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A study on certain inequalities for p-valent functions

Roya GHASEMKHANI
Department Of Mathematics, Faculty of Science, University Of Jiroft, Jiroft, Iran

Received: 01.02.2015; Accepted: 05.05.2015

Abstract. In this paper, we derive conditions on the parameters a, b, ¢ so that the function zPF(a, b; ¢; z) is p-
valent starlike and p-valent convex functions in U, where F(a, b; c; z) denotes the classical hypergeometric
function. We also consider an integral operator related to the hypergeometric function.
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1. INTRODUCTION
Let A(P) be the class of functions f of the form

(Error! No

[oe)

. text of
fG) =2+ ) a2 EN=(123,..) specified
n=p+1 style in

document.-1)
which are analytic and p-valent in the open unit disk U = {z € C: |z| < 1}.

A function f(2) € A(p) is called p-valent starlike of order f (0 < f < p),p € N if and only if

(Error! No

Zf’(Z) text of
Re 5o} >,z € U. specified
style in

document.-2)
This function class is denoted by $*(p, B). Also a function f(z) € A(p) is said to be p-valent

convex of order B (0 < f < p),p € Nifand only if

(Error! No

qu (Z) text of
Re {1 + W} > ﬁ,Z €EU. specified
style in

document.-3)
This class is denoted by K (p,B). Note that S*(1,5) =8*(f) and K (1,5) = K(B) are,

respectively, the usual classes of starlike and convex functions of order . Furthermore
$*(p,0) = 8°(p) and K(p,0) = K (p)
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are, respectively p-valent starlike and p-valent convex functions

From (1.2) and (1.3), we have

fex@p = Les'@p.

A function f(2z) € A(p) is said to be in US,(B), the class of uniformly p-valent starlike

functions of order f if

it satisfies the condition

Zf,ﬁ ‘Ze’u

zf'(z)
Re{——ﬁ} > @ —-p

f(@)

(Error! No
text of
specified

style in

document.-4)

Also a function f(2) € A(p) is said to be in UCVy (B), the class of uniformly p-valent convex

functions of order B if it satisfies the condition

Zf”(Z)
@ -1

,Z € U.

Zf”(Z)

(Error! No
text of
specified

style in

document.-5)

Uniformly p-valent starlike and p-valent convex functions were first introduced [1]
whenp = 1,6 = 0 and [2] whenp = 1,p € N and then studies by various authors.

Also denote T (p), the subclass of A(p) consisting of functions of the form

[oe]

f(z) =zP — Z an z%a, = 0,p €N.

n=p+1

(Error! No
text of
specified

style in

document.-6)

We denote by 7(p, B), C(p, B), T*,(B) and C, (B) the classes obtained by taking intersections,

respectively, of the classes $*(p, B) and K (p, B)with T (p); that is
T*(p,B) =8"® B NT(P)

Cp,B) =X (p, AN T (P)

T'p(B)= US,(B)N T(p)

Co(B) =UCV(B)N T(p)

The classes T *(p, B) and C(p, B) were introduced by Owa (1985)[ 4]. In particular, the classes

T*(1,B) = T*(B) and C(1, B) = C(B) when p=1, were studied by Silverman (1975)[3].
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Note that fET (B = fe TH(P)SfEUCV(B) = f €X(pB) and
fes (p.B) = f € USH(P).

Let F(a,b;c;z) be the Gaussian hypergeometric function defined by

(Error! No
(a) (b) text of

F(a,b;c;z) = ﬁ A specified
n=0 - ~n~7/M style in

document.-7)
Where ¢ # 0,—1,—2, ... and (@), is the pochhammer symbol defined by

1 n=0
(a)n:{
a(a+1)(@+2)..(a+n—1)neN

We note that F(a,b; ¢; 1) converges for Re(c —a—b) > 0 and is related to the Gamma
function by

(Error! No

F(a b;c; 1) I['(c)[(c—a—b) text.fd of
a,b6l)= — — specitie

Fe=a)l(c=b) style in

document.-8)
Corresponding to the function F(a,b;c;z), we define hy, (a,b; ¢;z) = zPF(a,b; ¢; 2).

Clearly zPF (a, b; c; z) has the series representation of the form ((Error! No text of specified

style in document.-1) where a,, = {@n-p(Bn-p ,hence we have
©)n-p(D)n-p

c (a)n—p(b)n—p
h, (a,b;c;z) = zP + E —_— "
P (a c Z) ? nSp1 (C)n—p (1)n—p ‘

2. MAIN RESULT

In this section, we determine necessary and sufficient conditions for
hy (a,b; ¢;z) = zPF(a, b; c;z) to be in T7(p,B) and C(p,B). Furthermore, we consider an

integral operator related to the hypergeometric function.
To prove the main result, we need the following lemmas.

