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Abstract
The aim of this study is to investigate the variations of the Bishop frame curvatures
for null Cartan curves in semi-Riemannian manifolds. The Killing equations in terms of
the variations of the Bishop curvatures along the null Cartan curve is especially derived.
Killing equations are used to interpret the movement of the charged particles in a magnetic
field. The charged particle motion along a null Cartan curve through the Killing equations
is examined as an application in the study. It is found that the charged particle traces
a trajectory in the form of the null cubic during its movement in the Killing magnetic
vector field. According to the results obtained, an example of the null Cartan magnetic
trajectories is presented.
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1. Introduction
There are three types of curves: spacelike, timelike, and null (lightlike) in semi-

Riemannian manifolds. The spacelike and timelike curves may have a similar characteri-
zation whereas the null curve is different among these curves because of the metrical prop-
erties. While the induced metric on the spacelike and timelike curves are non-degenerate,
the induced metric on null curves is degenerate. The relativistic particle models are ex-
pressed by actions derived on a null curve. In [7–9], the authors investigate these actions in
Minkowski space. Moreover, they solved the variational problem of a null curve and they
found that the solution was a null elastic curve resulting via the rigid motion in the ro-
tational Killing vector field direction. Furthermore, the real classical string in Minkowski
space was associated with the null curves (see [11]). The string equations simplify the
wave equations. The solution of the 2-dimensional wave equation have presented that
strings are equal to a single null curve or pairs of null curves (see also [11–13, 20, 21]).
In addition, since Killing vector fields are divergence-free, they define a magnetic vector
field called a Killing magnetic vector field. If a charged particle enters a magnetic vector
field, then the velocity field of the curve exposes to the magnetic vector field. Thus, the
trajectory of the charged particle changes. This new trajectory of the particle is called a
magnetic trajectory. The charged particle motion using the variational problem has been
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examined in Euclidean 3-space and Lorentzian 3-space by Barros [1, 2]. All these studies
have resulted in the analysis to be conducted on variational problems on null curves.

The study is composed of six sections as follows: In Section 2, some of the necessary
concepts are reviewed. In Section 3, the variational formulas for the Bishop curvatures
of the null Cartan curve is derived. This section also involves a discussion about the
relationship between the variational formulas of the Bishop curvatures and the Killing
equations along a null Cartan curve in semi-Riemannian space forms. In Section 4, the
results are used to examine the charged particle trajectories in the Killing magnetic vector
field. Moreover, an example of null Cartan magnetic trajectory is given to illustrate the
theoretical results. In Section 5, the physical meaning of the results are summarized. The
final section includes conclusions and discussion.

2. Preliminaries
A semi-Riemannian manifold (M, ℘) is defined with a non-degenerate metric tensor ℘

with signature (−, +, +) given by

℘(ω, ϖ) = −ω1ϖ1 + ω2ϖ2 + ω3ϖ3,

for all ω = (ω1, ω2, ω3), ϖ = (ϖ1, ϖ2, ϖ3) ∈ χ(M).
The sectional curvature of a non-degenerate plane spanned by {ω, ϖ} is defined by

K(ω, ϖ) = ℘(ℜ(ω, ϖ)ω, ϖ)
℘(ω, ω)℘(ϖ, ϖ) − ℘(ω, ϖ)2 , (2.1)

where ℜ is semi-Riemannian curvature tensor given by

ℜ(U1, U2)U3 = −∇U1∇U2U3 + ∇U2∇U1U3 + ∇[U1,U2]U3, (2.2)

Ui ∈ χ(M), i = 1, 2, 3. Semi-Riemannian manifold with constant sectional curvature
is called semi-Riemannian space form. Then, the curvature tensor ℜ is given following
formula in this manifold:

ℜ(U1, U2)U3 = C{℘(U3, U1)U2 − ℘(U3, U2)U1}, (2.3)

where C is the constant sectional curvature.
A non-zero vector ω ∈ χ(M) is called space-like if ℘(ω, ω) > 0, time-like if ℘(ω, ω) < 0

and null if ℘(ω, ω) = 0, ω ̸= 0. Any two vectors ω, ϖ ∈ χ(M) are called orthogonal
if ℘(ω, ϖ) = 0. Two null vectors are orthogonal on the condition that they are linearly
dependent.

