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Abstract: In this work, we investigated the temperature and applied field dependence of the 

magnetization and quadrupolar moment of the spin-1 one-dimensional Ising system (S1-1DIS) 

by using Kaneyoshi approach throughout the Effective Field Theory (EFT). We determined that 

the S1-1DIS has a first or second order phase transition according to the crystal field, the 

magnetization of the S1-1DIS has a second-order phase transition for D=0 whereas the 

quadrupolar moment has no phase transition at Tc. The magnetization of the S1-1DIS has a first-

order phase transition for D = -2.6 at Tf but the quadrupolar moment has phase transition at Tf 

and it increases at T>Tf, paramagnetic magnetic susceptibility decreases monotonically at T>Tc 

whereas it has a broad maximum at T>Tf. Because of the MT=0.0 at T>Tc and Tf, it can be 

concludedthat susceptibility behaviors in the paramagnetic region result from the quadrupolar 

moment. On the other hand, the slope of the hysteresis curves of the MT decreases as the 

temperature increases and they become zero at high temperature. The theoretical first-order 

phase transition result of the S1-1DIS is the confirmation of the result of KH2PO4 (KPD) firstly 

reported by Kittel that one-dimensional system of the KPD undergoes a first-order phase 

transition at T≠0. 

 

Keywords: One-dimensional Ising system, Magnetization, Effective field theory, Phase 

transition. 

 

Spin-1 Tek Boyutlu Ising Sisteminin Manyetik Özellikleri 

 
Özet: Bu çalışmada, etkin alan teorisinde Kaneyoshi yaklaşımı kullanarak tek boyutlu Ising 

sisteminin (S1-1DIS) spin-1’in sıcaklık ve dış manyetik alana bağlı mıknatıslanma ve kuadrapol 

momenti araştırıldı.S1-1DIS'in kristal alanına göre birinci veya ikinci dereceden bir faz geçişine 

sahip olduğu; S1-1DIS'in mıknatıslanmasının D = 0 için ikinci dereceden bir faz geçişine sahip 

olduğu; ancak kuadrupolar momentin Tc'de faz geçişine sahip olmadığı belirlendi. S1-1DIS’ in 

mıknatıslanması, Tf’ de D = -2.6 için birinci dereceden bir faz geçişine sahiptir, ancak 

kuadrupolar moment Tf ve T>Tf’ de artarken faz geçişine sahiptir; paramanyetik manyetik 

alınganlık, T> Tc'de monotonik olarak azalır, oysa T> Tf’ de geniş bir maksimuma sahiptir.T>Tc 

ve Tf’deki MT = 0.0 nedeniyle, paramanyetik bölgedeki alınganlık davranışlarının kuadrupolar 

momentten kaynaklandığı sonucuna varılabilir. Diğer taraftan, MT’ nin histerezis eğrilerinin 

eğimi, sıcaklık arttıkça azalır ve yüksek sıcaklıkta sıfır olur. S1-1DIS’in birinci dereceden faz 

geçişinin teorik sonucu, ilk olarak Kittel tarafından bildirilen KH2PO4’ün (KPD) bir boyutlu 

sisteminin T≠0 da birinci dereceden bir faz geçişine uğradığı sonucunun teyididir. 

 

Anahtar kelimeler: Tek boyutlu Ising sistem, Mıknatıslanma, Etkin alan teorisi, Faz geçişi. 
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1. Introduction 

 

Recently, the EFTdeveloped by Kaneyoshi has been used in the theoretical investigation 

of the magnetic features of the nanostructures [1-20], due to the description of the low-

dimensional systems is very easily applied by using EFT and the theoretical results of 

that system obtained by EFT are in good consistent with the other theoretical and 

experimental findings of low-dimensional systems. Such as, magnetic features of the 

Ising nanowire [21-32], core/shell Ising nanostructures [33-35], Ising nanotube [36,37], 

Ising thin film [38], Ising nanolattices [39], Ising nanographene [40] and one-

dimensional Ising system (1DIS) [41] were worked by using effective field theory. 