Lemma 2.1 [4]

(i) A function f(2) of the form ((Error! No text of specified style in document.-1) is in
US,(P) if it satisfies the condition
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(Error! No

- text of
Y @-B)lan <p-8 specified

n=p+1 style in

document.-9)
(ii) A function f () of the form ((Error! No text of specified style in document.-1) is in

UCV, (B) if it satisfies the condition

(Error! No
>\ n text of
Z 5 (n—B) lan| =p—-B. specified style

n=p+1 in

document.-10)
Lemma 2.2[4]

(i) A function f(2) of the form ((Error! No text of specified style in document.-1) is in
T*(p, B) if and only if it satisfies

(Error! No

- text of

z (n—p) an<p—-B. specified style
n=p+1 in

document.-11)
(ii) A function f(2) of the form ((Error! No text of specified style in document.-1) is in

C(p, B) if and only if it satisfies

(Error! No
>\ n text of
z 5 (p—B)an <p-B. specified style

n=p+1 in

document.-12)
Lemma 2.3[7] A function f(2) of the form ((Error! No text of specified style in document.-1)

is p-valent in U if 321 (n + p) an4p < p.

Theorem 2.4 If ab>0 and c>a+Db+1, then h, (a,b;c;z) = zPF(a,b; ¢;z) to be in

us,(B)if

(Error! No
['(c)(c—a—Db) {1 4 ab } < text ' of
['(c—a)l(c—b) P-Plc—a-b-—1) -~ islll)eclﬁed style

document.-13)

Proof. Since

0 (@nep(b) (Error! No
hy (@,b;c;z) = zPF(a, b;c;z) = zP + Z e TR on text. of
n=p+1 (C)n—p (1)n—p specified style

in
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document.-14)
By the condition (2.1), we need only show that

(Error! No
(@) n—pD)n-p text of
Z (n—p) [N N <p-B specified style
n=p+1 n-pht/nTp in
document.-15)
Now

 @np
D, @B sy

n=p+1 (Error! No
( Jn—p(b)n- w (@)n-p(b)n-, text of
(n— -B) specified
2 ) Oy Z @ s oo i
V(@ () (@) (b document.-
2,@,m,.,  °~P z GROMN 1
Noting that (0), = 6(6+1),-1 and applying (1.7), (1.8) we may express (2.8) as
ab X\~ (@ + Db+ Doy N (@n(b)n
G Z D,y PP ( @D, 1)
_abl(c+1Dr(c—a—b —1) r'(c)r(c—a-»b)
¢ T(c—-a)l(c-b) + @A) (F(c a)[ (c — b) 1)
I'(c)l(c—a—b) ab
- F(c—a)l"(c—b){c a—b— 1+(p-[3)}— ®-p).
By the condition (2.7) and above expression, we have:
(Error! No
I'(c)lT(c—a—Db b text of
FEZ)_ (:)1“(2 _ b% {c aa— — + (p-[})} —(B) <p-—8. islll)eciﬁed style

document.-17)
Hence condition (2.5) holds.m

Remark 2.5 In Theorem 2.4, B = 0 and p = 1 gives the sufficient condition for ZF(a,b; ¢; z) to

be in the class 8p of uniformly starlike functions in U.

In the next theorem, we find constraints on a, b and c that lead to necessary and sufficient
conditions for hy, (a,b; ¢; z) to be in the class T (p, B).

Theorem 2.6
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() Ifa,b>—1andc> 0andab< 0, then hy (a,b;c;z) to be in T (p, B) (T*p(B)) if and only
if

cz2a+b+1-— _B

) If ab>0 and c>a+b+1 then F,(ab;cz)=2zP(2-F(@b;cz) is in

7*(p,8) (T*5(8)) if and only if

(Error! No
['(c)(c—a—Db) {1 N ab } ) text ' of
['(c—a)l(c—b) P-B)c—a-b-1) specified style

in
document.-18)

Proof. (i) Since

b G2 = 2P 4 i (@n-pB)n—p ooy @D o (@+Dp_p_1(b (Error! No
PR ©np Dy c (c+ Dppy X O
p+1 n=p+1 specified
@+ Dpp-1(b+1)pp-1 style in
=zP - | | CE) D) z", document.-
Tl—p—l n-—p 19)
According to the condition (2.3), we must show that
(Error! No
(a+ Dpp-1(b+1Dpp text of
Z (n—p) < |—| p—B. specified style
oy €+ Dppa(y b P

document.-20)

