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Abstract

Let g, be the bi-periodic Fibonacci numbers, defined by ¢, = ¢(n)gn-1 + gn—2 (n > 2)
with go = 0 and ¢; = 1, where ¢(n) = a if n is even, ¢(n) = b if n is odd, where a and
b are nonzero real numbers. When ¢(n) = a = b = 1, ¢, = F,, are Fibonacci numbers.
In this paper, the convolution identities of order 2, 3 and 4 for the bi-periodic Fibonacci
numbers ¢, are given with binomial (or multinomial) coefficients, by using the symmetric
formulas.
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1. Introduction

Convolution identities for various types of numbers (or polynomials) have been studied,
with or without binomial (or multinomial) coefficients, including Bernoulli, Euler, Genoc-
chi, Cauchy, Stirling and balancing numbers (cf. [1-3,6,9,10,15,16,19]). A typical formula
is due to Euler, given by

Zn: <n> BrBn—=-nBp1—(n—1)B, (n>0),

k=0 k
where B,, are Bernoulli numbers, defined by

T

o .’I,'n
= ;::037% (|z| < 27) .

eCC

On the other hand, many kinds of generalizations of Fibonacci numbers have been
presented in the literature. A typical one is a generalized Fibonacci sequence {W,}52,
defined by W,, = pW,,_1 + ¢Wy,—2 (n > 2) with Wy = a and W; = b. In [5] some new
identities involving differences of products of generalized Fibonacci numbers are shown.
One of different types is the bi-periodic Fibonacci sequence [7]. For any two nonzero real
numbers a and b, the bi-periodic Fibonacci sequence, say {gn}22, is determined by:

agn—1+ Gn—2, if n =0 (mod 2);

) n>2. (1.1)
bgn—-1 + Gn—2, if n=1 (mod 2);

@0 =0, ¢ =1, Qn:{
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When a = b = 1, ¢, = F, are Fibonacci numbers. The explicit expression of the bi-
periodic Fibonacci numbers can be expressed explicitly as

Moreover, the ordinary generating function of the bi-periodic Fibonacci numbers is
given by

_i o (1 + ax — 2?)
—nZOQn C1—(ab+2)2? +at’

For more properties about this sequence see for example [4,7,8,18,20].
Recently, in [13], the convolution identities of two Fibonacci numbers F), are explicitly
given:

-m-—1
ZFan k= ZmF cos 'n; )

as special cases of higher-order identities. In [14], this result is generalized by using a more
general form:

F, +( )TFk Tl‘
1— LkSE ‘I‘ Z Fkn+rx

with & > r > 0, where L,, are Lucas numbers. In [11, 12,17], convolution identities for
Fibonacci numbers are generalized as Tribonacci numbers and Tetranacci numbers. In
particular, in [12,17], symmetric formulas are used to yield the results.

In this paper, motivated by the previous results, the convolution identities for the bi-
periodic Fibonacci numbers ¢, are given with binomial (or multinomial) coefficients. In
[15] the so-called exponential generating functions of generalized Fibonacci-type numbers
uy, and Lucas-type numbers v,, are considered:

et — eﬁx Z d az 4 Bx i z"
un and e et = Uy —
v ag +4b n=0 n! n=0 n!

Here, u, = aup—1+bup—o (n > 2) with ug = 0 and u; = 1, and v, = avp,—1+bv,—2 (n > 2)
with vg = 2 and v; = a. o and 3 are the roots of the quadratic equation 2> — az — b = 0,
given by

a+va?+4b a—va?+4b

a:f and (= 5

Then the higher-order convolution identities with multinomial coefficients

n n
Z (kl,...,k,ﬂ)ukl".ukr and Z <k1,...7kr>vk1'”%

ki+-+kr=n ki+-+kr=n

Kiseonskr >0 koo kr >0
are given in the linear combinations of u, and v,. We consider this kind of convolution
identities for bi-periodic Fibonacci numbers.

