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ANew Class Of s-TYPE X (u, v, [,(E)) Operators

Pinar Zengin Alp*!, Merve ilkhan?

Abstract

In this paper, we define a new class of s-type X (u, v; [,,(E)) operators, Ly, ,, . Also we show
that this class is a quasi-Banach operator ideal and we study on the properties of the classes
which are produced via different types of s-numbers.

Keywords: operator ideals, s-numbers, block sequence spaces.

1. INTRODUCTION

Operator ideal theory is an important subject of
functional analysis. There are many different
ways of constructing operator ideals, one of them
1S using s-numbers. Some equivalents of s-
numbers are Kolmogorov numbers, Weyl
numbers and approximation numbers. Pietsch
defined in [1] the concept of s-number sequence
to combine all s-numbers in one definition. After
some revisions on this definition s-number
sequence is presented in [2], [3].

In this paper, by N and R* we denote the set of all
natural numbers and nonnegative real numbers,
respectively.

* Corresponding Author: pinarzenginalp@gmail.com

A finite rank operator is a bounded linear operator
whose dimension of the range space is finite [4].

Let X and Y be real or complex Banach spaces.
The space of all bounded linear operators from X
to Y and the space of all bounded linear operators
between any two arbitrary Banach spaces are
denoted by L(X,Y) and L, respectively.

An s-number sequence is amap s = (s,,): LR
which assigns every operator T L to a non-
negative scalar sequence (S,(T)ney) if the
following conditions hold for all Banach spaces
X,Y,Xoand Y:

STl = 51(T) =2 5,(T) = -+ =0 for every
T € L(X,Y),
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(82) spyn-1(S +T) < s,(T) + 5,(T) for
every S,T € L(X,Y)andm,n €N,

(83) s, (RST) < [IR||sp,(S)|IT|| for some R €
L(Y,Yy),S5€ LX,Y)and T € L(X,,X), where
Xy, Y, are arbitrary Banach spaces,

(84) If rank(T) < n, then s,,(T) = 0,

(85) s, (I: 13 - 13) = 1, where I denotes the
identity operator on the n-dimensional Hilbert
space 1}, where s, (T) denotes the n-th s-number
of the operator T [5].

As an example of s-numbers a,(T), the n-th
approximation number, is defined as

a,(T) =inf{||T — A|: A € L(X,Y), rank(A) < n},
where T € L(X,Y) andn € N [6].

Let T € L(X,Y) and n € N. The other examples
of s-number sequences are given in the following,
namely Gelfand number (c,(T)), Kolmogorov
number (d,(T)), Weyl number (x,(T)), Chang
number (y,(T)), Hilbert number (h,(T)), etc.
For the definitions of these sequences we refer to
[4], [7]. In the sequel there are some properties of
s-number sequences.

When any metric injection | € L(Y,Y}) is given
and an s-number sequence s = (s,) satisfies
s,(T) =s,(JT) for all Te L(X,Y) the s-
number sequence is called injective [3].

Proposition 1. The number sequences (c,(T))
and (x,(T)) are injective [3].

When any metric surjection S € L(X,, X) is
given and an s-number sequence s = (s,)
satisfies s, (T) = s,(TS) forall T € L(X,Y) the
s-number sequence is called surjective [3].

Proposition 2. The number sequences (d,(T))
and (y,(T)) are surjective [3].

Proposition 3. Let T € L(X,Y).Then h,(T)

< % (T) < cp(T) < an(T) and by (T) < y,(T) <
dn(T) < an(T) [3].
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Lemma 1. Let S,T € L(X,Y), then |s,(T) —
S| < |IT -S| forn =1,2,--- [1].

A sequence space is defines as any vector
subspace of w, where w is the space of real
valued sequences.

The Cesaro sequence space ces, is defined as

cesy = {x = () € 0: 5y (G 5Ralael) < oo}
where 1 < p < o [8],[9], [10].

