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Abstract

The main purpose of the presented paper is to determine some lower bounds for the
quotient of the normalized hyper-Bessel function and its partial sum, as well as for the
quotient of the derivative of normalized hyper-Bessel function and its partial sum. In
addition, some applications related to the obtained results are given.
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1. Introduction and preliminaries

There is a vivid interest on the theories of special and geometric functions due to their
some close relations. Actually, there are various developments regarding partial sums of
analytic univalent functions in the recent years. The readers may find these interesting
developments in the papers [1,7,10,12-14]. Also, partial sums of some special functions
and their applications were considered by the authors in [2—4,6,9,11,16]. Especially, the
authors in [9] investigated partial sums of the generalized Bessel function in 2014. And
then, many authors discussed the same problem for other special functions such as Struve,
Lommel, Mittag-LefHler, ¢-Bessel and Dini functions. Motivated by the previous works on
analytic univalent and special functions our main aim is to determine some lower bounds
for the quotient of normalized hyper-Bessel function and its partial sum, as well as for
the quotient of the derivative of normalized hyper-Bessel function and its partial sum. In
addition, we give some applications regarding our main results.

Before starting our main results we would like to give some basic concepts concerning
geometric function theory and the definition of hyper-Bessel function which is a natural
extension of classical Bessel function of the first kind.

Let A denote the class of functions of the following form:

f(2) =2+ anz", (1.1)
n>2

which are analytic in the open unit disk
U={z:z€Cand |z <1}.
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We denote by & the class of all functions in A which are univalent in U.
The hyper-Bessel function is defined as follows: (see [5])

) e
Jaa(2) = f_lf(ai—kl)OFd((ad-i-l);_(d—i-l) ) (12)

where the notation

(79)’ >0 (M)n(r2)n - (Yg)n n!

denotes the generalized hypergeometric function, (/3),, is the shifted factorial (or Pochham-
mer’s symbol) defined by (8)g = 1, (8)n B(ﬂ—i—l) -(B4+n—1),n > 1 and the contracted
notation ay is used to abbreviate the array of d parameters aq, ..., aq.

By considering the equalities (1.2) and (1.3), it can be easily seen that the function
2+ Jo,(2) has the following infinite sum representation:

(510), _ (B)n(B2)n - (5p)n z"
pFy ( 33) = Z ( (1.3)
(

= Z n(d+1)+ai++aq
Joal?) = ( ) 1.4
o gn!ﬂfﬂf(aﬁwrn) d+1 (1.4)
The normalized hyper-Bessel function d,,(#) is defined by
( > )a1+-~~+ad
d+1

Jeal? (). 1.5
2= T, T (o + 1)8 () (1.5)

By combining the equalities (1.4) and (1.5) we get the following series representation:

Jog(2) = (=1)" ( : )n(d+l). (1.6)

Son! I (s + 1), \d+1

Since the function J,, does not belong to the class A, we consider the following form

faa(2) = 28ay(2) = D Apz" VT (L.7)
n>0
where A,, = ()" . As consequence of this consideration we have that

al(d+1)" D T (i +1)n
the function f,, € A. Here, we would like to mention that the following inequalities

n! > 2n! (1.8)
and
(i +1)" = (i + 1), (1.9)

hold true for n € N = {1,2,...} and 7 € {1,2,...,d}, which will be used in the proof
of our main results. Also, we will take adventage of the following well-known triangle
inequality

|2’1 + 22| < |21’ + |2’2‘ (2:1,2:2 S (C) (1.10)

and the following known geometric series sums

n— 1
Sor (1.11)
n>1 -r
and
> ottt = ! 5 (1.12)
n>1 T)

for r € (0,1) in the proof of our results.
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2. Main results

In this section, we first present the following lemma which will be required in order to
derive our main results.

Lemma 2.1. Leti € {1,2,...,d},a; > —1 and 2 \p > 1, where

d
A=d+ )" and p=J](c; +1).
=1
Then, the normalized hyper-Bessel function z — fq,(z) satisfies the next two inequalities:

aae)l < 3 (21)
and ANp(p+1)—1
()] < DA (2.2)

Proof. By using the inequalities (1.8), (1.9) and (1.10) we can write that

= Sn(d+1)+1
z+
Z ! (d+1)" I (0 + 1),

<14y L

o120 (d+1)" n(d+l) [T (o + 1)m

faa(2)] =

for z € U. Here, using the geometric series sum which is given by (1.11) we deduce

22 +1
< .
foa2) < 53075
Similarly, in order to prove the inequality (2.2) we can use the inequalities which are given
by (1.8), (1.9) and (1.10). Namely,

d nH(—1)™
f&d(z)‘ -1 Z (TL :Ed:’l—l";' )d( ) Zn(d—l—l)
ns1 ! (d+1) [Ti= (i + 1)y
nd+n+1
<1+22n1d 1)+ 1 1
n>1 +1)" —i(ai +1)7
1 n 1 1\
=1+ () .
I %:1 (2Ap)"1 " Ap n%:l 2\
Now, if we consider the geometric series sums which are given by (1.11) and (1.12), then
we have
4)\? 1) — 1
(2Au —1)°
So, the proof is completed. O