Let β be a smooth curve in (M, ℘) with the immersion ı : β → M . Let U be a coordinate
neighborhood on M and w be the corresponding local parameter. Then β is expressed by
the following representation

β : I → M ; w → β(w), (2.4)
where I is an open interval of R.

The curve β is called a null (isotropic or light-like) curve on the condition that the
velocity vector field along the curve β is a null vector. Namely, it is as follows;

g( dβ

dw
,

dβ

dw
) = 0. (2.5)

A null curve β is said to be a null Cartan curve, if it satisfies

s(w) =
w∫

0

g(β′′(w), β′′(w))dw, (2.6)
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where s is called pseudo-arc parameter. The Cartan frame {t, n, b} of a non-geodesic null
Cartan curve β satisfies the following equations;

t′ = κn, (2.7)
n′ = −κt + τb,

b′ = −τb,

where the first Cartan curvature κ(s) = 1 and the torsion τ(s) is an arbitrary function
according to the pseudo-arc parameter s. The null Cartan curves are called null Cartan
cubics on the condition that τ(s) = 0. The null Cartan frame vectors satisfy the following
relation,

℘(t, t) = ℘(b, b) = 0, ℘(n, n) = 1, (2.8)
℘(t, n) = ℘(n, b) = 0, ℘(t, b) = −1,

and
t × n = −t, n × b = −b, b × t = n, (2.9)

[6]. The Frenet frame is constructed for differentiable non-degenerate curves for 3-times
continuously. However, the second derivative of the curve may be zero at any point of the
curve. In this case, we can define an alternative frame called Bishop frame. The Bishop
frame t, n1, n2 of a regular curve in 3-dimensional Euclidean space is introduced by Bishop,
[3]. It consists of a tangent vector field t and two relatively parallel vector field n1 and n2,
(see [3]). In Minkowski 3-space the Bishop frame for non-null curves is obtained in [18].
For null and pseudo null curve, the Bishop frame defined as in the following theorem.

Theorem 2.1 ([10]). Let β be a null Cartan curve in (M, ℘) parameterized by pseudo-arc
s with the Cartan curvatures κ(s) = 1 and the torsion τ(s). Then, the relation with the
Bishop frame {t1, n1, n2} and the Cartan frame {t, n, b} of the curve β are given as follows: t1

n1
n2

 =

 1 0 0
−k2 1 0

k2
2
2 −k2 1


 t

n
b

 (2.10)

and the Bishop frame equations for null Cartan curve β defined as follows; t′
1

n′
1

n′
2

 =

 k2 k1 0
0 0 k1
0 0 −k2

  t1
n1
n2

 , (2.11)

where the first Bishop curvature k1(s) = 1 and the second Bishop curvature k2(s) satisfies
the following differential equation;

k′
2(s) = −1

2
k2

2(s) − τ(s). (2.12)

The Bishop frame {t1, n1, n2} satisfies the following conditions;

℘(t1, t1) = ℘(n2, n2) = 0, ℘(n1, n1) = 1, (2.13)
℘(t1, n1) = ℘(n1, n2) = 0, ℘(t1, n2) = −1,

Moreover, the cross product of the Bishop frame vectors satisfies the following condition;

t1 × n1 = −t1, n1 × n2 = −n2, n2 × t1 = n1, (2.14)
[10].
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3. Null Bishop variations in semi-Riemannian manifold (M, ℘)
Lemma 3.1. Let β : I ⊂ R → M be a null Cartan curve in the space form (M(C), ℘) and
ℑ be a vector field along the curve β. Then the variation of β in the direction of ℑ defined
by the map Γ : I × (−ε, ε) → M(C) satisfies Γ(s, 0) = β(s), ℑ(s) = ∂Γ(s,k)

∂s . In these cases,
we have the following functions of null Cartan longitudinal curves βk(s) = Γ(s, k):
1. Speed function v(s, k) =

∥∥∥∂Γ(s,k)
∂s

∥∥∥ ,

2. Bishop curvature functions k1(s, k) and k2(s, k).
The variations of the speed and the Bishop curvature functions at k = 0 are calculated as
follows:
(a)

