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Common fixed and coincidence point theorems for
maps in Menger space with Hadzic type t - norm
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Abstract

In this paper, we obtain a unique common fixed point theorem for
two weakly compatible mappings in a Menger space and also obtain a
common coincidence point theorem for two hybrid pairs of mappings.
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1. Introduction and preliminaries

In 1942, Menger [6] introduced the notion of a statistical metric space as a generaliza-
tion of a metric space (M, d) in which the distance d(z,y) , (z,y € M) between z and y
is replaced by a distribution function F,, . Schweizer and Sklar [9] studied this concept
and established some fundamental results on this space . First , we give some known
preliminaries.

1.1. Definition. . A mapping F': R — [0, 1] is said to be a distribution function if

(¢) F is non-decreasing,
(i) F is left continuous,
(#47) inf F(z) =0 and sup F(z) =1.

TER TER

We denote the set of all distribution functions by D.

*Department of Mathematics, Acharya Nagarjuna University, Nagarjuna Nagar -521 510,
A.P., INDIA.
Email: kprrao2004@yahoo.com

tDepartment of Science and Humanities, Lakireddy Balireddy College of Engineering,
Mylavaram -522 230, A.P., INDIA.
Email:bhanulaks@gmail. com

*Department of Science and Humanities, Vignan University,Vadlamudi-522 213, Guntur Dt.,
A.P., INDIA.

Email:srinivasunimmala@yahoo.co.in



1.2. Definition. ([9]). A probabilistic metric space is an ordered pair (M, F'), where
M is a non empty set and F' is a function defined on M x M to D which satisfies the
following conditions: For x,y,z € M,
i) y(s)=1forall s>0ifand only ifz =y,
|) Fz, y(s) = Fy, z(s) for all s € R and
) y(s1) =1 and F,, -(s2) =1 for all s1,s2 > 0 imply

2(81 + 52) =1.

1.3. Definition. ([9]). A function ¢ : [0,1] x [0,1] — [0, 1] is said to be a triangular norm
or t - norm if it satisfies the following conditions: For a,b,¢,d € [0,1] ,

(1) t(a,b) = t(b,a) ,
(#7) t(c,d) > t(a,b)if c>aand d>b,
(iv)

1.4. Definition.
satisfy:

[9]). Let M be a nonempty set,’t’isat-normand F: M x M — D

(i) Fr,y(0) =0 for all z,y € M ,
(4) Fpy(s)=1forall s >0ifand only ifz =1y,
(#41) Fry(s) = Fyz(s) for all s € R and
() Foy(u—+v) > t(Fe,-(u), Fz y(v)) for all u,v >0 and z,y,2 € M .

Then the triplet (M, F,t) is called a Menger space.

1.5. Remark. If (M,d) is a metric space then ¢ d ’ induces a mapping F: M x M — D
0 ifz<o0,

, where F' is defined by F}, 4(z) = H(z —d(p,q)) , where H(z) = is
1 ifz>0

the Heaviside function.

Further, if ¢ : [0, 1] x [0,1] — [0, 1] is defined by t(a,b) = min{a, b} , then (M, F,t) is
a Menger space. It is complete if the metric space (M, d) is complete.

1.6. Definition. ([9]). Let (M, F,t) be a Menger space. Let € M . For ¢ > 0 and
0 < A < 1, the (¢, \) - neighbourhood of z is defined as
Ne(e,N)={yeM: Fyy(e) >1—A}.

The topology induced by the family {Np(e,A) : p € M,e > 0,0 < XA < 1} is known as
the (e, A)- topology.

1.7. Proposition. ([9]). If ¢ is continuous then (e, A)- topology is a Hausdorff topology
on M.

1.8. Definition. ([9]). Let (M, F,t) be a Menger space. A sequence {z,} in M converges
tox € M, if for any € > 0 and 0 < A < 1, there exists a positive integer N = N (e, A) such
that Fy, «(e) > 1— X for all n > N. A sequence {z,} in (M, F,t) is said to be Cauchy
sequence in M if for ¢ > 0 and 0 < X\ < 1, there exists a positive integer N = N(e, A)
such that Fg, 5, (€) > 1 — X for all n,mm > N. A Menger space (M, F,t), where t is

continuous, is said to be complete if every Cauchy sequence in M is convergent in (e, \)
- topology.

