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CERTAIN SUBCLASSES OF BI-UNIVALENT FUNCTIONS
RELATED TO k-FIBONACCI NUMBERS

H. OZLEM GUNEY, G. MURUGUSUNDARAMOORTHY, AND J. SOKOL

ABSTRACT. In this paper, we introduce and investigate new subclasses of bi-
univalent functions related to k-Fibonacci numbers. Furthermore, we find
estimates of first two coefficients of functions in these classes. Also, we obtain
the Fekete-Szego inequalities for these function classes.

1. INTRODUCTION

Let D = {z:|z| < 1} be the unit disc in the complex plane. The class of all
analytic functions

fz)=z+ Z anz" (1)

in the open unit disc I with normalization f(0) = 0, f/(0) = 1 is denoted by A
and the class S C A is the class which consists of univalent functions in ). We say
that f is subordinate to F' in D, written as f < F, if and only if f(z) = F(w(2))
for some analytic function w, |w(z)| < |z|, z € D.

The Koebe one quarter theorem [5] ensures that the image of I under every
univalent function f € A contains a disk of radius 1/4. Thus every univalent
function f has an inverse f~! satisfying

fHUf) =2 (z€D) and f(f'(w)) =w, (Jw| <ro(f), ro(f) > i)-

A function f € A is said to be bi-univalent in D if f is univalent in ID and f~! has an
univalent extension to ). Let X denote the class of bi-univalent functions defined in
the unit disk ). Someone can see a short history and examples of functions in the
class ¥ in [I4]. Since f € ¥ has the Maclaurin series given by , a computation
shows that its inverse g = f~! has the expansion

g(w) = f_l(w) ZW—a2w2+(2a§ —ag)w3+~-- . (2)
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The work of Srivastava et al. [I4] essentially revived the investigation of various
subclasses of the bi-univalent function class in recent years. In a considerably
large number of sequels to the aforementioned work of Srivastava et al. [14], several
different subclasses of the bi-univalent function class ¥ were introduced and studied
analogously by many authors (see, for example, [11 2 @] [8, 8] 15, @]), but only non-
sharp estimates on the initial coefficients |as| and |ag| in the Taylor-Maclaurin
expansion were obtained in these recent papers.

The object of the present work is to introduce a new subclass of the function
class 2 and find estimates on the coefficients |as| and |as| for functions in this new
subclass of the function class ¥ using the technique of Srivastava et al. [14]

Recently,Yilmaz Ozgiir and Sokdét [10] introduced the class SL* of starlike func-
tions connected with k— Fibonacci numbers as the set of functions f € A which is
described in the following definition.

Definition 1. Let k be any positive real number. The function f € A belongs to
the class SC* if it satisfies the condition that

zf'(z)  ~
< pr(2), z€D,
i) <P
where )
- 147132 k—Vk2+4
L  S— = D.
Pr(z) 1 —krpz — 712227 Tk 2 » %€ 3)

Later in [7], Giiney et al. defined the class KSL" as follows:

Definition 2. Let k be any positive real number. The function f € A belongs to
the class KSLF if it satisfies the condition that

2f"(2)
f'(2)
where the function py is defined in .

For k = 1, the classes SL and KSL of shell-like functions were defined in [12]
(see also [13]).

It was proved in [I0] that functions in the class S£¥ are univalent in . Moreover,
the class SLF is a subclass of the class of starlike functions S*, even more, starlike

of order k(k* +4)~'/2/2. The name attributed to the class SL* is motivated by
the shape of the curve

14

<pr(z), ze€D,

C={pr(e"): t€0,2m)\ {m}}.
Now we define the classes SEMZ and chﬁ, as follows:

Definition 3. Let k be any positive real number. The function f € A belongs to
the class SCM", (0 < o < 1) if it satisfies the condition that

O W R
« <1+ f/(Z) )+(1 ) f(Z) "<pk( )7 €D,
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where the function py is defined in .

Definition 4. Let 0 < v < 1, and k be any positive real number. The function
f € A belongs to the class SLG{“/ if the following conditions are satisfied:

/ bl " 1—~
(7)) (+55)  <me. sen
where the function py is defined in .