If an operator T € L(X,Y)  satisfies
Yme1(an(T))P < oo for 0 < p < oo, it is defined
as an [, type operator in [6] by Pietsch. Then

Constantin defined a new class named ces-p type
operators, via Cesaro sequence spaces. If an
operator TeL(XY) satisfies

P
Yo (%Z};zlan(T)) <o, 1<p<oo, it is
called ces-p type operator. The class of ces-p type
operators includes the class of [, type operators
[11]. Later on Tita [12] proved that the class of [,,

type operators and ces-p type operators are
coincides. Some other generalizations of [,, type

operators were examined in [4], [13],[14], [15].

Continuous linear functionals on X are compose
the dual of X which is denoted by X'. Let x" € X’
and y € Y, then the map x'®y: X — Y is defined
by

x'®y)(x) = x'(x)y,x € X.
A subcollection J of L is called an operator ideal
if every component J(X,Y)=3nNL(XY)
satisfies the following conditions:
i)ifx' €X',y €Y, then x'®y € J(X,Y),
i) if S,T € J(X,Y), thenS +T € J(X,Y),

iii) if S € 3(X,Y), T € L(X,, X) and R € L(Y,Y,),
then RST € S(Xo, Yo) [2]

Let 3 be an operator ideal and a: 3 - R* be a
function on 3. Then, if the following conditions

satisfied:

)Ifx' € X',y €Y, then a(x'®y) = |[x||lyll,
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ii) there exists a constant ¢ = 1 such that «
(S$+T) <cl[x (S)+x (T)],

iii) if S € 3(X,Y),T € L(X,,X) and R € L(Y,Y,),
then o< (RST) < ||R|| o< (SHIIT ||

a is called a quasi-norm on the operator ideal 3

[2].

For special case ¢ =1, « is a norm on the
operator ideal J.

If oc is a quasi-norm on an operator ideal J, it is
denoted by [J,a]. Also if every component
J(X,Y) is complete with respect to the quasinorm
a, [, a] is called a quasi-Banach operator ideal.

Let [T, a] be a quasi-normed operator ideal and
J € L(Y, YO) be a metric injection. If for every
operator T € L(X,Y) and JT € J(X,Y,) we have
T € 3(X,Y) and a(JT) = a(T), [3,a] is called
an injective quasi-normed operator ideal.
Furthermore, let [J, @] be a quasi-normed operator
ideal and Q € L(X,, X) be a metric surjection. If
for every operator T € L(X,Y) and TQ €
JX,Yy) we have T € J(X,Y) and a(TQ) =
a(T), [3, a] is called an surjective quasi-normed
operator ideal [2].

Let T' be the dual of T. An s-number sequence is
called symmetric if s,,(T) = s,(T") forall T € L.
If 5,(T) = s,(T") the s-number sequence is said
to be completely symmetric [2].

For every operator ideal 33, the dual operator ideal
denoted by J' is defined as

I'X,Y)={TeLXY):T e 3JY' X"},

where T' is the dual of T and X' and Y’ are the
duals of X and Y, respectively.

An operator ideal J is called symmetric if § € J'
and is called completely symmetric if I = J'[2].

Let E = (E,,) be a partition of finite subsets of
positive integers such that

maxkE, < maxE, 4
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for n = 1,2,---. Foroutannia, in [16] defined the
sequence space L, (E) as

p

L,(E) = x=(xn)Ew:§ ij < 0,

n=1 |jEE,

where (1 < p < o) with the seminorm |||x|||, £
which defined in the following way:

1
oo P\p

il = DD %

n=1|jEE,

For example if E,, = {2n — 1,2n} for all n, then
x = (%) € Ly(E) if and only if %50 |xpn_q +
X,q|P < 0. It is obvious that |||*|] |p,z cannot be a
norm, since if x = (1,—1,00,---) and E, =
{2n — 1,2n} for all n then |[||x]||,r = 0 while

x # 0. In the special case E, = {n} for n=
1,2,---, we have L,(E) = L, and |||x|[[,z = llx]],.

For more information about block sequence
spaces we refer to [17], [18].