This paper is organized as follows. In Section 2, convolution identities for two bi-
periodic Fibonacci numbers with binomial coefficients are shown. In Section 3, convolution
identities for three and four bi-periodic Fibonacci numbers with multinomial coefficients
are shown. The main tools are symmetric formulas which are often used in [12,17].
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2. Convolution identities with binomial coefficients

Consider the exponential generating function
oo n
x
f(z):= Z Qna .
n=0

We introduce two supplementary functions

x2n

filz)=>" 20 i and  fo(z) =Y @ont1
n=0 :

n=0

x2n+1

(2n+1)!

so that f(x) = fi(z) + f2(x). By using the recurrence relations (1.1), we have the system
of the differential equations:

1 (z) —afy(z) = fi(z) =0, (2.1)
5 (@) = bfi(x) — f2(x) = 0. 2.2
Therefore, we get two 4-th order differential equations:
19 (@) = (ab+ 2)f{ (@) + fulw) =0, (2:3)
f3 (@) = (ab+2) f5 (2) + fol)) = 0. (24)

Since the roots of z* — (ab+ 2)x? 4+ 1 = 0 are given by

ia:i\/ab+2+\2/ab(ab+4) and j;ﬁ:j;\/ab+2_ 2ab(ab+4)’

the generating function fi(z) can be expressed as
fi(x) = c1e™* + coe™ " + e’ + e
where
c1t+cetezt+ea=q =0,
cra—caa+c3ff—cqB =0,
o+ +esfirafi=p=a,
e’ —cpad + 382 — 2 =0.

Solving this system, we get

a a
2\/ab(ab + 4) e s a 2\/ab(ab + 4)
Note that aff =1, a® + 2 = ab + 2 and o? — 3% = \/ab(ab + 4).

Similarly, the generating function fa(x) can be expressed as

C] = C9

fo(x) = d1e™* + doe™ " + dse® + dye 5%
where
di+de+d3s+ds=0,
dio —dox +d3f —dyB =q1 =1,
dia® + daa® + d3f% +dyf* =0,
d1a3 — dQOég + dgﬁg — d453 =qgz3=ab+ 1.
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Solving this system, we get

d p ab+ 44 y/ab(ab + 4)
1= —a2 = )
2v/2(ab + 4)\/ab + 2+ \/ab(ab + 4)
4 — 4
s — —dy — ab + ab(ab + 4)
2v/2(ab + 4)\/ab +2— /ab(ab + 4)

Therefore, we obtain that
f(z) = 11 + roe % 4 3P 4pye™ P

where

ab+ 4+ \/ab(ab + 4)

r=c+d = ’
2 abab+4 V2(ab+4)\/ab + 2 + \/ab(ab + 4)
ab+ 4+ /ab(ab + 4)
ro=cy+dy =

a
2v/ab(ab+4)  9./3(ab + 4)\/ab + 2 + \/ab(ab + 1)
ab+4— \Jab(ah T 1)
2\/abab+4 ab+4)\/ab+2— ab(ab+4)’
a ab+4— \Jab(ah T 1)
2/ab(ab+4)  9/3(ab + 4)\/ab+ 2 — \/ablab + 4)

Now, we shall consider the sum of the product of two bi-periodic Fibonacci numbers.
We need three Lemmas to get the main result.

r3 =c3+d3 =

ra=c4+dy=—

Lemma 2.1-
ax —2ax T —208x 1
rie +7r + 73 + rye _l(f ]>§ an!a

where @, are numbers, satisfying for n > 1

Q2n = (a+0)Qon—1 + 4Q2n—2,

4ab
Qon+1 = mQQn +4Q2,-1,

with Qo = a + b and Q1 = 2ab.