In 1972, Sehgal and Reid [10] introduced the notion of contraction mapping on a
probabilistic metric space and proved fixed point theorems for such mappings.



1.9. Definition. ([10]). Let (M, F,t) be a Menger space. Amap T : M — M is said to be
a contraction mapping if there exists a constant 0 < p < 1 such that Fre,ry(s) > Fzy(3)
for each z,y € M and for all s >0 .

1.10. Theorem. ([10]). Let (M, F,t) be a complete Menger space, where ‘¢’ is a con-
tinuous function satisfying t(x,z) > x for each z € [0,1]. If T': M — M is a contraction
mapping then there is a unique p € M such that Tp = p. Moreover T"q — p for each
qge M.

In 1978, Hadzic [4] introduced a class F of ¢- norms ¢ # tmin, for which every contrac-
tion in a complete Menger space (M, F,t) has a fixed point.

1.11. Definition. ([4]). We say that the ¢ - norm ¢ is of Hadzic - type and we write
t € F if the family {t"}nen of it’s iterates defined, for each x € [0,1] by t°(z) = 1 and
t"(x) = t(t™(x),z) for all n > 0 is equicontinuous at = = 1.

i.e., for each € € (0,1), there exists § € (0,1) such that z > 1 — § implies t"z > 1 — ¢
for all n > 1.

1.12. Theorem. ([4]). Let (M, F,t) be a complete Menger space, where ‘t’ is a contin-
uous t - norm of Hadzic type. If T': M — M is a contraction mapping then there is a
unique p € M such that Tp = p. Moreover T"q — p for each ¢ € M.

Recently Choudhury and Das [1], proved the following

1.13. Theorem. ([1]). Let (M, F,ta) be a complete Menger space with continuous
t-norm tar given by tar(a,b) = min{a, b} and f : M — M be satisfying Fro sy (p(s)) >

Fry(0(2)) for all z,y € M and for s > 0, where 0 < ¢ < 1 and ¢ : R — R" satisfies
(1) o(t)=0iff t =0,
(i1) o(¢) is increasing and p(t) — oo as t — oo,
)

(#47) ¢ is left continuous on (0, c0),
(iv)  is continuous at O .
Then f has a unique fixed point in M.

Later several authors obtained fixed point theorems in Menger spaces using an altering
distance function,for example refer [2],[3],[7]etc.
Sastry et.al. [8] , defined altering function of type (S) as follows :

1.14. Definition. ([8]) A function ¢ : Rt — R" is said to be an altering distance
function of type (S) if it satisfies
(i) o(t) =0 iff t = 0,
(it) p(t) = 0o as t — oo,
(49t) ¢ is continuous at 0 .

1.15. Lemma. ([8]) Let (M, F,t) be a Menger space with a continuous Hadzic type ¢ -
norm , 0 < ¢ < 1 and ¢ be an altering distance function of type (S). Suppose {zn }reo is
a sequence in M such that for any r > 0, Fi, 2,1 (¢(7)) > Fuyey (9(Z7)). Then {z,} is
a Cauchy sequence.

1.16. Theorem. ([8]) Let (M, F,t) be a complete Menger space with a continuous
Hadzic type t - norm ‘¢’ and ¢ be an altering distance function of type (S), P: M — M
be satisfying Fpz, py(¢(s)) > Fiy(@(2)) for all 2,y € M and for s > 0 and 0 < ¢ < 1.
Then P has a unique fixed point z € M. Moreover, P"x — z for each x € M.

1.17. Definition. ([5]) A pair of self mappings is called weakly compatible if they
commute at their coincidence points.

In this paper, we extend Theorem 1.16 for two pairs of weakly compatible mappings.



2. Main results

2.1. Theorem. Let (M, F,t) be a Menger space with continuous Hadzic type t-norm ‘¢’
and ¢ be an altering distance function of type (S). Let P,Q, f,g : M — M be maps such
that

(2.1.1) Fra.qy(e(s)) > Fragy(@(2)) for all z,y € M and for s >0 and 0 < c < 1.
(21.2) P(M) C g(M), QM) € f(M),

(2.1.3) either f(M) or g(M) is complete,

(2.1.4) the pairs (f, P) and (g, Q) are weakly compatible .