Although the EFT is commonly widely used for the examinations of the magnetic 

features of the low-dimensional system and its theoretical findings are in good 

consistent with the experimental results of that system, there is only one work reported 

by Şarlı [41]. In this work, magnetic features of the spin-1/2 1DIS were investigated and 

showed that the magnetic features of the 1DIS depend on the next-nearest neighbor 

exchange interaction. However, these features of the spin-1 1DIS have not been 

examined yet. Therefore, we aim to investigate the magnetic features of the spin-1 one-

dimensional Ising system (S1-1DIS). Such as, crystal field effects on the magnetization; 

magnetic susceptibility, quadrupolar moment, quadrupolar susceptibility, their 

temperature and applied field depend on the S1-1DIS by using Kaneyoshi approach 

within the EFT.  

 

On the other hand, one-dimensional systems are investigated by using different models. 

Such as transfer-matrix method [42], Jordan–Wigner transformation [43], random fields 

Ising model [44], Glauber dinamics of 1D nearest neighbor Ising model and 1D axial 

next-nearest neighbor Ising model [45], 1D sine-Gordon model [46], Chui-Week’s 

model [47], Burkhardt’s model [48], Dauxois-Peyrard’s model [49, 50], Van Hove’s 

theorem [51-54] and Landau and Lifshitz’s argument [55]. Our theoretical results of the 

first-and second order phase transition in the S1-1DIS with the next-nearest neighbor 

exchance interaction show that the one-dimensional system has firstand second order 

phase transition at T≠0. Especially, our theoretical first-order phase transition result of 

the S1-1DIS is in good agreement with the result of KH2PO4 (KPD) firstly reported by 

Kittel that one-dimensional system of the KPD undergoes a first-order phase transition 

at T≠0 [56]. 

 

2. Theoretical Method 

 

We search for the magnetic features of the ferromagnetic (J1>0) S1-1DIS shown in 

Figure 1 [41] in which each site is occupied by the spin-1 Ising particle. By using 

Kaneyoshi approach [1-20], the Hamiltonian of the S1-1DIS is given by, 

 

   
i j i i i i i j

2 2
z z z z z z z z

1 2

ij ii i j i j

J S S J S S D S + S H S + S .
   

          
   

     H                                    (1) 

 

Where, J1 is the exchange interaction between two nearest-neighbor magnetic atoms (m1 

and m2) of the S1-1DIS. J2 is the exchange interaction between two next nearest-

neighbor magnetic atoms (m1 and m1 or m2 and m2) of the S1-1DIS. Sz=±1,0 is the Pauli 

spin operator. H is the external magnetic field. D is the crystal field. The S1-1DIS 

shown in Figure 1 has two unsimilar magnetizations; m1 and m2 are the magnetization 

of the S1-1DIS. m1 and m2 are the nearest-neighbor atoms and they interact with the 

nearest-neighbor exchange interaction J1. m1 and m1 or m2 and m2 interact with the next 

nearest-neighbor exchange interaction J2. One notes the next nearest-neighbor exchange 

interaction (J2) should be small than the nearest-neighbor exchange interaction (J2<J1, 
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for our calculations J2=0.9<J1=1). The magnetizations (m1 and m2) and the quadrupolar 

moments (qi=mi
2, q1 and q2) of the S1-1DIS are given by as follows, 
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                                               (2) 

 

where, / x    is the differential operator and the function of FS-1(x) and GS-1(x) are 

determined by as follows for the spin-1 Ising particles. 

 

 
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 
   

2Sinh (x+H)
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G (x)
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                                                                               (3) 

 

According to the Kaneyoshi approach (KA) [1-20] on the magnetic features of the 

nanostructure within the EFT, the magnetizations and S1-1DIS’ susceptibility are 

obtained as in Eq. (2). From Eq. (2) and Eq.(4) [57], the magnetizations of the S1-1DIS 

are obtained as follows, 

 

 ae f x a .                                                                                                                    (4) 

 

 

i 0 1 i 2 i 3 i i Spin-1 x=0

i 0 1 i 2 i 3 i i Spin-1 x=0

m A +A m A q A m q ... F (x) ,

q A +A m A q A m q ... G (x) .