Remark 2.2. We have explicit expressions: for n > 0

. " 2n (2n—k e
Qon =2 1(“+b>zm_k< : )<ab) :
k=0

2n +1 2n—k+1 _
n :22n+1 b e bnk.
Qon1 akzozn—kH( k >(“)

Proof of Lemma 2.1. Assume that the exponential generating function
r2e?0t 4 p2e=20w 4 5 20287 4 rie‘ww

determines the sequence {Qn}n=0~ By af = 1 and o? + 82 = ab + 2, we have the
characteristic equation

(x 4 2a)(z — 2a)(x + 258)(z — 25)
=zt —4(a® + H)2? + 160%3?
=z — 4(ab+ 2)2® + 16.
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Thus, @n satisfies the recurrence relation
Qn = 4(ab+2)Qn_o —16Q,_4 (n>4). (2.5)

Now, we get that

@o—r%+r§+r§+ri_m’
Q2 = 4ra® + dria® + 4rjp* 4 4rfp° = 2(6‘;;;2(_32;_ - ;
Qu = 8730 s + 83— i3 = SO ED

Using the recurrence relation (2.5), by induction, we have the recurrence relations: for
n>1

Qon = (a+b)Qan_1 +4Qan 2,
4ab

Qons1 = m@% +4Qan1 -
Putting Q,, = b(ab + 4)Qn, we get the desired result. O
Lemma 2.3.
1 >0 "
7“17“36(a+5)$ + 7“27”46_(a+’8)x + 7“17“46((1_’3)36 + T2T36_(a_6)x = —m ;QQnﬁ )
where for n > 0
a—b n n n+lin
QQap = ((ab+4)™ = (ab)™) + a™ 10",

2
QQan+1 = (ab)™ .

Proof. Assume that the exponential generating function
r1r3el@tAT 4 pore (@48 4 g (0BT | popgem(af)e

determines the sequence {@n . By a?+ 3% =ab+2 and o? — 32 = \/ab(ab + 4), we
have the characteristic equation

(z+(a+5))(z = (a+P))(z+ (a—H))(z - (a=P))
=zt —2(a® + H2? + (o — ?)?
=zt — 2(ab+ 2)x? + (ab)(ab+4) .

Thus, @Z)n satisfies the recurrence relation

QQ, = 2(ab+2)QQ,,_» — (ab)(ab+4)QQ,,_, (n>4). (2.6)
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Now, we get that

é@o =773 +7Tory + 1174 + 123 = _7b(aba—|— 1)’

—— a

QQy = rirs(a+ B) — rara(a+ B) + rira(a — B) —rars(a — ) = B

_ 2(a —b) + a®b

QQa = rirs(a+ B)* + rora(a+ B)* + rira(a — B)* + rars(a — ) = —(C;)(ab );;)a ,

— a’b

QQ;3 = rirs(a+ B)° — rara(a+ B)° + rira(a — B)° — rars(a — B)* = T
Using the recurrence relation (2.6), by induction, we have for n > 0

— (b—a)(ab+4)" — (a+b)(ab)"
QQQn = ’
2b(ab + 4)
o an—l—lbn
QQop11 = bt
Putting QQ, = —b(ab + 4)@@”, we get the desired result. O
Lemma 2.4.
rire +1r3rs = a7 b
P2 T oblab+ 4)
Proof. Since
R a _ 1 ~a—b
V2T db(ab+4)  4(ab+4)  Ab(ab+4)’
we get the result. O
Theorem 2.5. For n > 1, we have
" (n Qn —2QQ,
Mo, awtn—k = (2.7)
= <k> b(ab+4)

Proof. Since (a + b+ ¢+ d)? = (a2 4+ 0 + & + d?) + 2(ab + aé + ad + bé + bd + éd), by
Lemmas 2.1, 2.3 and 2.4 we have
(r1€%% + roe ™ 4 r3el? 4 rye”P%)?
— (T%€2az + T,%e—2az + T?%QQBz + Tze—Z,Bz)
+ 2(r173e T porye T (OFADT (@7 4 gy g (@Bl
+2(r1r2 + 1r3ry)

1 > x™ 2 > x™ a—b
Y Q= Y QR+
blab+4) 7= " nl blab+4) = n!  blab+4)
- (Y 0i-2000% +(a—b)
~ b(ab+4) o " "l '
Since
n x"
F@?=3>1, |aan-r—
n0 ko \F w
by comparing the coefficients on both sides, we get the desired result. ([l

Examples. For n = 1,2,3,4 in Theorem 2.5, both sides of (2.7) equal to 0, 2, 6a,
6a® + 8ab + 8, respectively.
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3. Higher-order identities