ℑ(v) = (∂v

∂k
(s, k))

∣∣∣∣
k=0

= −vρ, (3.1)

ℑ(k1) = (∂k1
∂k

(s, k))
∣∣∣∣
k=0

= ℘(ℜ(ℑ, t1)t1 + ∇2
t1ℑ − k2∇t1ℑ, n1) + 2ρk1,

ℑ(k2) = (∂k2
∂k

(s, k))
∣∣∣∣
k=0

= ℘((1 − k1)ℜ(ℑ, t1)t1 + (k1 − 1)∇2
t1ℑ

+k2∇t1ℑ − k1k2∇t1ℑ, n2) + (1 − k1)ρ′ − 2ρk2 − 2ρk1k2,

where ρ = g(∇t1ℑ, t1) and ℜ stands for the curvature tensor of M.

Proof. Let β : I ⊂ R → M be a null Cartan curve in (M(C), ℘) with constant sectional
curvature C and ℑ be a vector field along the curve β. If we take the covariant derivative
∇ℑ of the speed function v(s, k), then it is calculated as follows;

ℑ(v) = (∂v

∂k
(s, k))

∣∣∣∣
k=0

= ℘(∂2Γ(s, k)
∂k∂s

, vt) (3.2)

= v℘(∇t1ℑ, t1)
= −vρ.

From the Bishop curvature equations, we get
k1 = ℘(∇t1t1, n1). (3.3)

If we take the covariant derivative ∇ℑ of the Bishop curvature k1(s, k), we obtain

ℑ(k1) = (∂k1
∂k

(s, k))
∣∣∣∣
k=0

= ℘(∇ℑ∇t1t1, n1) + ℘(∇t1t1, ∇ℑn1). (3.4)

On the other hand, we have the following two equations;
∇ℑ∇t1t1 = −ℜ(ℑ, t1)t1 + ∇t1∇ℑt1 + ∇[ℑ,t1]t1 (3.5)

and
[ℑ, W ] = ∇ℑW − ∇W ℑ (3.6)

= ∂2Γ(s, k)
∂k∂s

− ∂2Γ(s, k)
∂s∂k

= 0.

Considering the last formulas and the equation W = vt1, we get
[ℑ, vt1] = ℑ(v)t1 − v∇tℑ + v[ℑ, t1] = 0. (3.7)

This provides

[ℑ, t1] = −1
v

ℑ(v)t1; ρ = −1
v

ℑ(v) (3.8)
= ρt1.
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Considering the eq.(3.7) and eq.(3.8) with the equation [ℑ, t1] = ∇ℑt1 − ∇t1ℑ, we deduce
∇t1∇ℑt1 = ρ′t1 + ρ∇t1t1 + ∇2

t1ℑ. (3.9)
Using the eqs. (3.4)-(3.9) the expression for V (k1) becomes

ℑ(k1) = ℘(−ℜ(ℑ, t1)t1 + ∇2
t1ℑ − k2∇t1ℑ, n1) + 2ρk1. (3.10)

Now, we will calculate the variation of the second Bishop curvature
k2 = −℘(∇t1t1, n2). (3.11)

ℑ(k2) = (∂k2
∂k

(s, k))
∣∣∣∣
k=0

= −℘(∇ℑ∇t1t1, n2) − ℘(∇t1t1, ∇ℑn2) (3.12)

= −℘(−ℜ(ℑ, t1)t1 + ρ′t1 + 2ρ∇t1t1 + ∇2
t1ℑ, n2)

−℘(k2t1 + k1n1, ∇ℑn2)
= −℘(−ℜ(ℑ, t1)t1 + ρ′t1 + ρ∇t1t1 + ∇2

t1ℑ + p∇t1t1, n2)
+k2℘(∇ℑt1, n2) + k1℘(∇ℑn1, n2).