For k < 2, note that we have

ﬁk (eiiarccos(k2/4)) _ k’(k’2 +4)—1/2’

and so the curve C intersects itself on the real axis at the point w; = k(k? +4)~1/2.
Thus C has a loop intersecting the real axis also at the point wy = (k2 + 4)/(2k).
For k > 2, the curve C has no loops and it is like a conchoid, see for details [10].
Moreover, the coefficients of p; are connected with k-Fibonacci numbers.
For any positive real number k, the k-Fibonacci number sequence {Fy, },, is
defined recursively by
F]@O =0, F]“l =1 and Fk,n+1 = ka,n + Fk’nfl for n > 1.

When k = 1, we obtain the well-known Fibonacci numbers Fj,. It is known that
the n'" k-Fibonacci number is given by

(k—7%)" — 7k
ViE+4
where 74, = (k — Vk2 +4)/2. If pp(2) = 1+ 502 | Prn2™, then we have
5]{:,n = (Fk,nfl + Fk,n+1)7—27 n= 17 27 37 s
Also, Ozgiir and Sokét showed in [I0] that

~ 14 Ti,zQ >
e Nl E n
Pr(2) 1 — kTz — 1322 2 Prn?

Fk,n:

n=1
=1+ (Fk,O + Fk72)7kz + (Fk,l + Fk,3)7'i22 + -
=14 krpz+ (K +2)m222 + (K +3k)m325 4+ -+ - .
where 7, = k=vVh7+4 V2k2+4, z €D, (see [10]).
Let P(8), 0 < 8 < 1, denote the class of analytic functions p in D with p(0) =1
and Re{p(z)} > /. Especially, we use P(0) =P as 8 =0.
Now we give the following lemma which will use in proving.

Lemma 5. ([I1]) Let p € P with p(z) = 1 + c12 + ca2® + - - -, then
len] <2 for n>1. (4)
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2. BI-UNIVALENT FUNCTION CLASS SLM§7E(]3;€(Z))

In this section, we introduce three new subclasses of ¥ associated with shell-like
functions connected with Fibonacci numbers and obtain the initial Taylor coeffi-
cients |as| and |as| for the function classes by subordination.

Firstly, let p(z) = 1+p1z+p222+---, and p < pr. Then there exists an analytic
function u such that |u(z)] < 1 in U and p(z) = px(u(z)). Therefore, the function

1
h(z)lJ—rZEz;1+clz+0222+... (5)
is in the class P(0). It follows that
2\ .2 3\ ,3
_az _a) = _ Gy o
u(z) = 5 +(02 2>2+<63 01€2+4)2+ (6)

Pk,1C1% 1 c? 9
=1 ; ey —
+ 2 +{2(62 2>Pk1+4pk2}

1 ) a + S+
—|ec3—cic —cy | e — z25 4
B 3 1C2 4 Pk B 1| ¢C2 5 Dk,2 8Pk3

(7)

And similarly, there exists an analytic function v such that |v(w)| < 1 in D and
p(w) = pg(v(w)). Therefore, the function

14+ v(w)

k(w)zil_v(w)=1+d1w+d2w2+... (8)
is in the class P(0). It follows that
diw d3 a3\ w?
v(w)z12+(d2—2>2+<d3—d1d2+41>2+~-- (9)

and

- - I5k,1d1w d2 d2 2
uto(u) = 1+ P L0 (= ) s+ P b

1 d3 1 d3 d3
“Nda—dido - L) 5 Zdi | d 3.
+{2<3 12+4>pk,1+21<2 2>Pk2+8pk3} +

(10)
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Definition 6. For 0 < a <1, a function f € ¥ of the form is said to be in the
class SLMng(ﬁk(z)) if the following subordination hold:

a <1 + Zf"(z)> +(1-a) (Zf/(z)> CP(e) = T e (1)

7(2) f(2) 1 —krpz— 73
and
wg"(w) wg' W)\ | =0 L+ T
o (1) < 0 () <P = e e 02

where ), = E=YE14 V2’€2+4 where z,w € D and g is given by ,
Specializing the parameter a = 0 and « = 1 we have the following:

Definition 7. A function f € % of the form (1)) is said to be in the class SLY(pr(2))
if the following subordination hold:

z2f'(z) - 1+ 7222

< Dr = k7 13

f(2) Pr() 1—krpz — 713227 (13)
and () )
wg' (w ~ 1+ 71w

= 14

g(w) = Pi(w) 1 — krpw — T3w?’ (14)

where 1), = E=Yk2+4 V2’“2+4, z,w € D and g is given by .