Next, we shall consider the convolution identities for three bi-periodic Fibonacci num-
bers

n
Z Ak, ko ks -
Py O (kl, k27k3>

k1,ko,k3>0

We use the following symmetric formula.
Lemma 3.1 ([17]). The following equality holds:
(a+b+e+d)3
= A@@® + b + & + d°) + B(abée + abd + aéd + béd)
+

+O@+ P +E+ ) a+b+e+d)
+ D(ab + aé + ad + bé + bd + éd)(a + b + ¢ + d),
where A=D —2, B=-3D+6 and C =—-D + 3.
Lemma 3.2.
3,3azx | .3 ,—3azx | ,.3.36c | .3, —38x _ 1 — p 2"
rie’ ™" +rye +r3e’”* +rje = mgp’lﬁ’

where the numbers P, satisfy forn > 1

3a(a + 3b)
Pyy=———P 9P, _
2n 30+ b on—1+ 9 22,
3b(3a+ b
Popy1 = (—1—3b)P2n +9Po, 1

with Py =0 and Py = 3(3a + b).
Remark 3.3. We have explicit expressions: for n > 0

n—1

2n—k—1

P, = 32"a(a + Bb) Z < " kk > (ab)”_k_l = 32n(a + 3b)q2n )
k=0

" (on—k
Py = 32”+1(3a +0b) Z ( nk )(ab)”_k = 32”+1(3a + b0)q2n+1 -
k=0

Proof of Lemma 3.2. Assume that the exponential generating function
3 Bax_‘_r e Sax_i_r e3,81:+,r, e~ 38z

determines the sequence {]3”};’10:0. By aB = 1 and a? + 32 = ab + 2, we have the
characteristic equation

(x + 3a)(xz — 3a)(z + 35)(z — 30)
=2t — 9(a® + H)2? + 81232
= 2% — 9(ab + 2)x* + 81.

Thus, ]3n satisfies the recurrence relation

P, =9(ab+2)P, 5 —81P, 4 (n>4). (3.1)
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Now, we get that
}30:7“?—1-7“;’—1-7“;’4-7“2:0,

~ 3(3a+b
P = 37‘%0[ - 37‘30[ + 37‘%,6’ — 37“25 = 4b((ab n 4)) ,
~ 9a(a + 3b)
P2 = 97‘%0&2 + 97’2 + 97"362 —+ 9 4/82 m
27(3a + b)(ab+1)

P3 = 21r503 — 27r3a® + 273 8% — 2703 3% =

3 ria rya” 4+ 27r3f3 ryf 1b(ab + 1)
Using the recurrence relation (3.1), by induction, we have the recurrence relations: for
n>1

5 _ 3ala+3b) 5

on = Pon 1+ 9Ps 2,

3a+b
3b(3a + b
Popt1 = (_'_%)PQn + 9Py, 1.
Putting P, = 4b(ab + 4)P,, we get the desired result. O
Lemma 3.4.
azx —ax Bx -8 a—b - z"
rirgrqe" + roraryie + rirorse”™ + rirerge W Z qn ,
Proof. Since
a—2b
riry =13ry = ————=
2= Yb(ab + 4)
we get the result. O

Theorem 3.5. For n > 1, we have

n
> (lﬁ, o, k3> Qkr Tos T

k1+ko+kg=n

kl,kg,kszo
1 " (n
- (AP, +Bla—bg,+4 e
4b(ab+4)< + Bla—b)gn + Ckz:%(k)@“q k
" (n
—4D Y (k:) QQun—k + 2(a — b)an> , (3.2)
k=0

where the numbers A, B, C and D satisfy the condition in Lemma 3.1.