Then f, g, P and Q have a unique common fixed point in M .

Proof. Let g € M.

Since P(M) C g(M), there exists £, € M such that y; = gz1 = Pxo.

Since Q(M) C f(M), there exists x2 € M such that y2 = fxs = Q1.

Continuing in this way, we get sequences {z, } and {y, } in M such that yon+1 = gzon+1 =
P.’L’Qn and Yon+42 = f$2n+2 = Q$2n+1, n = O, 1, 2.

Since ¢ is continuous at 0 and vanishes only at 0, it follows that for given s > 0 there
exists r > 0 such that 5 > ¢(r). Now

Fy2n+1, Y2n+2 (s) = Fy2n+1 Y2n+2 (o(r)),
- Fszm, QTap 41 r
> fozm 9Tan+1 (‘P(
= Lyan, y2n+1(30(£)
Similarly,
T

Fy2n+17 Y2n (S) > Fana yzn,71(‘p(;

)

Thus

r
Fy, i1, yn (8) > Fy,,, yn_l(ﬂo(g)) > 2 By el

Hence from Lemma 1.15 , {y»} is Cauchy.

Suppose g(M) is complete.

Then there exist z,v € M such that y2p4+1 = gr2nt+1 — 2 = gu.

Since {yn} is Cauchy , we have y, — z.

Again for given s > 0 there exists r > 0 such that 5 > o(r).
(

Fioqu(s) = t(Fz, vant1 (P(1)s Fyspin, Qu(s — (1)),
( z, yzn+1( ( )) Fpa,, QU(‘P(T)))7
> Uz, yoia (@), Fras,, gv(@(%))), from  (2.1.1)
( 2 w2na1 (P(1) Fyan, gu(0(5)))s
as n — oQ.

Now,

since y, — z and t is a continuous Hadzic type t-norm .
Thus z = Qu. Hence

(2.1)  gv=2z=Qu.
Since z = Qu € Q(M) C f(M), there exists u € M such that
(2.2) z=fu.
Now
Fpu, =(9(5)) = Fru, @u(#(5)) > Fru, go(p(2)) = F., 2(9(2)) = 1.

c c
Thus Pu = z. Hence

(23) Pu=z= fu.



Since (f, P) is weakly compatible and from (2.3), we have Pz = fz .
Now from (2.1.1), we have

Fpz, 2(0(s)) = Frz, @u(@(s)) > Frz, gu(9(2)) = Frz, 2(0(2))

ZFPz,Z(SU(C%))"'ZFPZ,Z(Lp(C%))Hl as 1 — oo,

Thus Pz = z. Hence
(24) z=Pz=fz.
Since (g, @) is weakly compatible, from(2.1), we have gz = Qz.
From (2.1.1), we have

Fz, @=(p(s)) = Fru, @=(9(5)) 2 Fru, ¢=(0(2)) = Fz, @=(¢(2))
s

s
ze,QZ(W(Cj))"'ze,QZ(‘P( )) =1 as n—oo.

Thus Qz = z. Hence
(2.5) z=Qz=gz

From (2.4) and (2.5), z is a common fixed point of P,Q, f and g.
Suppose 2’ is another common fixed point of P,Q, f and g. Then
From (2.1.1), we have

Fe 2(0(8)) = Frz, u(9(5)) 2 Frz, g2 (9(2)) = F, 2(2(2))

S S
> Fe o(0(5) 2 P (p(2) =1 as n— ool

C

Thus 2z’ = z. Hence z is the unique common fixed point of P, Q, f and g.
Similarly the theorem holds when f(M) is complete. d

Recently, Sastry et.al. [8] proved the following theorem for a multivalued map in a
complete Menger space with Hadzic type t-norm.

2.2. Theorem. ([8]). Let (M, F),t) be a complete Menger space with a continuous Hadzic
type t - norm 't’ , ¢ be an altering distance function of type (S) and P be a multivalued
map of M into the class of nonempty subsets of M. Suppose that there exists 0 < ¢ < 1
such that for any x,y € M, Fu .(p(s)) > Fz, y(¢(2)) for all s > 0, whenever v € Px,
v € Py.

