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Abstract

Katétov extension kX of Hausdorff space X has been studied extensively as the largest H-closed extension of a Hausdorff space. Recall that,
a Hausdorff space X is said to be an H-closed space if it is closed in every Hausdorff space in which it is embedded. Although Katétov
extensions of Hausdorff spaces have been extensively studied, to date there has been very little work on either its construction or its structure
(topology). In this paper, we give the detailed algorithm for constructing such a space by using filters on X. The basis generating the
topology on kX contains the open sets of the form VU{I': V €T" € kX — X} or U C X where both U and V are open subsets of X and I is a
non-convergent ultra-filter on X containing V. Moreover, using simple approach, it is proved that Katétov extension kX is a Hausdorff space,
H-closed, maximal and unique extension for X.
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1. Introduction

In topology, the term extension of a space means the process of constructing a new space which contains a given space as a dense subspace (
Banaschewski 1963 ). One of the reasons for constructing such extensions is the possibility of transforming the problem from an old space to
the one concerning an extension so that the new space is nicer than the earlier space and the problem can be easily solved ( Porter and Woods
1982 ). The early studies of extensions of topological spaces were put forward by Alexandroff and Urysohn (1924). However, the first large
body of systematic theory used for the investigation of a wide range of extension problems was presented by Stone (1937) (Banashewski
1963). Since its evolution, mathematicians were interested in the study of extensions of spaces, the basic question being how an object of a
specific kind can be embedded into the other. Katétov (1940), a Czech mathematician proved the following result; Given any Hausdorff space
X, it can be found an H-closed space kX in which X is densely embedded. This new space containing X as a dense subspace is what we call
the Katétov extension of X. It is the largest and unique Hausdorff closure of X. Katétov also proved that if X and T are Hausdorff spaces and
h:X — T is a continuous function such that clph(X) = T, then we can find a subspace N of kX and a continuous function H : N — T from
N onto T for which X C N and H|x = h. Katétov constructed such a space by adjoining to X the class of all non-convergent maximal open
filters and defined the basis for a new space kX as of the form U U{<Z? C 7} where U is an open subset of X contained in the non-convergent
maximal open filter &7 and 7 is a topology on X. This basis on kX is incomplete as not every open set in X can be in &, otherwise the
convergence property of & would be violated. Although Katétov extensions of Hausdorff spaces have been extensively studied, to date
there has been very little work on either its construction or its structure (topology). In this paper, we give the detailed procedures on the
construction of the Katétov extension kX of a Hausdorff space X. We construct such a space by using the concept of filters on X. After its
construction, we shall reprove the result by Katétov (1940) that such a space is the largest H-closure for X by providing a simpler proof
compared to the original one. The properties of filters and H-closed spaces are the main tools in establishing our main results.

1.1. Preliminaries and definitions

The following definitions, lemmas and theorems are essential grounds to the establishment of our main results.

Definition 1.1 (Open filter). Let (X,T) be a topological space. An open filter I on X is a non-empty collection of open subsets of X which
satisfy the following axioms;

(1) Xel,0¢T
(2) IfU\,Uy €T, then U NUy € 1. This is called Finite Intersection Property (FIP).
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(3) IfU €eT"and H € T such thatU C H, then H € T.

An open ultrafilter on the space X is a maximal open filter in the collection of open filters on X. An open filter I" is called free if its adherence,
denoted by adhx (I')=NycrCixU, is empty. Otherwise, I is fixed. A point x in X is called a limit point ( or accumulation point ) of I if for
any neighborhood U of x, there is a set A in I contained in U. For more details about filters, we refer the reader to Bartle (1955).

Lemma 1.2. The following statements hold for any open ultrafilter T on a topological space (X,7):

(1) IfU is an open subset of X, then UNV # 0 for allV € I if and only if U € T..
(2) IfUy,U, are open subets of X and Uy UU, €T, then either Uy € I" or U €T
(3) IfUy ¢ T and Uy is openin X, then Uy = X — U] € T, where Uy = clxUj.
(4) If a point x in X is a limit (or an accumulation ) point of T, then I’ — x.

Proof. (1) Suppose U is open subset in X and forall V € I, UNV # 0, then @ ¢ T and hence U € T.
Conversely, if both U,V € T, then, U NV € T and since @ ¢ T, it follows that U NV # 0.

(2) Given U;,U; € 7, then U UU, € I' implies that for any open subset V € I', we have,
(UL UU)NV =(UNV)U(U,NV) #0.

This implies that
unvelD or UnNnVer.