Remark 3.6. It is clear that this value is 0 when n = 0,1, 2. Assume that n > 3. When
D=2by A= B =0and C =1, we have a simpler form:

n
> (lﬁ, o, k3> Qkr Thos T

k1 +k2 +k3:n

ab +4) (I;) < ) k= 2QQk)qn—1 + (@ — b)qn>
ab+4 kz: ( > k= 2QQ%k ) Gn—r -

2
Notice that Qo — 2QQp = —(a — b), Q1 —2QQ1 = 0 and ¢p = 0.
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Proof of Theorem 3.5. By Lemma 3.1 together with Lemmas 2.1, 2.3, 2.4, 3.2, 3.4, we
have

(r1€°% + 19e % 4 37T 4 rye )3
= A(ri’e?’m + 7’36_3” +r3 3e30r 4 rie_?’ﬁx)
+ B(r1ror3el® 4 rirorse P 4 rirsrge®® + r2r37‘4e_°“)
C(rie?o® 4 plem202 4 20262 4 1207202 (1) 0O | =0T 4 1gePT g™ FT)
D(ryro + 1173 @A g0 fpopge (@A 4oy e @A 4 papy)

X (r1€®" + roe” " 4 r3eP® + T4€_B$)

1 = "

x a—b & "
= A a1 EOP”H B o (ab + 4 nz::oqnﬁ
1 > x™ SR
+C<b(ab+4 ZQ%!) (ann!>
1
+D< blab+ 4) * ZQQ” 2b(ab+4><nzq" )

0

1 i n
= DD = (A Pt Bla b 403 (k) Qe

n

—4D Z (n) QQrqn—1 + 2(a — b)an> % :
k=0

On the other hand,

n

o gn\? @ n x

(Z an‘> = Z Z (l{,‘l kg k‘3) qqukzquﬁ

n=0 n=0 ki +ko+kz=n ) y
kq,ko,ks>0

Comparing the coefficients on both sides, we get the desired result. O

Next, we shall consider the convolution identities for four bi-periodic Fibonacci numbers

n
Z <k17k2,k37k4>qk1Qk2Qk3qk4.

k1+ko+kg+kg=n
k1,ko,k3,kg >0

We need the following symmetric formula.
Lemma 3.7 ([17]). The following equality holds:
(a+b+e+d)*
= A(a* + b + &' - d*) + Babed + C(a> +b° + & + d®)(a + b+ ¢+ d)
+ D@+ 0+ &+ d*)? + E(@® + 0% + & + d®)(ab + aé + ad + bé + bd + ¢d)
+F(&B+&é+&d+l§é+8£+éd)2+G(a2 +0 4+ +d)(a+b+ ¢+ d)?
H(ab + aé + ad + bé + bd + ¢d)(a + b+ ¢ + d)?
+ I(abé(a + b+ &) + abd(a+ b+ d) + béd(b + ¢ + d) + aéd(a + ¢ + d))
+ J(abé + abd + bed 4 aed)(a + b+ &+ d),

where A= —D+E+G+H -3, B=12D+12G —4J — 12, C = —F — 2G — H + 4,
F=-2D-2G—-2H+6and [ =4D - E+2G —H — J.
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Lemma 3.8.

1 n
4.4 4 4 4
e rge - T et r4e = 4b2(ab+4 2 Z Rn n!

where the numbers R, satisfy forn > 1

a? + 6ab + b?
R2n = a——i-bR2n_1 + 24R2n—2;
2%ab(a + b) 4
Ropy1 = mRzn + 2" Rop1

with Ry = a® + 6ab + b* and Ry = 8ab(a + b).

Remark 3.9. We have explicit expressions: for n > 0

" 2n (2n—k
n = 24n—1 2 2 n—k
Ry (a® 4 6ab + b*) ;;ZO ST— k (ab)

2n—k+1 k

"2 1 2n—k+1
P2n+1 _ 24n+3ab(a + b) Z L ( n + )(ab)nk
k=0

Theorem 3.10. Forn >1

n

Ak ko 9k3 9k
k17k27k3>k4> 1 A

ky+ko+kg+ky=n (
kq,kg,k3,k >0

A c & (n D n /o
T 402 (ab+ 4)2R” + 4b(ab + 4) kgﬂ </.g> Prn—k + m ;) <k> QrQn—rk
= a —

G n
e (zfm)c?“

k1+ko+kz=n
k1,ko,k32>0

1 n a—2b n
H| —— —_— -
+ b(ab + 4) Z (kl, ko, k‘3> QQk1Qk2Qk3 + 2b(ab + 4) <k‘> QkQn—k

ki+kg+kg=n
k1,kg,k3>0

a—>b —b
4b2(ab+4)2(Qn_QQ”)+J<b( b+ 4) ZQQ’“% k+2b( b+4)! )

where the numbers A, C, D, E, F', G, H, I and J are given in Lemma 3.7.