Definition 8. A function f € X of the form (1) is said to be in the class KSLY(pr(z))
if the following subordination hold:

2f"(z) B 1+ 7222
TP R A gy e ref 15)
k
and //( ) 2,,2
wg" (w ~ 1+ 77w
1 = 16
+ g'(w) < pr(w) 1 — krpw — T3w?’ (16)

where 1), = E=Yk+4 V2k2+4, z,w € D and g is given by ,

In the following theorem we determine the initial Taylor coefficients |as| and |as]
for the function class SEM(];E(]?;“ (2)). Later we state the bounds to other classes
as a special cases.

Theorem 9. Let f given by be in the class S,CMZ’E(ﬁk(Z)). Then

las| < kvVE| x|
T VA + )2k - (1+a)2(1+a) + ak?)Ty

(17)

and
ki) {14 a)?k — [(k* + 2)a® + (5k* + 4)a + 2(k* + 1)] 74 }
21+ 2a)(14+ @) [(1 + a)k — (2(1 + ) + ak?)7y]

|as| < (18)
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Proof. Let f € SLMY 5, (pr(z)) and g = f~*. Considering and (12)), we have

(1 EC >) (- (Zf ’<Z)) — pelu(2))

f'(2) f(z)
e (w) )
wg” (w wg' (w)\
o1+ 50 ) - () =t
where 75, = E=vki+d V2k2+4, z,w € D and g is given by . We have also
2f"(2) 2f'(2)
«(1+ 55 ra-a ()
= 1+ (1+a)agz + (2(1 +2a)az — (1 +3a)ad)z* + ...
- 2 2
= 1+pk,12012 + B <02—02>Pk1+ 4Pk2}
1 3\ 1 A 3
+ [2 (03—0102+4>pk,1+2c1 <02—2>pk2+ 82%3} + -
and
wg" (w)
() - (67
= 1—(1+a)agw + ((3+5a)a3 — 1+2a) sJw + ...
d2
= 1+pk’12dlw { (dz— l)pkri- sz} 2

dy d2 d3
+ { (ds—d1d2+4)pk1+ dl(d2_>pk2+pk3

2 8

It follows from ) and (| . ) that

Jus e

k
(1+ a)as = c1 Tk’
2
o 1 02 2
2(1+2a)ag — (1 + 3a)az = sle—5 ke + L (k +2)737
and Lk
—(1+a)ay = 12%,

2
(3 +5a)a3 — 2(1 + 2a)az = <d2 - d) kTi + — i (kz2 +2)73

From and , we have
1 = _d17
and
(C% +d%) 2_2

203 = ~——Lk*77.
2T ara2” Tk

(19)

(20)

(21)
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Now, by summing and (26), we obtain
1 1 1
2(1 + a)ai = 5(02 + do)kT) — Z(cf + d3)kT), + Z(C% +d})(k? +2)73. (29)
By putting in , we have
1 .
21+ ) [(-2(1+ ) ~ ak)ric+ (1 k] a3 = Lea + o)K7, (30)

Therefore, using Lemma [f] we obtain

laa] < vk
T VA4 a2k -1+ a)2(1 +a) + ak?)Ty
Now, so as to find the bound on |as|, let’s subtract from and (26)). So, we find

(31)

1
4(1 4 2a)as — 4(1 + 2a)a2 = 3 (cg — do) kT (32)
Hence, we get
4(1 + 20)|az| < 2k|7k| + 4(1 + 20)|az)?.
Then, in view of , we obtain
klmil {1+ )%k — [2(1 + @)? + (a® 4+ ba + 2)k?] 71, }
214+ 20)(1 + ) [(1 + a)k — (21 + @) + ak?)Ty]

las| <
O

If we can take the parameter & = 0 and « = 1 in the above theorem, we have
the following the initial Taylor coefficients |az| and |as| for the function classes
SLE (Pr(2)) and KSLE (pr(2)), respectively.