Since V € T" and both U}, U, are open in X, then by (i) above, it follows that either U; € T or U, € T'.
(3) Given U; ¢ I' and U is open in X, then there exists an open subset V € I such that

unv=_0.

Since U is closed in X, then U, = X — U is open in X. Now to show that Uy = X — U € ", we show that for any open subset V € T’
with the property UyNV =0, (X —U;)NV #£0.

Case 1. It U NV =0, then (X —U;) NV # 0 because both V and X — U are open subsets of X and V C X —Uj .

Case2. If U NV#0andV ¢ Uy, thenV — (U NV) C X —Uj. It then follows that
(V- @)X —T7) =V — [T "V) £0.

Since V — (U;NV) CV, then (X —U;) NV # 0 showing that X — U; € T.
(4) The result follows from the definition of a limit point above.

Lemma 1.3 ( Liu 1968). Suppose Q is any open filter on (X, t) and I is a maximal open filter such that Q C T, then the following statements
are true:

(1) If x is an accumulation point of T, then x is an accumulation point of Q.
(2) Q — x impliesT' — x.

Lemma 1.4. Let X and Y be topological spaces such that X is open subset inY and clyX =Y. Suppose I is a maximal open filter on X.
Then T = {V:VisopeninYandV NX €T} is a maximal open filter on Y. Moreover, I — x if and only if T — x.

Proof. First, we show that I’ is an open filteron Y.
(1) We show that 0 ¢ andY el LetV el ’, then VNX €I (from definition of FI). Since I is a maximal open filter on X, then
VNX # 0 implying that V # @ and hence 0 ¢ I'. If V = Y, then Y N X = X (#£0) e Cand hence Y € .

(2) Suppose Vi,V € I, we show that V; NV, € I'. Now if V},V, € I, then V; N X, V> NX € I and so
vVinX)n(v,nX)=(VinV,)NX eT.
This, in turn implies that VNV, € T.

(3) Next, we show that, if V € I and U is any open subset in Y with the property thatV C U, then U € I Now, Vel implies that
VNnXel. GivenV CU,thenUNX DVNX eT'andhence UNX €' (I' is a maximal open filteron X) andsoU €T .

So far, we have proven that I’ is indeed an open filter on the space Y. What is left is to show that I’ is an open ultrafilter (maximal filter) on
the space Y. Suppose I’ isan open filter on the space Y with the property that I' cI”. We need to show that I’ =T" . It is enough to show
that if an open subset A of Y is in I" thenA el thatisT" cT'. Taking a fixed open subset A € I of Y, we have ANX is an open subset
of X because X is an open dense subspace of Y. Since A € I, then forall U e T C I, we have (ANX)NU =(ANU)NX #0. Since Tis a
maximal open filter on the space X, it implies that ANX €', and thus A € I" "
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Moreover, suppose I' — x in X, then every open neighborhood U of a point x is contained in I'. Since I' C I, then by Lemma 1.3, I —x

Conversely, if I’ — x, then every open subset V containing x in Y is contained in I'. Since the space X is a dense and open subspace of the
space Y, whenever V € I', we have VN X € I concluding that V N X is an open neighborhood of a point x € X for all open neighborhoods V
of x in the topological space Y. Therefore, ' — x. O

Lemma 1.5 (Liu 1968). Let X and Y be topological spaces such that X is open inY and clyX =Y. If T is a maximal open filter on Y, then
I'=T'NX={U NX:U €T }isamaximal open filter on X. Furthermore, I — x if and only if T — x.

Proof. Note that I' can be re-defined as I' = {U € rr-vcx } because X is a dense open subset of Y and X € I We skip the rest of the
proof as it is similar to that of Lemma 1.4. O

Lemma 1.6. If f : X — Y is a continuous function from a topological space X onto a topological space Y, then for every open filter F on
the space Y, f~V(F) is an open filter on the space X.

Proof. To prove that f~!(.%) is an open filter on X, we show that it satisfies the following three axioms:

(1) We show that @ ¢ f~!(#) and X € f~1(.%). Since .7 is an open filter on Y, then @ ¢ .% and Y € .% (from definition of open filter).
By continuity of £, we have f~1(0) =0 ¢ f~'(#) and f~'(Y) = X € f~1(F) (f is onto), as desired.

(2) Next, we show that if U,V € f~1(F), then UNV € f~1(F). Given that U,V € f~1(.F), then f(U), f(V) € Z. Since .Z is an open
filter on Y, then, f(U) N f(V) = f(UNV) € .. This implies that U NV € f~1(.F), as desired.