   

   
                                                      (5) 

 

By distuinguishing each side of the Eq. (5) with H, we gain the susceptibilities ( ) of 

the S1-1DIS as follows, 

 

i
mi

i
qi

m
lim ,

H 0 H

q
lim

H 0 H
.


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 


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                                                                                                             (6) 

 

by using Eqs. (5)and (6), we obtain the m1 , m2 , q1  and q2 as follows,  
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m1 1 m1 2 m2 0 Spin-1 x=0

m2 1 m1 2 m2 0 Spin-1 x=0

q1 1 q1 2 q2 0 Spin-1 x=0

q2 1 q1 2 q2 0 Spin-1 x=0

a a a F (x) ,
H
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H

c c c G (x) ,
H

d d d G (x) .
H
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


     




     




     



                                                                                 (7) 

 

Where, the coefficients ai, bi, ci and di (i=0, 1, 2) are very long expressions. After having 

the solution Eq. (7) numerically and inputting the values into Eq.(8), we obtain the TM , 

QT, MT and QT of the S1-1DIS follows,  
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3. Results and Discussion 

 

First, we regarded the temperature dependence of the total magnetization (MT), total 

quadrupolar moment (QT), total magnetic susceptibility ( MT ) and total quadrupolar 

susceptibility ( QT ) of the ferromagnetic (0<J1) S1-1DIS shown in Figure 1 [41]. 

 

 
 

Figure1. The one-dimensional Ising system (1DIS) [41]. 

Our calculations show that the nearest-neighbor exchange interaction is J1=1 and the 

next nearest-neighbor exchange interaction valuesshould be smaller than the nearest-

neighbor exchange interaction value is J2=0.9 (It should be J2<J1). Figure 2 indicates the 

temperature dependence of the total magnetization (MT), total quadrupolar moment 

(QT), total magnetic susceptibility ( MT ) and total quadrupolar susceptibility ( QT ) of 

the ferromagnetic (0<J1) S1-1DIS for the crystal field is D=0. The total magnetization 

of the FM S1-1DIS is indicated in Figure 2(a1). The second-order phase transition from 

ferromagnetic phase to paramagnetic phase occurs at Tc=1.532J/kB. According to the 

Şarlı’s study, coercive field point, remanent magnetization and the area of the hysteresis 

loop of the 1DIS decreases as the J2 decreases, the hysteresis curves of the 1DIS exhibit 

paramagnetic hysteresis behavior for small J2 in the ferromagnetic case. The total 

magnetization is MT=1 at T=0. In Figure 2(a2), the total magnetic susceptibility of the 

FM S1-1DIS has reached a marked peak at Tc and monotonously decreases in the 

paramagnetic region (T>Tc). The total quadrupolar moment of the FM S1-1DIS is 

shown in Figure 2(b1). The total quadrupolar moment of the FM S1-1DIS decreases as 

the temperature increases until Tc=1.532J/kB and it has small changes at high 

temperature (T>>Tc). One notes that total quadrupolar moment has no phase transition 
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and doesn’t become zero whereas the total magnetization becomes zero at T>Tc. The 

total quadrupolar moment is QT=1 at T=0 and it is QT=0.786 at Tc. The total 

quadrupolar susceptibility of the FM S1-1DIS has a maximum as the temperature 

approaches to Tc and becomes zero at T>Tc. One notes that the paramagnetic magnetic 

susceptibility behavior in the paramagnetic region results from the quadrupolar moment 

(QT). Because of the total magnetization (MT) and the external magnetic field (H) are 

zero at T>Tc. Similarly, quadrupolar susceptibility behavior in the paramagnetic region 

results from the magnetization (MT). Because of the total magnetization (MT) is zero at 

T>Tc. Thetheoretical second-order phase transition and susceptibility resultsof the S1-

1DIS agrees with the results low-dimensional magnets reported by Balanda [58]. 