2. MAIN RESULTS

Let u = (u,) and v = (v,) be positive real
number sequences. In this section we give the
definition of the sequence space X (u, v; [,,(E)) as
follows:

o P
X (u, v; lp(E)) = {xew: Z (un Z vjx]-(T)> < 00}

n=1 JEEn

An operator T € L(X,Y) is in the class of
Ly vk X, V)if

[oe)

p
) M) | <o, (1<p<o)
1

n= JEEL

The class of all s-type X (u, v; L, (E)) operators are
denoted by Ly, ..
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Theorem 1. The class L, ,.¢ is an operator ideal
for 1 < p < oo where vy_q + Vo < Moy, (M >
0) and Yz (up)? < co.

Proof.

o 4

Z Up z visj(x'®y) | = (ugv15,(xX'®y))P
n=1 jEEn

= uPvP||x'Qy|P
= uPvP||lx'|IPly|IP <

Since the rank of the operator x'®y is one,
Sp(x'®y) = 0forn > 2. Therefore x'®y € Ly, .g.

LetS,T € Ly ,.5. Then

o p . P
z <un z vjsj(5)> < OO,Z (un Z vjsj(T)> < o

n=1 JEER n=1 JEEn

To show that S + T € Ly, ,,.r (X, Y), we begin with

o P

Z (un Z v;s;(S + T))

n=1 JEER

< i (un Z V3j-152j-1(S +T)

n=1 JEER

B P
< Z (Mun z v;(s5;(S) + Sj(T))>
n=1

JEEn

By using Minkowski inequality;

Sakarya University Journal of Science 23(5), 792-800, 2019

I

Hence S + T € Ly, (X,Y).

Let Re£L(Y,Y,), SELypp(X,Y) and TE
L(Xo, X)

[e9) P s L
Z <un Z vjsj(RST)> < Z (un Z ||R||||T||Vj5j(5)>
n=1

P

JEEy n=1 JEE,

< IRIPITIP <un D vjsj(5)> <

n=1 JEEL
SO RST € Lyy.z(Xo, Yo).

Therefore Ly, ,,.¢ 1s an operator ideal.

[

Zﬁl n2j nVjSj T P E'
Theorem 2. [[T]l, , g= 222" AT ..
11

quasi-norm on the operator ideal Ly, ..

Proof.
1
o0 I P\p
(Zri(un Tje, vis (X' ®Y))")”
Uuiv,
1
ul vl ||x'®ylIP)?
L L _ vy
Uy
= |l

Since rank of the operator x'®y 1is one,
s, (x'®y) = 0 for n = 2. Therefore

'@y lluve = llx"1I¥Il.

LetS,T € Ly ,.5. Then

Z U]S](S+T) < Z ij—ISZj—l(S + T) + Z ijSZj(S + T)

JEEn JEEn JEER
< Z (V2j-1 +V2j)$2j—1(S+T)

J€En

J€En
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By using Minkowski inequality;

o P
<nZl (un J;n v;si(S + T)) )

Hence “S + T”u,v;E < M(”S”u,v;E + “T”u,v;E)-

Let Re£L(Y,Y,), SELy,z(X,Y) and TE
L(Xo,X)

. N
<; <un ];n vjs]-(RST)) )
. P\p
< (Z <un > ||R||||T||v,-s]-(5)> >
n=1

J€ER

w© N
< IRIIT] <Z <un > vjsj(5)> > <o
n=1

J€En
Hence
IRST vz < IIRINT IS ;-
Therefore ||T||,, ¢ is @ quasi-norm on Ly, ..

Theorem 3. Let 1 < p < 0. [Ly g, I T |l 0] is
a quasi-Banach operator ideal.

Proof: Let X,Y be any two Banach spaces and
1 < p < 0. The following inequality holds

[

321 (un Bjer, vjs ()7 )P
”T”u,v;E:( e )zllTll

U1,

for T € Ly 5.

Let (T;,) be a Cauchy in L, ,,.g(X,Y). Then for
every € > 0 there exists ny € N such that

Sakarya University Journal of Science 23(5), 792-800, 2019

”Tm - Tl”u,v;E <g (2-1)
For all m,l = n,. It follows that
”Tm - Tl” < “Tm - Tl“u,v;E <e.

Then (T,,) is a Cauchy sequence in L(X,Y).
L(X,Y)is a Banach space since Y is a Banach
space. Therefore ||T,, — T|| > 0 as m — oo for
T € L(X,Y). Now we show that ||T,, — Tllyp.g =
Oasm —> o forT € Ly,.z(X,Y).