+1

Remark 3.11. The above form becomes much simpler for some specific values of the
numbers A to J. For example, when A=C=G=H=1=0,by B=J=0,D=1and
FE =F =4, we have

n
Z (kl? k27 k3, k4> k1 Tk k3 Dhea

k1+ko+kg+kg=n
k1,ko,k3,kq4 >0

1 n

= Wb+ 1) (2(a —b)(Qn +2QQy) + I;) <Z> (5QrQn—k + 4QQkQQn—k)> :
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—ax A

Proof of Theorem 3.10. We apply Lemma 3.7 as a = r1e®?, b=roe , & =rzel? and

d=rse b By Lemma 3.8, we have

1 o x™

A bt o dh = A
(@*+b*+e¢t+dY) 4b2<ab+4)2n§)
By r179 = r3ry = B(a — b)/4b(ab + 4),
iai_ (a—Db)?
Babtd = —5—"— .
W= 162 (ab + 4)2
By Lemma 3.2,

C@+v+&+da+b+e+d

1 X" X 2"
=¢ <4b(ab+4) 2.5 n> (Z q"m)

n=0

By Lemma 2.1

1 > I /n "
= Dm SN <k>Qan—kn'

n=0 k=0
By Lemma 2.3 and Lemma 2.4,

~ A~

E(a?+ b + & 4 d?)(ab+ aé + ad + bc+bd+cd)
1 > " a—>b
:E<b(ab—|—4)ZQ"n!>< b(ab + 4) ZQQ” 2b(ab+4)>
o0 n a b
E<b2 ab + 4)? ZZ<k>Qan TTRI b+42ZQ” ) '

By Lemma 2.3 and Lemma 2.4,
F(ab+ a¢ + ad + bé + bd + éoZ)2

2
1 a—>b
= (b(ab+4 Z QQ” 2b(ab+4)>

B X (n z" a—0>b > " (a — b)?
=F <b2 ab + 4)2 2 > (k) QO QCn—1 Ty + b2(ab + 4)2 ;::OQQ"H + 4b2(ab~|—4)2> '

n=0 k=0
By Lemma 2.1,

A~

G+ +&+d*a+b

+é+d)?
_o 1 e " o pn\?
~ 7\ b(ab +4) 4 ZQ"H nz:%qnﬁ

1 & "
=G —= Qb1 Uh2 ks —7
b(ab + 4) nz; T kl,kz, ) T

k1 ko,k3 >0
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By Lemma 2.3 and Lemma 2.4,
H(a13+aé+&c2+l§é+6ci+éci)(a+6+c

1 a—b
—H n
(b(ab+4 ZQQ 21) ab+ 4

>Zm o
|

=H
ab+4 nz:()kl-&-k;—:ks =n (kl’k2’k3 Qleqk2qk3
kq,ko,kg>0
a—>b s z"
o 23 () ooy

By Lemma 2.1 and Lemma 2.3 with ri7e = r3ry = (a — b)/4b(ab + 4),
I(abé(a + b+ &) + abd(a + b+ d) + bed(b + ¢ + d) + aéd(a + & + d))
-b
_ 17417(6;1) vy (r1re @ 4 o e (@FAT g (@Bl | o—(a—B)ay
+ I(r2e?%® 4 p2e=207 4 5 2e287 4 7“26_26”5)
a—b 1 a—b 1 > x™
.y ny I
4b(ab+4) b(ab + 4) Z QQ n! b(ab +4) b(ab + 4) ngﬂ @ n!
a—b >

z"
I4b2(ab+4 2 Z n = QQn) Ty

By Lemma 2.3 and Lemma 2.47

J(abé + abd + béd + aéd)(a +h+e4 cZ)