 

b1

J1=1
J2=0.9
D=0

Q
u
a

d
ru

p
o
la

r 
m

o
m

e
n

t 
(Q

T
)

0,0

0,2

0,4

0,6

0,8

1,0

QT (S1-1DIS)

a1
J1=1
J2=0.9
D=0

M
a
g
n

e
ti
z
a

ti
o
n

 (
M

T
)

0,0

0,2

0,4

0,6

0,8

1,0

MT (S1-1DIS)

a2

k
B
T/J

0 1 2 3 4 5

S
u
s
c
e
p

ti
b
il
it
y
 (


M
T
)

0

20

40

60

80

100

120


T (S1-1DIS)

b2

k
B
T/J

0 1 2 3 4 5

Q
u
a

d
ru

p
o
la

r 
s
u
s
c
e
p

ti
b
il
it
y
 (


Q
T
)

0,00

0,01

0,02

0,03

0,04

QT (S1-1DIS)

 
Figure2. The temperature dependence of the magnetization (a1), susceptibility (a2), quadrupolar moment 

(b1) and quadrupolar susceptibility (b2) of the S1-1DIS for J1=1, J2=0.9 and D=0. 

 

By Figure 3, the temperature dependence of the MT, QT, MT  and QT  of the FM S1-

1DIS for the crystal field is D=-2.6. The MT of the FM S1-1DIS is shown in Figure 

3(a1). The first-order phase transition from ferromagnetic phase to paramagnetic phase 

occurs at Tf=0.281J/kB. The total magnetization is MT=1 at T=0. Our theoretical first-

order phase transition result of the S1-1DIS is in good agreement with the result of 

KH2PO4 (KPD) firstly reported by Kittel that one-dimensional system of the KPD 

carry out a first-order phase transition at T≠0 [56]. In Figure 3(a2), the total magnetic 

susceptibility of the FM S1-1DIS has reached amarked peak at Tf and has a broad 

maximum in the paramagnetic region (T>Tf) whereas it monotonously decreases in the 

second-order case for D=0 shown in Figure 2(a2).  

 

The total quadrupolar moment of the FM S1-1DIS is shown in Figure 3(b1). The total 

quadrupolar moment of the FM S1-1DIS suddenly becomes zero at Tf and than it 

increases as the temperature increases and it has small changes at high temperature 

(T>>Tf). One notes that total quadrupolar moment has no phase transition and doesn’t 

become zero except for at Tf whereas the total magnetization becomes zero at T>Tf. The 

total quadrupolar moment is QT=1 at T=0, QT=0 at Tf and QT>0 at T>Tf. In Figure 

3(b2), the total quadrupolar susceptibility of the FM S1-1DIS shows a marked peak at 
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Tf and becomes zero at T>Tf. One notes that the broad maximum of the paramagnetic 

magnetic susceptibility at T>Tf in the paramagnetic region results from the quadrupolar 

moment (QT). Because of the MT and the external magnetic field are zero at T>Tf. 

Similarly, quadrupolar susceptibility behavior in the paramagnetic region results from 

the magnetization (MT). Because, the total quadrupolar moment (QT≠0.0 at T>Tc and 

Tf) is not zero at T>Tf. 
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Figure 3. The temperature dependence of the magnetization (a1), susceptibility (a2),quadrupolar moment 

(b1) and quadrupolar susceptibility (b2) of the S1-1DIS for J1=1, J2=0.9 and D=-2.6. 

 

By Figure 4, the applied field dependence of the total magnetization (MT), total 

quadrupolar moment (QT), total magnetic susceptibility ( MT ) and total quadrupolar 

susceptibility ( QT ) of the ferromagnetic (0<J1) S1-1DIS at different temperatures. In 

Figure 4(a1), the hysteresis curves of the MT are shown for D=0 and at T=1, 2 and 3. 