The operators T; — T,,, T — T;,, are in the class
L(X,Y) forT,,, T;,T € L(X,Y).

|Sn(Tl - Tm) - Sn(T - Tm)l < ”Tl - Tm - (T - Tm)”
=T, - Tl

Since T, > T as | - oo that is ||, - T| <& we
obtain

Spy(Ty —Ty) = sy (T —T,,) as | > oo, (2.2)

It follows from (2.1) that the statement

1
© P\p
(o1 (un Xjee, visi (T — T1))" )P
T — Tl”u,V;E = <g
U

holds for all m,l = n,. We obtain from (2.2) that

[

(E%°:1(un YjeEn VjSj (Tm—T))p)5

Uuvy

<é¢gasl—> oo,

Hence we have [T, — Tllypg < & for all m >
nyg.

Finally we show that T € L, ,,.z(X,Y),
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< i (un Z V2j-152j-1(T)

JEEn

P
+u, Z szSZj(T)>

J€EEn

DYCHX

JEEn

P
+v;;)82j1 (T = Ty + Tm)>

w 14
= MZ (”n Z v (5 (T = T) + Si(Tm))>
n=1

JEEn

By using Minkowski inequality; since T, €
Lyye(X,Y) for all m and [|T,, — Tlly 4z = O as
m — oo, we have

1

o P\ 7
<Z <un Z v (s] (T-Ty) +s; (Tm))> )
=1 JEEL

<i <u Z v; SJ(T Tm))> )
+M <i <un Z vj(sj(Tm))> ) <

n=1 JEER
which means that € Ly, ,,.z(X,Y).

Proposition 1. The inclusion L wvE S cr?
holds for 1 < p < g < co.

uv,E

Proof: Since [,
have L? . < L!

Clgfor 1<p<g<o we

u,v,E*

Let u = (un(T)) be one of the sequences a =
(an(M), c=(cn(M), d=(du(D), x=

(xn(T)) y = (yn(T)) and h = (h (T)) Then
)

we define the space L(“) »:g and the norm |||, ;.

as follows:

® P
L(u”l);s(x' Y)= {T € L(X,Y): Z (un Z uj(uj('r))> < oo},

n=1 JEER
(1<p<x)

and

Sakarya University Journal of Science 23(5), 792-800, 2019

1

i (Z;oﬂ (un Y jeE, lelj(T))p)5
u,v,E = 1 '

=t )PPy,

IT]|

Theorem 4. Let 1 < p < co. The quasi-Banach
o IT 11

operator ideal [Luv 2 Tl g | 1s injective, if s-

number sequence is injective.

Proof. Let 1 <p<ooand T € L(X,Y) and | €
L(Y,Y;) be any metric injection. Suppose that

IT € L), (X, Yp). Then

p

i unz v;s;(IT) | <o

n=1 JEEn

Since s = (s,,) is injective, we have

s,(T) =s,(IT) forallT € L(X,Y),n=1,2, ...
(2.3)

Hence we get

p

P
Z Uy, Z v;5;(T) =Z Uy, Z v;5;(IT) | <o

n=1 JEEn n=1 JEEn

Thus T € L&

uv,E

(X,Y) and we have from (2.3)

S

e (Z%oﬂ (un Y€k, Uij(IT))p)

u,v,E — 1
Qn=1 Wp)P)Pvy

1
oL
(E?l‘;l (un Xjety ”jSJ(T)) )p )
— 1 = ”T”u,v,E
Qr=1 W)P)Po
Hence the operator ideal [LSLE'”T”;%E] is

injective.

Corollary 1. Since the number sequences
(cp(T)) and (x,(T)) are injective, the quasi-
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Banach operator ideals [LEﬁ?,,E,IITllifl,E] and
[LSZB,,E, ||T||S,C,),,E are injective [3].

Theorem 5. Let 1 < p < oo. The quasi-Banach
(s)
L

wE TN | is surjective, if s-

operator ideal [ WV,E

number sequence is surjective.