Noting that (0), = 0(0+1),_1 and then applying (Error! Reference source not found.) and

(Error! Reference source not found.), we have

[oe)

_ (a+ Dp-p-1(b+ Dp_p_s (a+1),(
n=p+1 (n B) (C + 1)n—p—1(1)n—p Z (n * 1 + B) (C + 1)11(1
< (a+Dalb+ Dy, S (a+ Db+ 1),
=2, O T, 0P, Ernmn (Errort  No
n;O . n=0 text of
_ (a+1),(b+1), (a+ 1) 1(b+ 1)y specified
- “Z crn,m, ¢ B)mm CES RN style _in
B (a+ Dp(b+ 1y c V" (@n () 1
"L Tern,m, ¢ P P@Lm.m,

_F(c+1)F(c—a—b—1) ric)r(c—a-—>n) L
T T(c—a)l(c-b) (_B)ab(F(c—a)F(c—b) )
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Hence, (2.12) is equivalent to

Flc+1)T(c—a—-b—-1)
I['(c—a)(c—b)

e w-m

The above expression is valid if and only if

c—a—b—1

1+(P—ﬁ)TS 0,

c—a-—5»~b

T_l}s(p

-8 (L] +

C ©
ab .

which is equivalenttoc = a+b + 1 — % and the proof is complete. m

(i) Since F, (a,b;c;z) = 2P — Yipia

(Error! No
text of
specified

style in

document.-2
2)

Mz", the necessary of (2-13) for F, to be in
©n-p(Ln-p

T*(p, B) (T*p(ﬁ)) follows from condition (2.4).m

Theorem 2.7 If a,b > 0 and ¢ > a + b + 2, then h,, (a,b; ¢; z) to be in UCV, (B) if

F'(c)f(c—a—hb)

ab

['(c—a)[(c—Db)

U+ o) (e=smw=n) ¥

Proof. In view of (ii) of lemma (2.1), we need only show that

(a)2(b), } <
p(p — B)(c-a-b-2),

(Error! No
text of
specified

~ style in

document.-23

)

- (Error! No
(@ n—pB)n- text of
B n(n — B) &#8}1_: <p(p—P) specified style
n=p+ mn
document.-24)
Now
Ny @np @y X @),
n; ") sy Z@ [+ I+p)+ 140 =Bl o5 7,
Z( T e L B)Z( INOISIOTIIIS S
(c )n+1(1)n+1 (c )n+1(l)n+l ~ (¢ specified
(@)1 (B)niy () (D) (@), (b), SEYIE in
Z< Emm, TP L am, TP _B)z@nﬂ(l)n greument-2
_ (a)n+1(b)n+1 _ ( )n+1 (b)n+l (a)n+1 (b)n+1
T L@, PP L0, 3)2(c>nﬂ(1)nﬂ
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N @n2 02 N @it )i IR RIONOA
T 2,70,,m, (@R nm, T B)z @,
Using (a)n+k = (a)n(atk), we may write the above expression as

(a),(b); T(c+2)[(c—a—b—2) abT(c+ 1Dl (c—a—-b—-1)

©,  Te-aorec-p @& THT

I'(c)T'(c—a—b)
@ =P (F(c —Orc=D) 1)'

The last expression is bounded above by p(p-B) if and only if (2.15) holds.m

['(c —a)l(c—b)

Remark 2.8 In Theorem 2.7, = 0 and p = 1 reduces to a necessary and sufficient condition

for zF(a, b; ¢; z) to be in the class UCY of uniformly convex functions in U.

Theorem 2.9

() Ifab>-1,ab<0and c>a+b+2 then h, (a,b;c;z) is in C(p,B) (C’p(ﬂ)) if and

only if
(Error! No
text of
(@2 (b)a+(1+2 p-Plab(c —a—b—=2)+p(p—P)(c—a—-b—2), 2 0. specified style
in

document.-26)
G If ab>0 and c¢>a+b+2 then F,(@ab;cz)=2P(2—F(@b;cz) is
in C(p,B) (C,(8)) if and only if

(Error! No
[Orc—a-b)(. (2p+1-B b (@,(b) ified
c)lc—a-— pt+1-— a a)2\b); specified
Tc—a)T(c—b) {1 * ( CEID) ) (c —a=b= 1) e B)(c-a-b-Z)z} = style in
document.-27
)