(3) Suppose that U € f~!(F) and U C V, we show that V € f~!(.Z). Given U € f~!(F), then f(U) € Z. Since U C V, we have,
F(U) C f(V) and thus f(V) € .Z (F is an open filter on Y). This further implies that V € f~!(.%), as desired.

O

The following theorem will be used to characterize the H-closed spaces.

Theorem 1.7 ( Porter et al. 1979 and 1982). Ler (X, ) be the Hausdorff space, then the following statements are equivalent ;

(1) (X,7) is H-closed.

(2) Every open ultrafilter on X is fixed.

(3) Every open filter on X is fixed.

(4) Every open cover of X has a finite open sub-cover whose union is dense in X.

2. Main Results

We are now in a position to give the structure of the Kat&tov extension xX of a Hausdorff topological space (X, 7).

Definition 2.1. Let (X, T) be a Hausdorf{f topological space and
X* ={T C 1:Tis afree (or non-convergent) maximal open filter on X}.

The Katétov extension kX of a space (X, 7) is a set kX = X UX™ of disjoint union whose topology is generated by open subsets of the form
as indicated in the collection B, where

B={Vu{l:vVelexX—X},U:UisopeninX}.

From this definition, it is clear that X is open subset of kX and c/,,xX = kX. Moreover, kX is the largest H-closure in a set of all H-closed
extensions of a space X. We shall provide the insight of these behaviors for kX in the next theorem which was given by the founder of this
space, Katétov (1940) by providing a simpler proof than that provided by Katétov himself.

The following lemma is an important prerequisite in the proof of the next theorem.

Lemma 2.2. The continuous image of an H-closed space is an H-closed space.

Proof. Let f: X — Y be a continuous function from an H-closed space X into a topological space Y. We show that f(X) is an H-closed
space. It suffices to show that every open filter on f(X) converges. Let . be the open filter on £(X). By continuity of f, f~' (%) is an
open filter on X (Lemma 1.6). Since X is H-closed, there is a unique element x € X such that £~ (%) — x. This implies that # — f(x),
f(x) € f(X). Thus, f(X) is H-closed. O
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Theorem 2.3 ( Katétov 1940). For any Hausdorff space (X, T), there exists a unique Hausdorff space kX, called the Katétov extension of X
which is the largest H-closed extension for X.

Proof. We define kX = X UX® as in Definition 2.1 and let
B={Vu{l':Vele«kX—X},U:Uisopenin X}

be the basis generating a topology on kX.

We provide the proof for this theorem into five steps as described below;

Step 1. We need to show that the collection [ is a basis for a topology on kX by showing that it satisfies the following two axioms:
Notice that the nature of points in kX are of two forms; singleton points belonging to X and non-convergent open ultrafilters I" belonging to
X2 =xX-X.

(1) We show that for each element x or I in kX, there is a basis element B € § such thatx € Bor ' € B.

Indeed, for each point x € X, there exists an open neighborhood U of x in X such that x € U and by the definition of the collection f3,
U is an open neighborhood of x in xkX.

IfT € kX —X, then" € UU{T'} € B for some open subset U € I and thus the first axiom is satisfied.
(2) For the second axiom; Let By, B, € 3, we show that B N B, € . Let By = Vi U{T'},B, =V, U{I'} € B, where V;,V, € I are both
open subsets of X. Then, BjNB, = (Vi U{T'})N(V,U{T}) = (ViNVa)U{T'} € B simply because VNV, €T

Therefore, we have shown that 8 is indeed, a basis for a topology on the Katétov extension kX . The remaining part below shows that the
space kX is Hausdorff, H-closed , the largest H-closed extension of X and unique.

Step 2. We show that kX is a Hausdorff topological space: Here, three cases will be considered.

Case 1. Let x and y be any two distinct elements of X. Since X is Hausdorff, then we can find two disjoint open neighborhoods V,,Vj, of x
and y, respectively. But X is a dense open subset of kX, therefore, such neighborhoods are open in kX as well and V, NV}, = 0.

Case 2. Letx € X and I € X* be two distinct points in kX. Then, there is an open subset U of X for which x € U and U ¢ T, for else would
mean convergence of I to a point x should all other remaining neighborhoods of x belong to I'. So U ¢ I implies that there exists some open
subset V € I for which UNV = 0. Then U and V U {I'} are disjoint open neighborhood of x and I in kX, respectively.