Corollary 10. Let f given by be in the class SL%(pr(z)). Then

vk
N

las| <

and
< k|7 {k: —2(k? + l)Tk}
- 2(/6—27’;@) ’

|as]

Corollary 11. Let f given by be in the class KSLY (pr(2)). Then

|a2| < k\/E|Tk|
T Ak —2(4 + k)7,

and
k‘Tk| {k — 2(k2 + l)Tk}
32k — (4 + k2)71y)

las| <
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If we can take the parameter k£ = 1 in the above corollaries, we have the following

the initial Taylor coefficients |az| and |as| for the function classes SLx(p(z)) and
KSLx(p(z)), respectively, which were obtained in [6] by Giiney et.al.

Corollary 12. Let f given by be in the class SLx(p(z)). Then

|7
<
ool < =57
" [rl(1 — 47)
7|(1 — 47
< .
sl = S50
Corollary 13. Let f given by be in the class KSLx(p(2)). Then
las] < |7
4—107
" [rl(1 — 47)
7|(1 — 47
< .
sl = 35 =50

3. BI-UNIVALENT FUNCTION CLASS Sﬁgﬁ,z(ﬁk(z))

In this section, we define a new class S,Cgfhz(ﬁk (2)) of v— bi-starlike functions
associated with shell-like domain.

Definition 14. Let 0 < v < 1, and k be any positive real number. A function

f € X of the form is said to be in the class SLG’fY’Z(ﬁk(z)) if the following
subordination hold:

(F8) (+55)  <neo w
and
(7o) (+50) <o ®

where the function py is defined in (3) and z,w € D.

Remark 15. Taking v = 1, we get Sﬁgfz(ﬁk(z)) = SLE(pr(2)) the class as given
mn Deﬁm’tz’on@ satisfying the conditions given in and .

Remark 16. Taking v = 0, we get Sﬁggyz(]b“k(z)) = KSLY(Pr(2)) the class as
given in Deﬁm’tion@ satisfying the conditions given in and .

Theorem 17. Let f given by be in the class SLG?Y?Z('ﬁk(z)). Then

|CL2| < k\/ﬂhk‘
T V22 -k - (42 )P+ (7P = 5y + DRy
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a3 < ElTk| [2(2 =)k — (42— 7)? + (v* — 13y + 16)k?) 7]
23— 29)[2k(2 — )2 — (42— )2 + (12 — 5y + 4)k2)7s]

Proof. Let f € Sﬁgi’z(ﬁk(z)) and g = f~! given by (2). Considering and (2),

R KOS ) AR
and
() (o) i
where the function pj is defined in , z,w € D and g is given by . We also
have
(75) (+75) ®
= 14+ (2—7)az+ (2(3 — 27y)az + %[(7 —2)* - 3(4 - 37)]a§) 2+
and
(5) (o 55)

= 1—(2—79)asw+ <[8(1 —7) + %7(7 +5)]a3 —2(3 — 27)(13) w?+ ...

Equating the coefficients in and @, with —, respectively, we get,
c1kTy,

2=7)az = — (7)
1 CQ 2
2(5 - 27)as + 107~ 2 =364 = 3ad = 3 (e2 = G ) bt T+ 207 9
and
dik
~(2-7)az = (9)
o 1 di di o 2
—2(3 —2v)az+ [8(1 —~) + 57('}/ +5)]as = 3 do — 5 kti + Z(k +2)7%,
(10)
From @ and @, we have
c1kTy, di kT,

which implies
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and 2 g2\7.2.2
a2 — (ct +di)k*T},
8(2-1)?
Now, by summing and (|10), we obtain

1 1 1
(v* =3y +4)a3 = 5 (Co+ )by, — Z(cf + d)kT), + Z(cf + d2)(k* + 2)72.

Proceeding similarly as in the earlier proof of Theorem [J] and using Lemma [5] we
obtain
k’\/ 2k|7’k|

las| < , - —. (11)
V22 = 7)%k = (42 = 7)2 + (32 = 5y + k)T,
Now, so as to find the bound on |as|, let’s subtract from and (10). So, we find

1
4(3 — 2y)az — 4(3 — 27y)a3 = 3 (ca — d2) k7.
Hence, we get
4(3 — 2v)las| < 2k| 7k + 4(3 — 27)[az.
Then, in view of , we obtain
kil [2(2 =)k — (42 = 7)* + (v° = 137 + 16)k%) 74|
2(3—29) [2k(2 —7)? = (42 =72 + (V2 = 5y + k) 7]

lag| <
O

Remark 18. By taking v = 1 and v = 0 in the above theorem, we have the
initial Taylor coefficients |as| and |as| for the function classes SLY(pr(2)) and
KSLE(Pr(2)), as stated in Corollary and Corollary respectively. Further
note that by taking k = 1 we have the initial Taylor coefficients |az| and |as| for the
function classes SCx(p(2)) and KSLx(p(2)), as stated in Corollary[19 and Corol-
lary [13 respectively.

