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Hypergeometric transforms in subclasses of univalent functions
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Abstract. In the present paper, we obtain certain sufficient conditions for special analytic functions to be in the class
of normalized analytic functions satisfying the condition ke il 'jx13 = 3| I"(«1] for | z |< 1, where % is a given real
number. The purpose of the present paper is to investigate various mapping and inclusion properties involving
subclasses of analytic and univalent functions for a linear operator defined by means of Hadamard product with the
Gaussian hypergeometric function.
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1. INTRODUCTION
Let =i denote the class of functions of the form
M2} =2+ Bz iy, 27 (1-1)

which are analytic in the open unit disk 4= [z & : |z| <2 1], and & denote the class of
analytic and univalent functions in .

e

A function /" = e is said to be starlike of order & (= [ <2 17, if and only if A« {%} = B,

ze A
This class is denoted by &' [}, with & [0} = &*,

A function [ = <1 is said to be convex of order £ [0 = & = 1} if and only if

{ 2

He 'tl + r—r} = {1, & £ A This class is denoted by €[5}, with (0} = €,
Note that /" & & is convex in &, if and only if /" is starlike in 4.

A function [ & = is said to be in the class 'Ll of uniformly convex functions in & if and only
if it has the property that, for every circular arc ¥ contained in the unit disk &, with center 7 also
in &, the image curve [(¥} is a convex arc.

The class 'UCH describes geometrically the domain of values of the expression

1 +E',—: & £ & to lie in a parabolic region & = [w & L: [Im e} < 2Rew —17.

LI
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Ronning [1] defined the classes ‘UL and & as

R P PN <0 B Tl I
ULV—{_{- E L R {1+ iz JI'.-' i) |_. > l':.'fl.j.
. Flah) e N
.-_"lj.-—{,l'-l':-a-"'f H'F.{ T 5 i 1‘ FE ﬂ.j

A function [ € =t is said to be in the class ‘WG, Fek, if
RHel(Flahy= Bla My, =ze A

The class 'L T} is introduced by Breaz [2].

A function I € 1 is said to be in the class R' {4, ] if

|r [-I_l -1 |
A =0 — B e —1‘_||
Clearly, a function [ belongs to :R'{A. &1 if and only if there exists a function w regular in &
satisfying

21, (—l=8ada 1 leh— 0]z EA)L (1-2)

w(l} = 0 and |w ()] < 1 such that

1,0 L+dwiy)
1+I|:|. fIJ_lJ—m d&.l':'l (1‘3)

The class (. &4 was introduced by Dixit and Pal [3]. By giving specific values to t, A and B
in (1.2), we obtain the following subclasses studied by various researchers in earlier works:

(i) Fort=¢"¢ ) Ir.r,I r: - —J A=1-200=8 l;l wrd I = —1, we obtain the
class of functions [ satlsfymg the condition:
“RCE) - 1)
21— E Jeosn e e =10

In this case, the class R'¢A. 41 is equivalent to the class R, [} which is studied by Ponnusamy
and Ronning

<1, 2 EN (1-4)

[4]. Here, :R. [} is the class of functions [ €+ satisfying the condition:
Reled[ "z — 81 =0, [;; £ |:— JEJ (0 f = 1), 0e aJ
(ii) For i = ¢~ rusy |'lr,- E f z E}I] we obtain the class of functions /€= satisfying the
condition:
eI 2T — 1)
e ey — (Acwsy + (5 sing)
which was studied by Dashrath [5].

< 1, e A (1-5)
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(i) Fori=1L1a=§, (0= < 1} ard & = —. we obtain the class of functions [
satisfying the condition:

‘f (e} — 1 “f e laEA

NS
which was studied by Caplinger and Cauchy [6] and Padmanabhan [7].

Let F(a,b;c;z) be the Gaussian hypergeometric function defined by

(hatin
e by =) —Z o, IEl"I (1-6)

Where « #+ 0, — 1, —2, ...and [}, is the pochhammer symbol defined by

['u — 1 o= E'
b = lapg — 10+ 2) (04 n—1) ek

We note that Flu.bye; 1} converges for fefc —w— &) = IF and is related to the Gamma
function by

Fle e —w— i)
Fle—alle — &)
Let /) = Tntatig 2™, ok} = Tata by %, Then the Hadamard product or convolution of f(z)
and g(z)

Fla b e 1y =

(1-7)

written as [ = g1} is defined by

(F sg1) = ) 2™ zED

=y
For | € =, we define the operator /&) by

fap ot N (Z)=2F (o, Brei e} = [ ] (1-8)
where * denotes the usual Hadamard product (or convolution) of power series.

