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1. INTRODUCTION

Zadeh was introduced the fuzzy set theory as an extension of crisp sets [1]. Countless studies have been
carried out on fuzzy set theory. Fuzzy algebraic structures like groups, rings, lattices, etc. were examined
by several researchers. The generalization of universal algebras on fuzzy sets was studied by Murali, in
1987 [2]. The concept of congruence relations on fuzzy universal algebras was studied by the same author

[3].

An extension of fuzzy sets which called intuitionistic fuzzy set was introduced by Atanassov in 1983 [4].
Truth value set was enlarged to the lattice [0,1]x[0,1] given in Definition 1. After the introduction of this

theory, basic concepts were introduced on intuitionistic fuzzy sets. Burillo and Bustince defined
intuitionistic fuzzy relation [5]. Then, they studied intuitionistic fuzzy equivalence relations [6]. The
intuitionistic fuzzy congruence relations on algebraic structurs like, groups, rings, lattices, etc. were studied
by different authors. In this study, we examined the intuitionistic fuzzy congruence relations on
intuitionistic fuzzy abstract algebras and we obtained some properties of intuitionistic fuzzy congruence
relations.

Definition 1. Let L =[0,1] then L' ={(a,,a,) e L* : a, +a, <1} is a lattice with
(a,,a,)<(b,,b,)<=a, <b, anda,=>Dh,.

The operations A and v on (L',<) are defned as following;

For (a;,b,).(a,,b,) eLl’, (a,,b)) A(a,,b,) =(min(a,,a,), max(b,,b,))

(a,,b;) v (a,,b,) =(max(a,,a,), min(b,,b,))
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Foreach Jc L'
supJ = (sup{a :(a,beL),((a,b) €J)},inf{b : (a,beL)((a,b)ed)}) and
infJ=(inf{a :(a,beL)((a,b) € )},sup{b : (a,beL)((a,b)e)}).

Definition 2. [4] Let a crisp set X be fixed. An intuitionistic fuzzy set (shortly IFS) in X is an object of the
following form

A={<X, 1, (X), va(X) > x e X}, where functions p, (X), (s : X—[0,4]) and v, (X),(v, : X—[0,1])
are called degree of membership and the degree of non- membership of X € X to the set A, respectively,
and 0<p, (X)+v,(x) <1 forall xeX.

o (X) =1—p, (X) — v (X) is the definition of hesitation degree of x € X.

Some basic definitions are given as follow.

Definition 3. [4] Let a set X be fixed. An IFS A is contained in an IFS B (notation AC B)) if and only if,
forall xeX : p,(X) < pg(x) and v, (X) = vg(X).

Clearly, A=B ifand only if ACB and BC A

Definition 4. [4] Let a set X be fixed, AclIFS(X) and A={<X,u,(X),v,(X)> xeX} then the
complement of A defined as follow:

A’ ={<X, v, (X),pp(X) > xe X}

Atanassov introduced two modal operators over intuitionistic fuzzy sets that transforms an IFS into a fuzzy
set as follows;

Definition 5. [7] Let a crisp set X be fixed and A={<X,p,(X),v,(X)> XX} is an intuitionistic fuzzy
set on X.

L OA={Xua(X),1-p (X) > xe X}
il. OA={<X1-v,(X), v (X)> xeX}

Level sets have important role on fuzzy set theory. Atanassov defined the concept of level sets on
intuitionistic fuzzy sets and studied the main properties.

Definition 6. [4] Let a set X be fixed and A € IFS(X) . The (t,S) — cut and strong (t,s) —cut of A are crisp

subsets A ) and A<t,S> of the X, respectively are given by

(t.s

Aty {x 1 xeXsuchthat p,(x)>t,v,(x)<s}

A {x : xeXsuch that p, (x) > t,v,(x) <s}

where t,s€[0,1] with t+s<1.

Burille and Bustince were introduced the definitions of intuitionistic fuzzy relation and intuitionistic fuzzy
equivalence relation as follows.

Definition 7. [5] An intuitionistic fuzzy relation (shortly IFR) is an intuitionistic fuzzy subset of XxY that
is, is an expression R given by

R ={<(X!y)!p‘R (X!y)lVR (X:y)> : XEXaYEY}
where Uy @ XxY —[0,1], v, : XxY —[0,1] with 0<p, (X,Y) +vg(x,y) <1 for any (X,y) e XxY.
Definition 8. [6] Let X be a universal and R € IFR(X).
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1) Forevery xeX, pg(x,x)=landvg(x,x)=0 then R is called an intuitionistic fuzzy reflexsive.
2) Forevery X,ye X, ps(X,y)<uz(y,x)andv,(X,y) > v, (y,x) then R is called an intuitionistic fuzzy

symmetric.
3) Forevery X,y,z€ X,

Hr (X, ¥) AUR(Y,2) S U (X,2)and Vg (X, ¥) V Ve (¥,2) 2 Vg (X, 2Z)
then R is called an intuitionistic fuzzy transitive.