From the Bishop frame equation, we have
n1 = −k2t1 + n. (3.13)

Then, the covariant derivative of the eq.(3.13) is computed as

∇ℑn1 = −k′
2
∂k2
∂k

t1 − k2∇ℑt1 + ∇ℑn; ∂k2
∂k

= 0 (3.14)

= −k2∇ℑt1 + ∇ℑ∇t1t1

= −k2ρt1 − k2∇t1ℑ − ℜ(ℑ, t1)t1 + ρ′t1 + 2ρ∇t1t1 + ∇2
t1ℑ.

If we consider the eq.(3.13) and eq.(3.14), we find

ℑ(k2) = (∂k2
∂k

(s, k))
∣∣∣∣
t=0

= ℘((1 − k1)ℜ(ℑ, t1)t1 + (k1 − 1)∇2
t1ℑ

+k2∇t1ℑ − k1k2∇t1ℑ, n2) + (1 − k1)ρ′ − 2ρk2 − 2ρk1k2.

Thus, the proof is completed. �
Proposition 3.2. Let ℑ(s) be a restriction to β(s) of a Killing vector field ℑ of M then
the variations of the Bishop curvature functions and speed function of β satisfy:

ℑ(v) = ℑ(k1) = ℑ(k2) = 0. (3.15)

Proof. The local flow {ϕk} created by the Killing vector field ℑ consists of local isometries
of M . Since the variations ℑ(v), ℑ(k1) and ℑ(k2) do not depend on the variation Γ but
only on ℑ(s), we can variate β(s) in the direction of the vector field ℑ(s) as follows:

βk(s) = Γ(s, k) =: ϕk(β(s)). (3.16)
The local flow ϕt provides that the velocity function v(s, k) and curvature functions k1(s, k)
and k2(s, k) do not depend on the parameter k and thus, we obtain ℑ(v) = ℑ(k1) =
ℑ(k2) = 0. Since M is a real-space form with the constant sectional curvature C, then the
converse of the Proposition 3.2 is stated. �

The equations
ℑ(v) = ℑ(k1) = ℑ(k2) = 0, (3.17)

consist of a linear system in ℑ(s) and the solution space of this system is six dimensional.
According to Proposition 3.2, the restriction to β(s) of any Killing field of the space form
M(C) presents a solution of such a linear system. Since the M(C) is simply connected, its
isometry group is also six dimensional. Therefore the space of solutions is the restriction
of Killing vector fields of M(C).
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Corollary 3.3. ℑ is a Killing vector field along the null Cartan curve β if and only if it
fulfills the following equations:
i. ℘(∇t1ℑ, t1) = 0,
ii. ℘(∇2

t1ℑ, n1) − k2℘(∇t1ℑ, n1) = 0.

Proof. It is clear from Lemma 3.1. �

4. An application: Magnetic curves
In three-dimensional spaces, a divergence-free vector field generates a magnetic field. If

ℑ ∈ χ(M) is a Killing vector field then it satisfies ℓℑ℘ = 0. This implies that the Killing
vector field on (M, ℘) is divergence free. Thus, for n = 3, a Killing vector field defines a
magnetic field (see [1]).

The Lorentz force related to the magnetic field F is a skew-symmetric operator defined
by

℘(ϕ(ω), ℑ) = F (ω, ϖ), (4.1)
for all ω, ϖ ∈ χ(M).

The cross product of the vectors ω, ϖ ∈ χ(M) is defined as

ω × ϖ = (ω2ϖ3 − ω3ϖ2, ω3ϖ1 − ω1ϖ3, ω2ϖ1 − ω1ϖ2). (4.2)
The mixed product of the vectors ω, ϖ ∈ χ(M) is given by

℘(ω × ϖ, ϱ) = dυ℘(ω, ϖ, ϱ), (4.3)
where dυ℘ denotes the volume element on M .

Lorentz force ϕ related to the magnetic field ℑ is given by
ϕ(ω) = ℑ × ω (4.4)

and the magnetic curves satisfy
ϕ(t) = ℑ × t = ∇tt, (4.5)

where ∇ is the Levi-Civita connection of M.

Proposition 4.1. Let {t1, n1, n2} be Bishop frame and {k1, k2} be Bishop curvatures of
null Cartan curve β. Then, the Lorentz force equations according to the Bishop frame of
null Cartan curve β is calculated as follows: ϕ(t1)

ϕ(n1)
ϕ(n2)

 =

 k2 k1 0
−σ 0 k1
0 −σ −k2

  t1
n1
n2

 , (4.6)

where the function σ(s) is quasi-slope associated with each magnetic trajectory of the mag-
netic field ℑ.