1
J(b(ab+4 ZQQ” 2b(ab+4 ) <an >

1 > a—1>b "
=J| 7= n— 17 1 1 AN n .
(b(ab+4);”;)QQ’“q “al T 2b(ab+ 4) ¢ Zq >
We combine all the relations to get the main result. O

4. Final remarks

One can continue to get the convolution identities of five and more bi-periodic Fibonacci
numbers. The situation becomes more complicated. Even in the case of five bi-periodic
Fibonacci numbers, we need the symmetric formula for (@ + b+ ¢+ d)° (see [12,17]).

Acknowledgment. The authors thank the anonymous referee for careful reading of
the manuscript and helpful comments and suggestions. The research of José L. Ramirez
was partially supported by Universidad Nacional de Colombia, Project No. 37805.

References

[1] T. Agoh and K. Dilcher, Convolution identities and lacunary recurrences for Bernoulli
numbers, J. Number Theory, 124, 105-122, 2007.

[2] T. Agoh and K. Dilcher, Higher-order recurrences for Bernoulli numbers, J. Number
Theory, 129, 1837-1847, 2009.

[3] T. Agoh and K. Dilcher, Higher-order convolutions for Bernoulli and Euler polyno-
mials, J. Math. Anal. Appl. 419, 1235-1247, 2014.



[4]
[5]

[10]
[11]
[12]
[13]
[14]
[15]
[16]

[17]
18]

[19]

[20]

Convolutions of the bi-periodic Fibonacci numbers YU

M. Alp, N. Irmak and L. Szalay, Two-Periodic ternary recurrences and their Binet-
formula, Acta Math. Univ. Comenianae 2, 227-232, 2012.

C. Cooper, Some identities involving differences of products of generalized Fibonacct
numbers, Colloq. Math. 141 (1), 4549, 2015.

K. Dilcher and C. Vignat, General convolution identities for Bernoulli and Euler
polynomials, J. Math. Anal. Appl. 435, 1478-1498, 2016.

M. Edson and O. Yayenie, A new generalization of Fibonacci sequences and extended
Binet’s Formula, Integers, 9 (A48), 639-654, 20009.

N. Irmak and L. Szalay, On k-periodic binary recurrences, Ann. Math. Inform. 40,
25-35, 2012.

T. Komatsu, Higher-order convolution identities for Cauchy numbers of the second
kind, Proc. Jangjeon Math. Soc. 18, 369-383, 2015.

T. Komatsu, Higher-order convolution identities for Cauchy numbers, Tokyo J. Math.
39, 225-239, 2016.

T. Komatsu, Convolution identities for Tribonacci numbers, Ars Combin. 136, 199—
210, 2018.

T. Komatsu and R. Li, Convolution identities for Tribonacci numbers with symmetric
formulae, Math. Rep. (Bucur.) 21 (1), 27-47, 2019, arXiv:1610.02559.

T. Komatsu, Z. Masakova and E. Pelantova, Higher-order identities for Fibonacci
numbers, Fibonacci Quart. 52 (5), 150-163, 2014.

T. Komatsu and G.K. Panda, On several kinds of sums involving balancing and Lucas-
balancing numbers, Ars Combin. (to appear). arXiv:1608.05918.

T. Komatsu and P.K. Ray, Higher-order identities for balancing numbers,
arXiv:1608.05925, 2016.

T. Komatsu and Y. Simsek, Third and higher order convolution identities for Cauchy
numbers, Filomat 30, 1053-1060, 2016.

R. Li, Convolution identities for Tetranacci numbers, arXiv:1609.05272.

J.L. Ramirez, Bi-periodic incomplete Fibonacci sequences, Ann. Math. Inform. 42,
83-92, 2013.

W. Wang, Some results on sums of products of Bernoulli polynomials and FEuler
polynomials, Ramanujan J. 32, 159-186, 2013.

O. Yayenie, A note on generalized Fibonacci sequence, Applied. Math. Comp. 217
(12), 5603-5611, 2011.