If an intuitionistic fuzzy relation satisfies the previous properties then it is called an intuitionistic fuzzy
equivalence relation (IFE(X)).

Theorem 1. [8] Let X be a non-empty set and R € IFR(X). Then R e IFE(X) if and only if R(r,s) is an
equivalence relation on X for each r,s €[0,1] with r+s<1.

Definition 9. [9] Let X and Y be two non-empty sets and f : X > Y be a mapping. Let A e IFS(X) and
B e IFS(Y). Then f is extended to a mapping from IFS(X) to IFS(Y) as

F(A)Y) =By a9 Ve )

va(x): xef(y)
1 otherwise

pa(x): xef ()}

v
where p, () = 0; otherwise

A
and vy, (y) =
f(A) is called the image of A under the map f Also, the pre-image of B under f is denoted by f*(B)
and defined as

f1(B)(X) = (“f-l(s) (X),Vf_l(B) (x)) where Hea gy (x) =pg(f(x)) and Ve (x) =vg(f(x)).

Abstract algebras(or algebras) have a comprehensive study area on crisp sets. Murali introduced the concept
of fuzzy abstract algebra using Zadeh's extension principle [2, 10]. Fuzzy congruence relation was defined
and some properties of fuzzy congruence relations were studied by same author [3]. The generalization of
abstract algebra to intuitionistic fuzzy abstract algebra was studied by Cuvalcoglu and Tarsuslu(Y1lmaz)

[11].
Firstly, let remember the definition of crisp abstract algebra.

Definition 10. [12] An abstract algebra (or algebra) A is a pair [S,F] where S is a non-empty set and F is

a specified set of operatians f , each mapping a power S of S into S for some appropriate nonnegative

o!

finite integer n(a).

Unless otherwise stated, each operation f, assigns to every n(a)— ple (Xl,...,xn(a)) of elements of S, a

value fu(xl,...,xn(a)) in S, the result of performing the operation f, on the sequence Xyyeeoy Xpgye I
n(a) =1, the operation f_ is called unary; if n(a)=2, it is called binary; if n(a)=3, it is called ternary,
etc. When n(a) =0, the operation f_ is called nullary; it selects a fixed element of S.

A=[S,F] and B=[T,F] are called similar algebras if F and F’ are same for each o the types of f, and
¢

Definition 11. [12] Let A=[S,F] and B=[T,F’] be two similar algebras. A function : S— T is called a
homomorphism of A into B if and only if for all f, eF and X, €S, i=12,...,n(a),

f, ((p(xl ),0(x, ),...,(p(xn(a) )) = (p(fa (x, s Xy X ))

A crisp congruence relation on an algebraic system A =[S,F] is an equivalence relation 8 on A =[S,F]
which has the substitution property for its operations. It means that, for all f eF and a,,b, €S,
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i=12,..,n(a),

a,=b,(0)=1,(a,,8,,...8,4, ) =f, (b;,b,.....b, ., )(6).

Many algebraic structures were extended on intuitionistic fuzzy sets by several researchers and important
theorems were proved. The concept of intuitionistic fuzzy abstract algebra examining on this study is
defined as follows.

Definition 12. [11] Let S=[X, F] be an algebra where X is a non-empty set and F is a specified set of finite

operations f_, each mapping a power X"® of X into X, for some appropriate nonnegative finite integer

a?

n(a). For each f , a corresponding operation @, on IFS(X) as follows;
, 1 IFS(X) < IFS(X) x...x IFS(X) > IFS(X),, (A}, A, A, ) ) = A

% *n(a)
such that
AG) = SUD{AL (%) AAL(X) A AR (Ky) s B (X0 X Xy ) =X
©=(0,1); other wise

Shortly, A=, (A}, A,... A, )-
Let Q={w, : corresponding operation for each f € F} then [] = [(I X I)X,Q] is called intuitionistic fuzzy
abstract algebra (or intuitionistic fuzzy algebra).

If n(a) =0 then f_(X)=e that e is a fixed element of X. So, ®, is defined as following:

{supA(x), X=e
0,(A) = A, A (X) =4 xX
0,1, x=e

Definition 13. [11] Let X be a non-empty set and A € IFS(X). A is called an intuitionistic fuzzy subalgebra(
IF — subalgebra) of [ = [IFS(X), Q] intuitionistic fuzzy algebra if and only if for nonnegative finite integer
n(a),o, (A A,..,A)C A, forevery o, .