Proof. Let β be a null Cartan magnetic curve in (M, ℘) with the Bishop apparatus
{t1, n1, n2, k1, k2}. Then, the eq.(4.5) implies

ϕ(t1) = ∇t1t1 = k2t1 + k1n1. (4.7)
Since ϕ(n1) ∈ span {t1, n1, n2}, we can express

ϕ(n1) = λt1 + µn1 + ζn2. (4.8)
Then, we obtain the following results

λ = −℘(ϕ(n1), n2) = −σ, (4.9)
µ = ℘(ϕ(n1), n1) = 0,

ζ = ℘(ϕ(n1), t1) = −℘(ϕ(t1), n1) = k1.
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As a consequence the vector field ϕ(n1) is obtained as
ϕ(n1) = −σt1 + k1n2. (4.10)

Finally, a similar computation leads to
ϕ(n1) = −σn1 − k2n2. (4.11)

�
Proposition 4.2. Let β be a null Cartan magnetic curve in (M(C), ℘). Then β is a
magnetic trajectory of a magnetic field ℑ if and only if ℑ can be written along β as

ℑ(s) = σt1 − k2n1 + n2, (4.12)
where k1 and k2 are Bishop curvatures of β and the function σ(s) is quasislope associated
with the magnetic curves of the magnetic field ℑ.
Proof. Let β be a null Cartan magnetic curve of a magnetic field ℑ. Then, we can write

ℑ(s) = ηt + ςn1 + δn2, (4.13)
where η, ς and δ are certain functions along a trajectory of ℑ and assume ℑ does not
vanish on β. When the equations (4.4)-(4.6) are used, we calculate η = σ, ς = −k2 and
δ = k1. Conversely, if we assume that eq.(4.13) holds, then we get ℑ × t1 = ϕ(t1). Thus,
β is a magnetic curve of the magnetic vector field ℑ. �
Remark 4.3. Under the pseudo-arc parametrization, generalized null cubics are repre-
sented as null helices of zero lightlike curvature. Moreover, such curves are unique up
to Lorentz transformation. Null helices of zero lightlike curvature are cubic curves with
respect to the pseudo-arc. Null helices of zero lightlike curvature are called null cubics
[14].
Theorem 4.4. Let β be a null Cartan magnetic curve and ℑ be a Killing vector field on the
space form (M(C), ℘). If β is one of the null Cartan magnetic trajectories of (M(C), ℘; ℑ),
then β is a null Cartan cubic curve with the second Bishop curvature k2 vanishes.
Proof. Let ℑ be a magnetic field in (M(C), ℘). Then, ℑ satisfies eq.(4.12). By differen-
tiating eq.(4.12), we get

∇t1ℑ = σ′t1 − k′
2n1 + σk2t1 + σn1 − k2n2. (4.14)

Using Lemma 3.1, we compute
ℑ(v) = v℘(∇t1ℑ, t1) (4.15)

= v℘(σ′t1 − k′
2n1 + σk2t1 + σn1 − k2n2, t1)

= −k2.

From Proposition 3.2, we obtain k2(s) = 0. This gives β is a null Cartan cubic. Then
differentiation of eq.(4.12) provides

∇2
t1ℑ = σ′′t1 + 2σ′n1 + σn2. (4.16)

Also, we have the following equation;
ℜ(ℑ, t1)t1 = C(℘(t1, ℑ)t1 − ℘(t1, t1)ℑ). (4.17)

Since β is a null Cartan curve, then we have ℘(t1, t1) = 0 and we calculate ℘(t1, ℑ) = −1.
We deduce

ℜ(ℑ, t1)t1 = −Ct1. (4.18)
Considering the eq.(4.16) and eq.(4.18) with second equation in Lemma 3.1, we have the
following equation;

ℑ(k1) = ℘(ℜ(ℑ, t1)t1 + ∇2
t1ℑ, n1) = 0 (4.19)

= 2σ′ = 0,
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which shows that σ is a constant. �

Corollary 4.5. Let β be a null Cartan magnetic curve in the simply connected space form
(M(C), ℘). Then β has the following parametric representation:

β(s) = c1s3 + c2s2 + c3s + c4,

where ci, ∈ R3
1, i = 1, 2, 3, 4.