Let w(z) denote an analytic function in U. It is important to mention here that the
following well-known result is very useful for our main results:

1
R 14 w(z) > 0, if and only if |w(z)| < 1,z € U.
1 —w(z)

Now, we give our first main result related to the quotient of normalized hyper-Bessel
function and its partial sum.
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Theorem 2.2. Letn € N={1,2,...},i € {1,2,...,d},; > —1, the function f,, : U —
C be defined by (1.7) and its sequence of partial sum defined by

(faa)m (2) = 2+ i Ay @OTL (2.3)

n=1

If the inequality Ap > % is valid, then the following two inequalities are valid for z € U :

a 2 -
3%< foq(2) )Z A =3 (2.4)
(faa)m (2) 2
and
(faa)m (2)) o 2Ap—1
%( — ) > 2.5
¥ 2 29
Proof. From the inequality (2.1) in Lemma 2.1 we can write that
22+ 1
_ n(d+1)+1
| faa(2)] = z+n§Anz< ) s1+§1|An\sm_1- (2.6)
The inequality (2.6) is equivalent to
22 — 1
M HES? (2.7)
n>1
In order to prove the inequality (2.4), we consider the function w(z) defined by
l+w(z) 22 —1] fo,(2)  2\u—3
1—w(z) 2 | (faa)m (2) 2 J
The last equality is equivalent to
T4 w(z) 140 Azt  2uelsneo A, zn(d+D) 28)
1—w(z) 1 + 3 Ay zn(dtl) ' '
Therefore, we obtain
(2) 2 e A
w(z) =
2423 | Ay zn(dtl) 4 2/\u Lyroo o0 1 Apzn(d+D)
and
2 p—1 |A |
w(z)| < : "2;111
2_22 1"4’_ nm+1’A|
The inequality
2/\,u, >
Z |An| + Z 1A, <1 (2.9)
n=m++1

implies that |w(z)| < 1. It sufﬁces to show that the left hand side of (2.9) is bounded
above by

22 — 1 &
YA,

n=1

which is equivalent to
2)\,u 3

Z\A | > 0.

The last inequality holds true under the condition Ay > 5
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The proof of the result (2.5) would run parallel to those of the result (2.4). In order to
do this, consider the function p(z) defined by

1+ p(2) _ (1+2)‘N_1) (faa)m (2) _ 22 —1
1—p(z) 2 fau(2) 2

1+Z * | Apz® n(d+1) _ 2>\M 1 20 it An2" n(d+1)

1 +Zn:1 Anzn(d+1) )

So, we get that

2+l d+1
p(z) = 2 nemt1 AnZ" md+)
24+ 23 Apznd+l) — 2>\u 3 > 1Ay n(d+1)
and 22p+1 A,
ple)] < i 1]

2_22 1|A|_2/\l§3 nm+1|A‘
The inequality (2.9) implies that [p(z)| < 1. Since the left hand side of the inequality (2.9)
is bounded above by
Z [Anl,

the proof is completed. ]

2/\/,L

Our second main result is the following:

Theorem 2.3. Letn € N={1,2,...},i € {1,2,...,d},; > —1, the function f,, : U —
C be defined by (1.7) and its sequence of partial sum defined by (2.3). If the inequality

AP AN =8\ () g valid, then the next two inequalities hold true for z € U :

It Aa—2
; AN2p? — AN — 8N
((fOéd)m (Z)) 4 'u+4)‘“_2
and , -
o AN — A+ 1
g (Ueddm (2]} 4X907 = A+ 1 (2.11)
féq(2) AN*p+ A — 2
Proof. From the inequality (2.2) in Lemma 2.1 we can write that
ANp(p+1)—1
1+ nd+n+1)|A4, < . 2.12
b )4, < 2 EIEL (2.12)
The inequality (2.12) is equivalent to
(2Au — 1) Z
(nd+n+1)]|4,] <1. (2.13)
AN2p 4+ A p — 2 =
In order to prove the inequality (2.10), we consider the function h(z) defined by
1+h(z)  (2au—1)? foo2) AN — 4N -8\ +3
L—h(z) 4N+ 400 =2\ ((fay),, (2)) AN g+ ANp — 2
12
_ 1+ (nd+n+ I)Anz”(d“) + % i1 (nd+n+ l)Anz”(dH)

1+ (nd+n+ 1)Apzmd+1)

As a result, we get

_1)2
h(z) = % ?zo:m+1(nd +n+ 1)Anzn(d+1)

2420y (nd + 1+ 1) An D 4 GBS S0 (nd o ot 1) Apen(@e)