Proof. Let 1 <p<ooand T € L(X,Y) and S €
L(X,,X) be any metric injection. Suppose that

TS € L), ;(Xo, Y). Then
p

z Uy, Z v;s;(TS) | < oo,
n=1

JEEn

Since s = (s,,) is surjective, we have

Sp(T) = 5,(TS) forallT € L(X,Y),n=12,....
(2.4)

Hence we get

p p
Z (un Z vjsj(T)> = Z (un Z vjsj(TS)> < oo,
= n=1

n=1 JEE, JEEn

Thus T € LE‘Z?,’E (X,Y) and we have from (2.4)

1
TS| = (521 (n Byer, w5 TS) )

uv,E — 1

Cr=1 W)P)Pvy
1

(Zr (un e, vyss ) )

= T = ITIIS) &
Qn=1 Wn)P)Pvy
Hence the operator ideal [LE‘ZL’E, ||T||1(j 1);,5 is

surjective.

Corollary 2. Since the number sequences
(d,,(T)) and (y,(T)) are surjective , the quasi-

1P @ ] and

Banach operator ideals [ W,E wv,E

[L(y) T .| are surjective [3].

uv,E’ u,v,E

Sakarya University Journal of Science 23(5), 792-800, 2019

Theorem 6. Let 1 < p < co. Then the following
inclusion relations hold:

i. L(a) cC L(C) cC L(x) cC L(h)

uv,E — “uv,E — “uv,E — “uuvE

ii. L(a) cC L(d) cC L(Y) cC L(h)

uv,E — “uv,E — “uv,E — “uuvkE"

Proof. Let T € L'®

uv,E-*

P
Z U, Z v;s;j(T) | <o

n=1 JEEn

Then

where 1 < p < 0. And from Proposition 3, we
have;

p 14

i Uy z vhi(T) | < Uy Z v;x;(T)

n=1 JEER J€EE,

i

<52 (n Sjer, v (D)

< 551 (un Syes, vy ()’

< o
and
p P
Z U, Z V]h](T) < Z Un Z V]y](T)
n=1 JEER n=1 JEEn

<521 (0 Sjes, (D))

p
< Tt (un Zjes, v,4;(T))
< oo,

So it is shown that the inclusion relations are
satisfied.

Theorem 7. The operator ideal A

u,E is
symmetric and the operator ideal LEZ,),‘E is
completely symmetric for 1 < p < co.

Proof. Let 1 < p < oo,
798
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(@

Firstly, we prove that the inclusion L7, S

(LS%E) holds. Let T € LS:?,E Then
p
Z U, Z v;a;j(T) | <oo.

n=1 JEEn

It follows from [2] a,(T") < a,(T) for T € L.
Hence we get

P P
Z (un Z vja]-(T’)> < Z (un Z vja]-(T)> < oo,
n=1

JEE, n=1 JEEn

uv,E u,v,E 18

Therefore T € (L(a) ) Thus L@

symmetric.

Now we prove that the equation = (Lgthl), E)

u,v,E —

holds. It follows from [3] that h,,(T") = h,,(T) for
T € L. Then we can write

p

[oe]

P
Z Uy, Z v;hi(T") =Z Uy, Z v;h; (T)

n=1 JEER n=1 JEEn

Hence LSL’?, g 1s completely symmetric.

Theorem 8 Let 1 <p <o. The equation

Lgﬁ,,g = (LSI‘?,'E) and the inclusion relation
Lgf,),,E c (LSfi,E) holds. Also, the equation
Lgf,i,),,E = (Lsz,E) holds for any compact
operators.

Proof. Let 1 <p < oo. For T € L we have from
[3] that ¢,(T) =d,(T") and c,(T") < d,(T).
Also, if T is a compact operator, then the equality
cn(T") = d,,(T) holds. Thus the proof is clear.

Theorem 9 LSZB,'E = (LS?,E) and LEZ,),’E =
(L$2¢) hold

Proof. Let 1 <p < oo. For T € L we have from
[3] that x,(T) =y, (T") and y,(T) = x,(T").
Thus the proof is clear.

Sakarya University Journal of Science 23(5), 792-800, 2019
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