Then P has a unique fixed point z € M and Pz = {z}.

Now we extend this theorem for two pairs of hybrid mappings.

2.3. Definition. Let (M, F,t) be a Menger space and f : M — M, P be a multi valued
map of M into the class of nonempty subsets of M. Then f is said to be P- weakly
commuting at = € M if f2x € Pfx.

2.4. Theorem. Let (M, F,t) be a Menger space with a continuous Hadzic type ¢ - norm
't” and ¢ be an altering distance function of type (S). Let P and @ be multivalued maps
of M into the class of nonempty subsets of M and f and g be self maps on M. Suppose
that there exists 0 < ¢ < 1 such that for any z,y € M,

(2.4.1) Fu, v(¢(s)) > Ffa, gy(@(2)) for all s > 0, whenever u € Pz , v € Qy.

(24.2) P(M) Cg(M), Q(M)C f(M),

(2.4.3) either f(M) or g(M) is complete,

(2.4.4) f is P-weakly commuting and g is Q-weakly commuting at their coincidence
points.

Then the pairs (f, P) and (g, @) have a common coincidence point in M.



Proof. Let zo € M.

Since P(xz0) C g(M), there exists 1 € M such that y1 = gz1 € Pxo.

Since Q(z1) C f(M), there exists x2 € M such that yo = fz2 € Q1.

Continuing in this way, we get sequences {z, } and {y,} in M such that yon+1 = gxTant+1 €
Pxs, and Yont2 = f$2n+2 S Qx2n+1, n= 0, ].7 2.

Fyzn+17 Y2an+2 (‘P(S)) > Ftoy,, 9I2n+1(‘p(%))
= Fyon, vans1 (0(2))

Similarly,
S
Fyon, vanta ((8) = Fyzp 1, yan (‘p(g))

Thus
s
Fyns vnaa (9(8)) 2 Fuy, va (0(2))

Since ¢ is continuous at 0 and vanishes only at 0, it follows that for given s > 0 there
exists r > 0 such that 5 > o(r). Now
P r r

Yns Z/n+1( s) > Fy,, yn+1(§0( r)) > Fy, ., yn(@(g)) > 2 Fy, yl(@(CTL

))-
Hence from Lemma 1.15 , {y,} is Cauchy sequence in M.

Suppose f(M) is complete.

Then there exist z,p € M such that y, — z = fp.

Let z1 € Pp . Since yant+2 = fTant2 € QTan+1, from (2.4.1),we have

Ffpy 21 (3) > t(FfZJ, fronya ((p(?”)), Ff1'2n+2v z1 (S - W(T)))v
> t(Fz, y2n+2( ( )) Ff72n+2a z1 (90(7')))
> t(FZ; y2n+2(§0( )) Ffp 912n+1(90(7)))

= t(Fz, Yan+2 (90(7‘))7sz y2n,+1( (2)))
—1 as n — oo.

S

since y, — z and ¢ is a continuous Hadzic type t-norm .
Thus Ffp, -, (s) =1 for s > 0 so that fp = z1. Thus

(2.6) fp € Pp.

Since z = fp € Pp C g(M), there exists ¢ € M such that z = fp = gq.
Let 22 € Qq. Since Yant+1 = gTan+1 € Pxay, from (2.4.1), we have

Fyq, 2 (3)

Vv

—_ = = =

ng, 9Ton 41 (‘P(r)) Fgﬂ?2n+1 22 (5 - 90(7')))’
E, Yont1 (tp(T)) ng2n+17 22( (T)))
Fe, yanid (0(7), Frea,, 0a(0(5))),

Fer sy (9(1)), Pz, =((2))),
as n — o0.

LIVIVI

—_

since y, — z and t is a continuous Hadzic type t-norm .
Thus Fyq, 2,(s) =1 for s > 0 so that g¢g = z2. Thus

(27)  99€Qq

From (2.6) and (2.7), p is a coincidence point of f and P ; ¢ is a concidence point of g
and Q.

From (2.4.4), fz € Pz and gz € Qz. Thus z is a common coincidence point of the hybrid

pairs (f, P) and (g, Q).
O
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