2. MAIN RESULT
To prove the main result, we need the following lemmas.

Lemma 2.1 [2] A function J{£} of the form (1-1) is in class ‘LCEM 57} if

-

Z [+ i — 1] Jag] = 1.

n=i

Lemma 2.2 [3]

(i) Leta function [i£} of the form (1-1) be in X' [A. L} Then
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LA —- 1y |

ENER

(i) Let a function [} of the form (1-1) be in =i, If

Zfl + |30 fag] = (A = By, [—l=DB=A-=L el e A

n=i
Then [ & R (A, D).

Lemma 2.3 [8] Let w(z) be regular in the unit disk & with w(0)=0. Then, If [«[=]] attains its
maximum value on the circle |&| = r < 1 at a point &y, then

taw (g} = cwlegh o= 1)
Lemma 2.4 [4]

(i) For w b e L—{0.1} and ¢ = T— {11 with ¢ = mux[0,u+ b - 1].

— (e —1]

(atln 1 r'ft]f'ft —u—b+ 1]
n=1 Win(Lins,  fa=13b—13 Fle —aple — b

(ii) For w. B e L= {0} withe = 0w b = bundc = —b+1,

. in+ 1w}, (BT, _ I-l ] B \Jf'fL"jI'ft'—:c—il'j

f‘l'-j:n_l:l]n c—u—b—1 J -Ill:.l'-_".r!j.llfl'.—ilj '

n=i

Lemma 2.5 [9] A function [z} of the form (1.1) is in class 'LV if

e

z w(2n— 1} |ag| = L.

n=i

Theorem 2.6 Let u.& = ©— {0} and « £ £ suchthat ¢ > |al+|b[+2. Let [ £ = and be of the
form (1.1). If the

hypergeometric inequality

(eIl — Ju| = 4] — 2]
Pl — JuliTe — [B])
— (1 + 25 ab|le — uf - |o] — 23] = Z,

[[e = ful = |&| = Z3(c = Ja| = [2] = 1)+ Flaub] (1 + |31 + |&]}

is satisfied, then xFTw. & oo} B UCD(EY,

Proof. The function x#[w. & ¢z &} has the series representation given by

b
b o) = z+z[.m” (b "
Y ) Y

In view of Lemma 2.1, it suffices to show that
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e

Sl b ] = znfl — A —17)

m=e

) S ) S

(T llln|

From the fact that |{«3+| = {]it|Jn, we observe that, since c is real and positive, under the
hypothesis

- (ee] by (18 Enmr
S, b, o, rI‘i"' a Z'ﬂ 14+ 8n—-11 —— —_— .
[. 1 [- E'\. a0 [.\'-_:n_ll:.]-_l-n_l

n=2

Writingn[1+ 8 (n—1)]as, 1 + (1 +2H)(n— 1)+ (n— 1)(n — 2) we get

ke O - O
flu“n—lflﬂljn—l

Y o )

[.lul.jn—l[.lf-'“u—l T

Ele, boo, 77 = R

C L2 Z{-n —1
n=:2=

n=3

ﬁ'zi'"‘ u.:u-z;““'ﬁf”-'-'f”j““-l _ X f|u|jfn-1f|fi|'1r._l+
pape LS = [ S B M
[-l_zrl?-]z[.l“'-':l..fn.—l[.l'l-:':l.jn—l_'_llj. - [.I"-'!l:-i.:—'.[-lj.':lljn—l-
= (3 ST ) S e (EEF Y

Using the fact that [i],,= uiu + 144, it is easy to see that,

= Clalt o B ey laub] %o (1 + el b (1 | BT
Ele, boo, 07 = — — =14+ 2 i -
f ! Y B " A) ‘ [ S Y I M

n=y n=:2

g luel(L = lal}(1+ bI) o (2 + Jal ey (2 + B s
1+ o) 2ok (s

From (1-6), we have

e . _ , : I 2] , .
Efe, b, o, 5 ':f'flﬁl.lﬂlitilj—].—l:'1+.|:.'.|'3j|t—_|.|"|:l+|ii|.l—|I'J‘|.:].—n'.:]._l—

[ [(1 — Ja]301 + |B]]
14+ ]

i FlZ2+ a2+ |b:2 —c: 1}

The proof of Theorem 2.6 follows now by an application of the Gauss summation theorem

kbl TRl —a b .
Fle by e 1y = TR Ry Rele—uw—8}=0.m

n=lU

Theorem 2.7 Let w. i £ £ — {0} and « € I such that ¢ > |aj+b|+1. If [ & &*[, I} and If
the inequality

(el —fuf = f8] =1} _ A
]"ll'{._ |H|1TI:L — |L'|:| |E|"I'”'I| fL ||:'|-| |LI| ]-.-Il =

1
—I::*J I + 1. (2-1)
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is satisfied, then f s (1 & ‘WEDET,

Proof. Let | be of the form (1-1) belong to the class X' [4. &'}, In view of Lemma 2.1, it suffices
to show that