The critical field points are Hc=±0.117 at T=1 and Hc=0.0 at T=2 and 3. The hysteresis 

curves of the S1-1DIS behave wholly superparamagnetic at T>3. In Figure 4(a2), the 

hysteresis curves of the MT are shown for D=-2.6 and at T=0.05, 0.5 and 5. The critical 

field points are Hc1=±0.214 and Hc2=±1.504 at T=0.05, Hc1=±0.385 and Hc2=±0.765 at 

T=2 and Hc1=Hc2=0.0 at T=3. The hysteresis curves of the S1-1DIS with the first-order 

phase transition (for D=-2.6) exhibit very different behaviors than those of the second-

order phase transition (for D=0). In Figure 4(b1), the hysteresis curves of the QT are 

shown for D=0 and at T=1, 2 and 3. The quadrupolar moment (QT) of the S1-1DIS has 

small two hysteresis loops which are quite different than those of the magnetization 

(MT). Since QT has no second-order phase transition, it has no critical field points. But 

QT has a minimum value (QT=0.857) whereas MT becomes zero at Hc and T=1. The 

hysteresis curves of the QT constitute a straight line which is parallel to H-axis (applied 

field-axis) as the temperature rises (T>3) whereas the hysteresis curves of the MT 

constitute a straight line with a constant slope. In Figure 4(b2), the hysteresis curves of 

the QT are shown for D=-2.6 and at T=0.05, 0.5 and 5. The critical field points are 

Hc1=±0.214 and Hc2=±1.504 at T=0.05, Hc1=±0.385 and Hc2=±0.765 at T=2 and 

Hc1=Hc2=0.0 at T=3. One notes that QT=0.216 whereas MT=0.0 at Hc=0.0. The 

theoretical hysteresis findings of FM S1-1DIS are parallel to the findings of single-

chain magnets in one-dimensional [MnR4TPP][TCNE] compounds by Balanda et al 

[59] and one-dimensional polymeric [MnIII(salen)N3] and [MnIII(salen)Ag(CN)2] 

complexes by Panja et al [60].  
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Figure 4. The applied field dependence of the magnetization (a1) for J1=1, J2=0.9, D=0, T=1, 2, and 3, 

the magnetization (a2) for J1=1, J2=0.9, D=-2.6, T=0.05, 0.5, and 5, quadrupolar moment (b1) 

for J1=1, J2=0.9, D=0, T=1, 2, and 3, quadrupolar moment (b2) for J1=1, J2=0.9, D=-2.6, 

T=0.05, 0.5, and 5. 

 

In summary, we have examined the temperature and applied field dependence of the 

magnetization and quadrupolar moment of the S1-1DIS by using Kaneyoshi approach 

within the EFT. We found that;  

 

a) S1-1DIS has a first-or second order phase transition according to the crystal field; 

b) the magnetization of the S1-1DIS has a second-order phase transition for D=0 

whereas the quadrupolar moment has no phase transition at Tc; 

c) the magnetization of the S1-1DIS has a first-order phase transition for D=-2.6 at Tf 

but the quadrupolar moment has phase transition at Tf and it increases as the 

temperature increases (T>Tf); 

d) paramagnetic magnetic susceptibility decreases monotonically at T>Tc whereas it has 

a broad maximum at T>Tf. Because of the MT=0.0 at T>Tc and Tf, we suggest that 

susceptibility behaviors in the paramagnetic region result from the quadrupolar 

moment; 

e) Similarly, paramagnetic quadrupolar susceptibility result from the magnetization (due 

to QT≠0.0 at T>Tc and Tf); 

f) hysteresis behaviors of the S1-1DIS with first-order phase transition are quite 

different than those of the second-order phase transition. 

 

Namely, in the second-order case the S1-1DIS has one critical field point whereas it has 

two different critical field points in the first-order case. In other word, in the first-order 

case the S1-1DIS has two distinct hysteresis loops whereas it has one hysteresis loop in 

the second-order case. Moreover, hysteresis curves of the MT constitute a straight line 

with a constant slope. But, hysteresis curves of the QT constitute a straight line which is 

parallel to the applied field-axis as the temperature increases. Therefore, we suggest that 

hysteresis curves of the QT are independent from the applied field and they have a 

constant value at high temperature. On the other hand, the slope of the hysteresis curves 

of the MT decreases as the temperature rises and they become zero at high temperature. 

Moreover, similar to the spin1/2 -1DIS [41], the nearest-neighbor exchange interaction 

(J2) is very important to obtain phase transition in 1DIS (j2 should be J2>0 and j2<j1). 
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