Partial sums of hyper-Bessel function 385

and

22u—1)>2
m nem+1(nd +n+1) Ay

|h(z)| < —z :
2= 2% (nd+n+1) [An| — AT Y00 L (nd + 0+ 1) Ay
The inequality
S 17 &
1)|A, 1)]A4,] <1 2.14
;(nd+n+ )| |+4A2“+4)‘N—2n§+1(nd+n+ )| An| (2.14)

implies that |h(z)| < 1. It suffices to show that the left hand side of (2.14) is bounded
above by
(2 —1)* &
d 1)]A
D i g 2 (ndtn 1) Al

n=1

which is equivalent to

AN g+ A — 2 >_(nd+n+1) |4, >0

n=1

such that the last inequality is valid under hypothesis.
In order to prove the inequality(2.11), consider the function k(z) defined by

1+k(z)_<1+ (2Ap —1)? ){((fad)m(z))’ AN 2—4)\u+1}

1—k(z) AN2 4 A — 2 ' (z) AN+ A — 2

ANZp+AAp—2 n=m+1

aq
L+ (nd + 14 1) Az — SHEL S0 (nd 4+ 1) A 20D
E 143202 (nd + n + 1) Apzn(d+1) :

Consequently, we have that

2,2
k(2) _% nemt1(nd +n+ 1)Anzn(d+1)
Z) =
24237 (nd+n+1)A,znd+1) — ‘m% o (nd+n 4 1)A,zn(@+1)

AN2 2 —Adp+1
T Yo g (nd + n+ 1) |4y

S 2,,2__ °
2 =230 (nd + n + 1) | An| = Aty ol (nd + n 4 1) | Ay

|k (2)]

The inequality (2.14) implies that |k(z)| < 1. Since the left hand side of the inequality
(2.14) is bounded above by

2 —1)? &
Doy =3 1) |Adl,

n=1

the proof is completed. ]

3. Applications

In this section, we present some applications concerning our main results. As we men-
tioned in Section 1, there is a relationship between hyper-Bessel function and classical
Bessel function J,. Clearly, for d = 1 and a3 = v, it is known that the hyper-Bessel
function J,, (%) reduces to the classical Bessel function of the first kind given by

J(z)=Y" rur((u_+1)7:+1) (;>Qn+u.

n>0
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Also, putting d = 1 and a; = v in (1.7) we have the normalized classical Bessel function
¢, (2) = 2"T (v + 1)2177J,(2) which has the following infinite sum representation:

_ (_1)n n
b, (2) = 7;%22 +1 (3.1)

By using this relationship the following corollaries can be given. Setting d =1 and oy = v
in Theorem 2.2 and Theorem 2.3, respectively, we get the followings:

Corollary 3.1. Let the function ¢, : W — C be defined by (3.1). The following assertions
are valid for z € U. If v > —%, then

6 (2) 8v+5
Monm) = (3.2
and
(6)m(2)\ _ Sv 47

Corollary 3.2. Let the function ¢, : U — C be defined by (3.1). The following assertions
are valid for z € U. If v > v*, then

d)/u(z) 6412 1+ 320 — 29
" <((¢V)m(z))/> = 80v + 78 (3.4)
and
((¢u)m(7«'))/ 6412 + 1120 + 49
" ( ¢',(2) ) =T sw+Ts (3.5)

where v* ~ 0.46807.

It is well-known from [15] that there are the following relationships between elementary
trigonometric functions and classical Bessel function J,, for some special values of v:

2 2 i
Ji(z) =/ —sinz and J3(2) =/ — (sz — cos z) : (3.6)
2 Tz 2 Tz z

As a result of the above relationships, one can easily obtain that

¢1(z) = sin z and gb%(z) = 3<

2

sinz cosz
. 3.7
= - =) (3.7)

Also, taking m = 0 in the partial sums of trigonometric functions given by (3.7) we have
(#1), ) = (93), (=) == (3.8)

Example 3.3. In view of the Corollary 3.1 we have
a. If we take v = 1 and m = 0 in (3.2) and (3.3), respectively, then

sin z 9
>
§R< z )‘2

m(.z >>11.
sinz/) = 2

b. If we take v = 3 and m = 0 in (3.2) and (3.3), respectively, then

2
sinz — zcos z 17
R ——M—— | > —
< 23 >_ 6

3
%<Z> 5T
sinz —zcosz /| = 2

and

and
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Example 3.4. In view of the Corollary 3.2 we have
a. If we take v = 1 and m = 0 in (3.4) and (3.5), respectively, then

>
R(cosz) > 118

w(L)s
cosz) — 3

b. If we take v = 3 and m = 0 in (3.4) and (3.5), respectively, then

2 3_ :
- 2z%cosz + (2° — 2z) sin z < 163
4 — 198

and

z

and

X 2 361
222cosz+ (2% —2z)sinz ) — 198"

Remark 3.5. If we consider m = 0 in the inequality (2.10), then we obtain # (f&d (z)) >

0. In view of the famous Noshiro-Warchawski Theorem (see [8]) we have that the normal-
AN — AN p—8 u+3 >0
ANZpF A2 :

ized hyper-Bessel function f,, is univalent in U for

Remark 3.6. If we consider m = 0 in the inequality (3.4), then we obtain R (¢},(z)) > 0.
In view of the famous Noshiro-Warchawski Theorem (see [8]) we have that the normalized
Bessel function ¢, is univalent in U for v > v* = 0.46807.
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