence, < is transitive.

For any class K of Algm(X) we define

S(Ky={B € Algu(X) : IA e KB <A)}.
4.9. Theorem. S is an algebraic closure operator on Algu (X).

Proof. Clearly, K C S(K) by the reflexivity of < and by transitivity of <, we obtain that
SS(K) = (K). Also, K C L implies S(K) C S(L). Furthermore, S(K) = U{S(2) : 2 €
S(K)} and it implies that S is algebraic closed. O

Define the binary relation < on Algy(X) by B < 2 if there is an onto good homo-
morphism f : A — B. Clearly, < is reflexive and transitive.
For any class K of Algu(X) we define

H(K) = {B € Algn(X) : 3A € K(B < A)},
I(K) = {®B € Algy(Z) : 3 2A € K(B =)},

the classes respectively of homomorphic and isomorphic images of algebras of K. Similar
to Theorem 4.9, we can show that H and | are algebraic closure operators on Algy(X).

4.10. Theorem. For any class K of 3-hyperalgebras, we have



(i) SH(K) € HS(K),

(ii) HS is an algebraic closure operator on Algm(X).

Proof. (i) Let € € SH(K) so for some 2 € K and onto good homomorphism f :
2 — B we have € < B. By Theorem 4.8, we have f~!(¢) < 2. Since f is onto
we have € € HS5(K).

(ii) Obviously, HS is extensive. By part (¢), we have HSHS(K) C HHSS(K) = HS(K)

so we get that HS is idempotent. Finally, monotonicity of S and H imply that

HS is monotonic. Also, B € HS(K) if and only if there is a 2 € K such that

B € HS(A) so we have HS(K) C U{HS(2) : 2l € K} and it implies that HS is
algebraic.

O

5. Some type of subhyperalgebras

There are several kinds of subhyperalgebras. In what follows, we introduce closed,
invertible, ultraclosed and conjugable subhyperalgebras and some connections among
them. Let us present now the definition of these types of subhyperalgebras.

5.1. Definition. Let 2 be a X-hyperalgebra, B € Sub(2l), c € ¥ and 1 < i < p(0). We
say that B is

(1) i-closed with respect to o if for each z € A and b € B, from z € o (b7”) it

follows that = € B.
o . 2, G=D (o) =)
(2) i-invertible with respect to o if for each z,y € A, fromz €0 ( B ,y, B )

(i=1) (p(o)—1)
it follows that y € ¢®( B ,z, B ).

(3) ultraclosed on the right (on the left) with respect to o if for each z € A we have

(o, (vl 1>)maQ‘(x, (o) 2)736):@(091(@(% 1>,x)ma‘~"(BC,(p(°é 2)795):@).
(4) i-conjugable with respect to o if it is i-closed with respect to o and for each
z € A there exist 077" € A such that o¥ (217, z, :rffl)*l) CB.
We say that B is closed (resp. invertible, conjugable) with respect to o,
if it is é-closed (resp. invertible, conjugable) with respect to o, for each 1 <
i < p(o). Also, we say that B is closed (resp. invertible, conjugable) if it is
closed (resp. invertible, conjugable) for each o € X. Sets of closed, invertible
and conjugable subhyperalgebra of hyperalgebra 2 are denoted by Sube (2),
Subin () and Subeo (), respectively.

5.2. Examples. (1) Consider 3-hypergroup 2 in Examples 2.4. Let I = {a}.
Clearly, I is a subhyperalgebra of 20 which it is closed and invertible but it
is not ultraclosed, since o(b,a,a) No(b,a,c) = b, and it is not conjugable.

(2) Consider commutative 3-ary hypergroup B in Examples 2.4. Let J = {b}. One
can see that J is a subhyperalgebra of 8 which it is closed, invertible, ultraclosed
and conjugable.

The following theorems present some connections among the above types of subhy-
peralgebras.

5.3. Theorem. Let A be a X-hyperalgebra. Then (Suba (), C) and (Subin(A),C) are
algebraic closed set systems. Furthermore, Subi,(2A) C Subey ().