Proof. It is clear from Theorem 4.4 and Bishop frame equations. �

Example 4.6. If we choose c1 = (1
8 , 0, 1

8), c2 = (0, 1, 0), c3 = (2
3 , 0, −2

3), and c4 = (0, 0, 0),
then we obtain null Cartan magnetic curve β parameterized as follows:

β(s) = (s3

8
+ 2s

3
,
s2

2
,
s3

8
− 2s

3
).

The curve has the following Bishop curvatures:

k1(s) = 1, k2(s) = 0.

By using Theorem 4.4, we can easily calculate that σ = 1, and so β is a null Cartan
magnetic curve. Then, the variational vector field is calculated as;

ℑ(s) = (3s2

4
+ 17

12
, s,

3s2

4
+ 1

12
).

The image of the null Cartan magnetic trajectory is plotted in Figure 1.

Figure 1. Null Cartan magnetic curve with σ = 1.

5. Physical meaning of the results
The behavior of the charged particle has been examined in terms of the Lorentz force F .

The Lorentz force acting on a particle can be expressed by the electric charged q, tangent
vector field t, electric field E and magnetic vector field ℑ as follows;

F = q(E + t × ℑ).
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When electric current flow moves through a conductor (M, ℘) and perpendicular to an
applied magnetic field ℑ, then the Lorentz force has the form as follows;

F = q(t × ℑ). (5.1)
In this article, we use the form in eq.(5.1). While a charged particle moves along a null
Cartan curve in the Killing magnetic vector field, it traces a helical trajectory. Moreover,
the axis of the helix is parallel to the Killing magnetic vector field ℑ. Furthermore, since
the Killing magnetic field has the form in eq.(4.12), the charged particle does not move
parallel to the Killing magnetic field ℑ. Furthermore, the magnetic field can have no effect
on an isolated charge. In Figure 2, we illustrate the movement of the charged particle in
a Killing magnetic vector field ℑ.

6. Conclusions and discussion
The main purpose of this study is to present null Cartan curve variations and their

applications. In this paper, we establish variations of the Bishop frame curvatures along
a pseudo null curve in a semi-Riemannian space form. Then, we obtain Killing equations
using these variations. Finally, as an application, the charged particle trajectories along the
null Cartan curves are determined by using the Killing vector fields. The characterizations
of these trajectories are generally given in terms of the variations related to the Frenet
frame rather than obtaining the variations of Bishop frame curvatures (see [16]). This
makes the given characterizations more complex. We are able to give simple and physically
significant characterizations. In conclusion, we reach that the charged particle follows a
helical trajectory in its movement along the null Cartan curve in the Killing magnetic
vector field.

In comparison with the previous studies, Kazan et al. examined the null Cartan mag-
netic trajectories and obtained some characterizations by using the Frenet frame equations
[15]. However, the authors did not present the curvatures or the parametric representa-
tions of these curves. In this paper, Killing equations enabled defining the curvatures
and the parametric representations of all null Cartan magnetic trajectories. Moreover,
We have presented the physical interpretation of the theoretical results by means of the
Killing equations. In [1, 2, 4, 5, 19], the authors examined the magnetic trajectories in
3-dimensional Riemannian and semi-Riemannian space forms and reached the following
results; when a charged particle moves in a static magnetic field, it follows a helical path. If
the velocity vector and the magnetic vector fields are perpendicular to each other, then the
particle traces the circular trajectories. In [17], the author examined the charged particle
motion along the pseudo null curves and concluded that the charged particle had similar
trajectories with the non-null curves. Different results are found compared to the previous
studies in this study. It is concluded that the particle follows only helical trajectory along
a null Cartan curve in the Killing magnetic field as a different result. The charged particle
motion along the null Cartan curve is illustrated in Figure 2.

Figure 2. A charged particle moves along the null Cartan helical trajectory.
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