4. FEKETE-SZEGO INEQUALITIES FOR THE ABOVE FUNCTION CLASSES

Due to Zaprawa [16], we will give Fekete-Szegt inequalities for the above function
classes in this section. The first theorem is the solution of the Fekete-Szego problem

in SEM];,E(@J(Z)) and it looks like the following:

Theorem 19. Let f given by be in the class SﬁMZ’E(ﬁk(Z)) and 1 € R. Then
we have

E|Tk 4(1+a) [(1+a)k—(2(1+a)+ak®) x|
2 2207 =1 < 8(1+20a) k2] ’
|az—paz| <
1—p|k372 1> 4(1+a)[(1+a)k—(2(1+a)+ak®) 7y
At [t k—(2(0+a) FakD)Tr]’ =1 = S(+20) k2[5 :
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Proof. From and (32)we obtain

2 k372 (CQ =+ dg) ka(CQ — dg)
as —nay = (=W =57 a)li e+t T st W
_ ( (1 -k n kT, ) .
T4+ ) [+ a)k— 20 +a)+ak?)ry]  8(1+2a)) "
(1 — p)k372 kT
+ (4(1 +a)[(1+a)k— (2(1k+ a) +ak?)ry]  8(1+ 2a)> dz-
So we have
ag — pai = (h(,u) - 8(f|+Tk2|oz)> co + (h(u) + S(f—iT—k2|a)> da, (2)
where 5 o
h(n) = C sl )

41+ a)[1+ )k — 21 + @) + ak?)Ty]
Then, by taking modulus of , we conclude that
|7l k|7
|a3 . IU,U,§| S 2(1-‘,—204)’ O S |h(:u)| 37—5'(14_2@)7
Al M) = srsay-
Taking p = 1, we have the following corollary.

Corollary 20. If f € SEMZ’E(;E;Q(,Z)), then

~ 214 2a)’ @)

The second theorem is the solution of the Fekete-Szegd problem in SL’Q?E (pr(2))
and it looks like the following:

Theorem 21. Let [ given by be in the class Sﬁgs’z(ﬁk(z)) and p € R. Then
we have

K7 2(2-79)%h=(4(2=9)*+ (> ~5y+4)k*)7
2 2627 =1l = 4(3=27) k7] E
|az—paz| <
2|1—p|k®T} -1 > 22—k —(4(2=)*+(v> =5y+4)k*)
2= R=ER— )+ SR T = B2k 7] '

Taking p = 1, we have the following corollary.

Corollary 22. If f € Sﬁgff’z('p“k(z)), then

|a3—a§|§mo (5)
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If we can take the parameter & = 0 and & = 1 in the Theorem [I9) or v = 1 and
v = 0 in the Theorem . we have the following the Fekete-Szegd inequalities for
the function classes SLs, ) and KSLE (pr(2)), respectively.

Corollary 23. Let f given by be in the class SLY(Pr(z)) and p € R. Then we
have

|7k k—27y

lag — pa?| < 20 =1l < 2k2[7k ]
3 o 21 = ‘17M|k37i | _1| k—271}
k—ZTk ) M - 2k2|7'k|'

Corollary 24. Let f given by be in the class KSLY (pr(2)) and p € R. Then
we have

k|| _ 2k— (k% +4)74
jas — padl <4 6 = 1S i
3 T Haz| = [1—p|k®72 -1 > 2k—(k>+4) 75,

22k— (k2 +d)rr)’ M 3kZ75]

5. CONCLUDING REMARKS AND OBSERVATIONS

In our present investigation, we have introduced new classes SEMI;,E(;E;C(Z))

and Sﬁgs,z(ﬁk(z)) of bi-univalent functions in the open unit disk U. For the ini-
tial Taylor- Maclaurin coefficients of functions belonging to these classes, we have
studied the problem of finding the upper bound associated with the Fekete-Szego
inequality. We have also considered several results which are closely related to our
investigation in this paper.
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