Proof. Obviously, (Subq(20), C) and (Subin (), C) are closed set systems. Also, similar

to Theorem 4.3, we can conclude that (Subq (1), C) and (Subin(2), C) are algebraic.
Now, suppose that ¢ € ¥ and 1 < i < p(0), b’f(o) € B and z € A such that z €

o (b77)). By hypothesis z € o (b7”)) C B and it holds the result. O



5.4. Lemma. Let 2 be a X-hyperalgebra, B € Sub(2l) and o € ¥ such that it is (1, p(o))-

(p(o)—1) o, (P(0)—1)
associative. Then B is 1(p(c))-invertible if and only if {c™ (z, ’ B )aea ({%( ’ B
, &) }zeca) is a disjoint family of subsets of A.
e . w, (o)D)
Proof. Suppose that o € X, B is l-invertible with respect to o and z € o~ (z, B
’ (p(e)—1)
N No(y, : B )), for some x,y € A. Then we have
(p(e)—1) (p(0)—1)  (p(o)—1)
oz, B ) Co¥(o¥(, ), B )
; (p(0)—2) (p(a))
=o'z, B ,o"( B))
; (p(o)—1)
Co(z, B )
, o, (P@)=D) o o, (@)=
By hypothesis * € 07 (2, B ) and similarly we can conclude that o~ (x, B ) C
(p(0)—1) (p(e)—1) (p(o)—1) (p(0)—1)
¥ (z, ’ B ). So oz, ! B ) =o%z 3 B ). Also, we can get o*(y, : B )=

(p(a)—1) (p(o)—1)
o (z, 3 B ) and it shows that {o*(, 3 B )}zea is a disjoint family of subsets of A.

(p(e)—1) (p(e)—1) (p(0)—1)
Conversely, suppose that z € o™ (y, ’ B ). Then ¢z, : B ) C o¥(z, : B )
; (p(a)—1) (p(a)—1) (p(o)—1)
whence 0®(z, B ) = ¢*(z, B ). Thus we have z € ¢®(z, B ) hence we
, o, (p@)=D) w, P@-1 ,
obtain that y € 0-(y, B )=o0 (z, ). Similarly, we can show that B is p(o)-
(p(0)—1)
invertible if and only if {e®( B ,z)}zea is a disjoint family of subsets of A. O

5.5. Lemma. Let 2l be a X-hyperalgebra, o € 3 and B € Sub(2) such that A, B satisfies

o o, (P(@)=1)
the reproduction aziom with respect to o and B be p(o)(1)-closed. Then o~( B

(p(o)—1)
,B%)=B°, 0*(B°, B )=B°).

Proof. We have

(p(e)—1)

A =d% B A
o ,(P(a)) (p(o)—1)
=B Hue*("B B
(p(o)—1)
= UU”(pB , B°).

(p(a)—1)
On the other hand, assume that b € B N o™( ’ B ,B¢). So there exist ¢ € B and

v~ € B such that b € o2(b°” 7!, ¢). Now, since B is p(c)-closed we obtain that
c € B. It is a contradiction. |

5.6. Theorem. Let 2 be a X-hyperalgebra, o € ¥ and B € Sub(2) such that A, B satis-
fies the reproduction axiom with respect to o and B be conjugable. Then B is ultraclosed
on the right (on the left).

(p(o)—1) (p(0)—2)
Proof. Suppose that © € A. Denote C = o¢%(z, B )No*(z, B ,B°). Since

B is conjugable it follows that B is closed and there exist 77" € A such that



(7' 2) C B. By Lemma 5.5, we obtain that

(p(0)—2)

o, (P(@)=1) o
@ 7C) Cot@ o e, T B NN @O o N, B L BY)
N (p(0)~2)
C BN ), "B B
o P@)=2)
CBno' (B, B ,B°
=BNB°=4.
(p(0)—1) (p(0)—2)
Hence ¢®(z, : B H)no*(z, 8 B , B°) =0, which means that B is ultraclosed on the
right. Similarly, we can show that B is ultraclosed on the left. O

5.7. Lemma. Let 2 be a 3-hyperalgebra, o € ¥ and B be an ultraclosed subhyperalgebra
on the right (on the left) which satisfies the reproduction aziom with respect to o. Then
B is p(o)(1)-closed with respect to o.

s (p(0)—2)
Proof. Let = € A\ B and b € B. Suppose that b € (b7 ™" z) C 6% (b1, "B , BY).