Case 3. Finally, let I, I'; be two points in X* such that I'; # I';. Since both of them are non-convergent open ultrafilters on X, we can find
two open subsets Uy, U, of X such that U, € T'j,U, € I'; with the property that U; N U, = 0. Then, the open sets U; U{T'; } and U, U{I’»}
are disjoint open neighborhoods of I'; and I'; in kX, respectively. This completes the fact that kX is a Hausdorff space.

Step 3. We show that kX is an H-closed space: To show this, we refer Theorem 1.7. It is enough to show that every open ultrafiter (or
maximal filter) on kX converges. Now, let .# be a maximal open filter on the space kX, we show that .# converges. Since X is a dense
open subset of kX, we define an open ultrafilter on X by

N =ANX={MNX: McA}

which can be re-defined as

N ={Me.#: MCX} (byLemma l.5).

Indeed, if .4 has a limit point x in X, then by Lemma 1.3, .# has x as a cluster point in kX showing that .# — x in xX.

However, if .4 has no limit point in X, then .4~ € X*. Let U U{.#"} be an open subset of kX containing .#” where U € .#". Since X is a
dense open subset of kX, then U € .#. This shows that U NM # 0 for all M € ./ . This further implies that (U U{.A4"}) "M # 0 for all
M € /. That is, every neighborhood U U {.#"} of .#" meets each member M of an open ultrafilter .#. This implies that .# — .4 . Since
M was arbitrarily chosen maximal open filter on kX, then every maximal open filter on kX is fixed showing that the Katétov extension kX
of a Hausdorff space X is H-closed.

Step 4. We show that kX is the largest H-closed extension of X: Suppose Z is another largest H-closure of X, then for kX to be maximal
extension on the space X, we show Z is essentially the same as kX. Since Z > X, there is a continuous inclusion 4 : X — Z. We need to
extend the morphism A to j : KX — Z continuously. If such j exists, it will be onto. This will then mean the range j(xX) is an H-closed
space and hence it will be closed in Z (Lemma 2.2), and has a dense subset X of Z, concluding that j(xX) = Z.

Now, letI' e X* =kX —Xand % ={W:WisopeninZand WNX €TI'}. By Lemma 1.4, it follows that % is a maximal open filter on
Z. Since Z is an H-closed extension, then there is a point z in Z , where by % — z and hence I' — z in Z. Depending on the nature of
points on kX = X UX®, we define j: kX — Z by j(I') =z and j(x) = x for all x € X. We now show the continuity of the function j by
showing that it is continuous at every point of kX.

Case 1: Let x be a point in X. Suppose that V is an open subset of Z containing x, then since j extends /, j~! (V)N X is an open set in X and
therefore j~!(V)NX = h~'(V) = H is an open subset of X containing a point x. Since every open subset of X is also open in kX, then
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h~'(V) = H is open subset of kX and j(H) C V.

Case 2: ForT" € X, we define j(I') = z where ' — z in Z. Let H be an open set containing z in Z, then we can find A € I" such that A C H.
Thus, AU{T'} is an open subset of kX containing I" with the property that

JAU{Tr}H) =jA)uj({r}) =jA)u{j(}=,j(A)u{z} =AU{z} C H. This shows that the function j exists and is continuous and hence
kX = Z, as desired.

Step 5. Uniqueness of kX: Suppose that kX " is also the largest H-closed extension of the Hausdorft space X. For kX to be unique, we
show that kX and kX are equal. To arrive to the desired result, we need to show that there is a homeomorphism g : kX — kX " such that
g(x) =xforallxinX and g(T) =T  forT € kX — X, and I" € kX' —X. It suffices to show that for every set U open in kX, the image g(U)
is open in kX ', Then, by symmetry g is the homeomorphism.

Case 1: 1f U does not contain I", then g(U)=U, (U CX). Since U is open in kX and is in X, it is open in X. We know X is an open (dense)
subspace of kX , the set U is also open subset of kX , as required.

Case 2: Suppose that U contains I'. Then C = kX — U is closed in kX, and it is compact as a subspace of kX, (kX is Hausdorff). Now,
since C C X, it is a compact subspace of X. Again, X is a subspace of kX ', then the space C is also a compact subspace of kX ", Since kX' is
Hausdorff, C is closed in kX, hence g(C) = g(kX —U) = g(kX) —g(U) = kX —g(U). Since C C X, g(C) = C and hence g(U) = kX —C
is open in kX ,, as desired. Therefore, kX = kX ' O

3. Conclusion

We have shed a light on the construction of the Katétov extension kX of Hausdorff space X using the notion of open filters on the space X.
Further, using these new tools (filters), we managed to show that, kX is indeed a unique, maximal, H-closed extension of X.
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