Proof. (i) Since hy (a,b; ¢;z) has the form (2.11), we see from (ii) of lemma 2.2 that our

conclusion is equivalent to

" (Error! No
(a+ 1Dy p-a(b+ 1)y py text of
Z n(p—p) ) D | |p(p B). specified style
n=p+1 nop-iiiin-p in
document.-28)
Now
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@t Dacpa(b+ Ducps
2, ne-P C+ Doy Doy

n=p+1
°° (a+1Dp(b+ 1Dy
= HZ; m+1+p)(n+1+p—P) Cc+1D,(Dney
_ © , _ B (a+ 1D, b+ 1),
Z (4 D2+ @ =P+ D+pC = B 5y
= (a + l)n(b + 1)11
- ;(n + 1)2 (C + l)n(l)n+1
= @+ Dpb + 1y (@ + 1,0+ 1),
* @ =) O DT 00 B ) T
= (a + 1)n(b + 1)n
= )0 D
O @+ Db+ 1Dy o (@ + 1,0+ 1)y
+@p- s>; RSNy M)y s Yy

C(a+ DB+ DO @+ 2),0b + 2,
T D 4T v,

C (@n(b)n
L ©,M,

+1,0b+1),
(c+ 1,y

tepr1-p Y &
n=0

C

trl - A

_Tl+Drc—a-b-2)
~ T(c—a)(c—-b)

((a+1)(b+1)+(2p+1—3)(c—a—b—2)+p(pa;ﬂ)(c—a—b—2)2)

_plp =B
ab

This is less than or equal to |£| p(p-ﬁ) if and only if

p(p—pB)

@+ DG+ +2p+1-p)c—a-b-2)+——

(c—a—-b-2),<0,

Which is equivalent to (2.18). m

(iiiy From Theorem (2.7) it follows.m
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3. AN INTEGRAL OPERATOR

In this section, we illustrate some results obtained by a particular integral operator Gy (a, b; c; z)

acting on F(a, b; ¢; z) as follows

Z
Gp(a,b;c;z) = pf tP~1F(a, b; c; t)dt
0

o]

-7+ () e

=1

Theorem 3.1

() Ifa,b>0andc>a+b,thenG,(a b;c z)tobeinS (p) if

F'(c)T(c—a—-b) <
F(c)f(c—b) ~—

(Error! No
text of
specified style
in

document.-29)

(i) If a,b > —=1,ab <0 and ¢ > 0, then G,(a,b; c;z) is in T (@) or A(p) if and only

ifc > max{a,b}.

Proof. (i) Since

o]

@n® .,
G(a,b;c;z) —zp+z (n+p) BRON VAL

According to the Lemma (2.3), we must show that

N p A\ (@n(b)n
;(n +0 () ey <P
We see that

N P\ @a®)n _ N @a) _ (N @i
;("“’) 755) oo, :”; @,y (Z ©.(Dy

)

(Error! No
text of
specified style
in

document.-30)

(Error! No
text of
specified style
in

document.-31)

The last expression is bounded above by p if and only if condition (3.1) holds. m

(i1) Since

|ab| z p (a + 1)n—p—1(b + 1)n—p—1 n

G(abcz)—zp—— z",
VN S M ¢y
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According to the Lemma (3.2), we must show that

Z (a+ 1)n—p—1(b + 1)n—p—1 < ¢

n=p+1 (C + 1)n—p—1(1)n—p - |Clb|’

or, equivalently,

V' @t Db+ D _ 0 Y @a)n _ ¢
(€ + Danrs ‘E; (@~ Tab]

But this is equivalent to

r'(c)r(c—a—h) 1>

T(c(c—b) 21,

which is true if and only if ¢ > max{a, b}. This complets the proof of Theorem 3.1(ii). m

2
zG'p _ zhip

. Z Zen ot 1Ay
Slnce;Gp—hp,;Gp—hp ;Gp,andsol+ —
P (4

Gp(a,bi ci2) € K (p, B) (UCW(B)) & 2G'p(a,bici2) = by (a,bici2) €. 5", B) (US, (B) ).
Thus any p-valent starlike about hy, leads to a p-valent convex about G,. Hence we obtain the
following analogues to theorems (2.4) and (2.6).

Theorem 3.2

() Ifa,b>0andc>a+b+1, then Gy(a, b; c; ) to be in UCV, (B) if

I'df(c—a—>b)
[(c—a)(c—b)

ab <
(p—ﬁ)c—a—b—lg_z'

{1+

(ifa,b > —1,ab <0and c > a+ b + 2, then G,(a,b; c;2) is in C(p, B) ( C’p(ﬂ)) if and
only if
ab

c=a+b+1-— .
p—B
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