(p(0)—1)
Since B is ultraclosed on the right we have b ¢ o (b1, 3 B ). By the reproduction

axiom we conclude that b ¢ B. It is a contradiction. O

5.8. Theorem. Let 2 be a X-hyperalgebra, o € ¥ such that it is (1, p(0))-associative
and B be an ultraclosed subhyperalgebra on the right (on the left) which satisfies the
reproduction axiom with respect to o. Then B is 1(p(o))-invertible with respect to o.

(p(a)—1)
Proof. Suppose that B is ultraclosed on the right. Let y € am(x, B ), for some
xz,y € A. By associativity we have

(p(0)—1) (p(0)=1)  (p(o)—1) (p(o)—1)
B z, B

oy, ), B )Co¥z, B ).

On the other hand, By Lemma 5.7 we get that B is p(o)-closed and then we obtain
Lemma 5.5 and by this lemma we have

) C ot (o™

\ (p(o)—2) . (p(e)=1)_ (p(o)—2)
oy, B ,B°) Co%%(a, , ,
(p(e)=2)  (p(o)—1)
=o%@x, B ,*( B

(p(o)—2)

=o%(x, B ,B°)
Thus, by the reproduction axiom we have

A 091(% (P(%*l)) U O'Ql(x, (17(052*2)7 BY) = Ugl(y, (P(Gé*l)) U 091(% (P(UE);*Q)7 B
, _ , w, (@)= w,  (P@)=D)
Since, B is ultraclosed on the right we get that o~ (z, B )=o0"(y, B ). It shows
that {o®(x, B*“)"1)},c . is a disjoint family of subsets of A so by Lemma 5.4 we conclude
that B is 1-invertible with respect to o. Similarly, we can show that B is p(o)-invertible,
if it is ultraclosed on the left. O

Let 2 be a ¥-hyperalgebra and o € 3. We denote
I, ={e?”) € A| 3z € A, such that z € ™ (e, z,e?”)™"), for some 1 < i < p(c)}.

5.9. Lemma. Let A be a X-hyperalgebra, o € ¥ such that it is (1, p(0))-associative and
B be p(o)(1)-closed with respect to o which satisfies the reproduction aziom with respect
to o such that I, C B. Then B is 1(p(0))-invertible.



(p(a)—1) (p(e)—1)
B B .

Proof. Let y € o*(x, ), for some x,y € A. Suppose that = ¢ o™(y,

’ (p(o)—1) (p(0)—2) ’ (p(0)—2)
Since,r €c A=0%(y, B )Uoc*(y, B ,B°),wegetzco(y, B ,B°). Now,

by Lemma 5.5, we have

(p(0)=2) (p(a)—1)  (p(0)—2)
B

zeo(ly, B ,B°) Co%(c*(a, ), B ,B°
(p(@)=2)  (p(o)—1)
=oc%z, B ,0"( B ,B%)
(p(0)—2)
=o%*x, B ,B°.

So there exist 57’72 € B and ¢ € B° such that z € o® (2,2, ¢). Hence ¢ € I, N B°
and it is a contradiction. 0

5.10. Theorem. Let A be a X-hyperalgebra, o € ¥ such that it is (1, p(0))-associative
and B € Sub() which satisfies the reproduction azxiom with respect to o. If B is 1-closed
and p(o)-close with respect to o and I, C B then B is ultraclosed.

(p(o)—1)
Proof. Let B is p(c)-close with respect to ¢ and I, C B. Suppose that z € o%(z, B

(p(0)=2)
)n am(x, B ,B°). By Lemma 5.9, associativity and Lemma 5.5, we obtain that

; (p(o)—1) (p(0)—2) (p(0)—1) )
l‘EO’A(z7 B ) go—m(o—m(xv 7Bc)7 B ):ng(m’ 7BC)'

Thus, there exist 2”72 € B and ¢ € B® such that z € o®(z, )72 ¢) and it implies

. w, (P@-D o (pe)-2) ,
that ¢ € Io N B. It shows that o~ (z, B )No'(x, B ,B°) =0. Hence B is

ultraclosed on the right. O

(p(o)—2

6. Conclusion

The above discussion shows that we can extend some notions of hypergroup theory
to a Y-hyperalgebra for an arbitrary signature Y. This paper provides suitable tools
for doing more research in the area of hyperstructures, such as on homomorphisms and
subhyperalgebras. Also, by consideration the operator P one can research on a variety
of an arbitrary Y-hyperalgebras. Acknowledgements
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