Hal

Z a(1 = ppn — 1y S nmt (Bl

- n
= G5 SY  y S

Taking into account the inequality (i) of lemma (2.2) and the relation l{tin-1] = [lul1.—:, we
deduce that

1. (2-2)

o

D w1 = fitn - 13)

I:-':"-.-=1'|.—J. I:.1'1-'].'1—1 f“'-':-ln—ll:-'l-"'.-lu—l -

= i — I Zu + A - 17)
n=2

——— —
n=# [."'Jl.ﬂ—l[’l-:n—J. ™ [.L'J'u—L[-lJ':rl.—l
= i _ b'l _ = b - Ll'l _
fsl—ﬂ';lflzﬂ;il-f“ lfﬂll L+ fA — 21| “?l.-."' ':Ell-.l’“ -
Ao M-l tin—y o Wil i

the inequality (2-2) now follows by applying the Gauss summation theorem and (2-1). ®

Corollary 2.8 Let «. & £ T — [(1]. Suppose that |b|=|al. Further let+ & £ suchthat ¢ >2 |a
[+1. If

/e RA D and If the inequality

[l — 2| — 1)
(e — Jal)

is satisfied, then f g -(f1 € WCOAT,

[#lal® = (v = Z]a| = 1]

ST=Em (2-3)

In the special case when b = 1, Theorem 2.7 immediately yields a result concerning the
Carlson-Shaffer operator

Ll e} =y ()
Corollary 2.9 Let « & £ —[I}]. Also, let+ & & suchthat ¢>la|+2. If | £ & (A, I and If
the inequality

CeGe =l =20,
e —anTre =0 P 1ol — v~ |
is satisfied, then £, ¢ 10/} & UCL(E),

ul—

e 1
3= m"' L, (2-4)

Theorem 2.10 Let/[ e<1. If
e ¥
1= |3[Iel.1.:'erkaJj | <
| (N0 | 725
then Lyp0/) sunivalent in 4.

|{foc ) = 1 bf<lsed (2-5)

Theorem 2.11 Let w.& € ©— {07 and c > |a|+|b|. Suppose that | & [, I} and satisfy the
condition
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[lellfe —Jul = Jof} 1
(e — a3 (e — [B) — L+ (X
Then the operator [y (1} maps R (4. L7} into R (A, I},

- L (2-6)

Proof .Let u.& & £ — {0} and ¢ > [aj+|b|. Suppose that [T} = = + Tz, 2™ € R (A B}
Then, By (ii) of Lemma (2.2), it suffices to show that

Tr=ell + 8]

Lo by | = A= B
L

From (i) of Lemma (2.2) and the fact that [{t!3n| == {|cz|In, we have

Zf1+ Bl

(A = L+ 161 (Trm S - 1),

flu“ﬂ—] I:.lf"lljn.—l
o Y I

f .l1-|_ 1['3-'1 —:| .
]l:.l.lﬂ_—

o Y A= By +1D])
=2

Using the formula (1-7) and the assumption, we find that

ZEH 811w

fﬂJn 1['3-'1 —:| .
f 5 —]“-Jn 1 i
= (A =B

et et g (TG =l =1
= f"ﬂ "—"'Jl"-lfl |'H|.l I;.-fl____lh.ljjl-lfr_._lbl'} 1)

which implies that the operator Ly p-[{"} maps &' (& I} into R'(A. I} m
Theorem 2.12 Let w.& € £ — {0} , ¢ > |al+|b|+1 and [ & % (A, I}. Suppose that

R [ PEl R J-1] =
4 U"“L(v—lul‘uiv—lblﬁ oy Py e el Bl B
Then the operator Lyp4T) maps ' (4. &7 into UL,

(2-7)

Proof .Let «.& & Z— {0} and ¢ > |aj+|b|+1. Suppose that [[&} = & + T iy, 2™ € R (A, ).
Then,

By Lemma (2.5), it suffices to show that

e

zn [2on—1

n=%i

' (ohemy (B)noy -
—-&l
e hnea (Ll

Then, from (1-7) and [{&)n| = lu| {lal1—1, we have

< - Haltallbla | _
PILYCIRRS ‘“‘”“'lzfz D, ]—

n=i

ot X Ol | Clalbaflbl),
A= 2 —_— A 1] =
|:- .I| |[ Ly |:-"-.=:I1.|:.1-=:I1.—1 - [’L.jnl:'ljn

[.':"--'u—ll:.”-'n 1
[ Jn—lfliue L
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2lab] e+ 08 (e = lal = [B] = 1) | P — ol = B

[y TS ey 1) R ey v )
., r'rcm—|u|—|arn( 2lab| P
st lr'rc = A M T i A

by (2-7), which completes the proof of Theorem 2.12.
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