Theorem 2. [6] Let S=[X,F] be an algebra, f, eF and A /A A,,...,A,,, be IF—subalgebras.

7 n(a)

coa(Al,AZ,... A )EAifandonlyifA(fu(Xl,x2,...,Xn(a)))2 min A, (X;)

() 1<i<n ()

is true for every (Xl,xz,...,xn(a)) e X",

This definition coincides with [3].

2. INTUITIONISTIC FUZZY CONGRUENCE RELATIONS ON ABSTRACT ALGEBRAS

Through congruence relations, algebraic substructures are obtained which have an important role in algebra
theory. The definition of intuitionistic fuzzy congruence relation on abstract algebras has introduced in [14].

Definition 14. [13] Let S=[X,F] be an algebra and f, € F. For any (Al,Az,...,An(a))e IFR (X)"(“) and
forany X,y €S, . (Al,AZ,...,An(a)) to be an element of IFR(X) defined by

®a (Al,AZ,...,An(u) )(x,y) = Syg(lmi{h)Ai (xi,yi ))

such that the supremum is taken over all representations of fa(Xl,XZ,...,Xn(a)):X and

fa(y,,yz,...,yn(a))=y. Therefore, [IFR(X),Q] is an intuitionistic fuzzy algebra on intuitionistic fuzzy

relations.
Definition 15. [13] Let S=[X,F] be an algebra. Ae IFE(X) is an intuitionistic fuzzy congruence relation

on S if and only if, for each f, eF, w. (ALA,..,A)C A
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Proposition 1. [13] Let A be an intuitionistic fuzzy congruence relation on S=[X,F] algebra then

A(r,s) (Shortly ~) is a crisp congruence relation on S for each r,s €[0,1] with r+s<1.

In this study, the properties of intuitionistic fuzzy congruence relation were examined in detailed and the
following main results were obtained.
Theorem 3. Let S=[X,F] be an algebra, f_ eF, and A ,A,,...,A

S.
©a (Al,Az,...,An(a) ) CAs A(fa (xl,xz,...,xn(u) ),fu (yl,yz,...,yn(u) ))2 min A, (xi,yi)

I<i<n(a)

n(+ A be intuitionistic fuzzy relations on

for all pairs of n(a) — tuples (Xl,xz,...,xn(a)) and (yl,yz,...,yn(a)).

The proof of this theorem can be seen easily from Theorem 1 and following Corollary is clear.

Corollary 1. Let S=[X,F] be an algebra. An intuitionistic fuzzy equivalence relation A on S is an
intuitionistic fuzzy congruence relation on S if and only if

A(fa(xl,xz,...,xn(u)),fa (yl,yz,...,yn(u))) > min A (X,Y,;)

1<i<n(a)

for all f, eF, and for all n(a)— tuples (Xl,xz,...,xn(a)), (yl,yz,...,yn(a))exn(“).

Example 1. Let consider the group G = {e,a, b} determined by following operation *. It is clear that G is

an algebra given by a binary operation, a unary operation(inversion) and a constant operation(the neutral
element) satisfying well known laws.

R e a b
* e a b
e e a b e (1, 0) (0.6,0.2) | (0.6,0.2)
a a b e a | (0.6,0.2) (1,0) (0.6, 0.2)
b b e a b | (0.6,0.2) | (0.6,0.2) (1,0)

R is an intuitionistic fuzzy congruence relation on G. That is, R is an intuitionistic fuzzy equivalence relation
on G and for any X;,X,,Y,,Y, €G,

R(X, *X,, Y, *Y,) =R (X, ;) AR(X,,y,) and R(xl’l,yl’l) >R(X,Y,)

Proposition 2. Let S =[X,F] be an algebra with subalgebra { e} and A be an intuitionistic fuzzy congruence
relation on S. Then A, is an intuitionistic fuzzy subalgebra of S such that e= {X : A( X, e) = (1, 0) X € X}.
Proof: Let f, e F and (xl,xz,...,xn(a)) e X"®_ Then,

A, (fa(xl,xz,...,xn(a))) =A(fu (xl,xz,...,xn(a)),e)

=A(fa (xl,xz,...,xn(u)),fa (e,e,...,e))
> min A(x;,e)

1<i<n(a)

= min A_(x;)

Ki<n(a) ©

So, f, (AL A A )<A

e’ e e

Proposition 2: Let S=[X,F] be an algebra. If A is an intuitionistic fuzzy congruence relation on S then so
are [JA and OA.

Proof: Let A be an intuitionistic fuzzy congruence relation.

(i) For all a e X,
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noa(aa)=p,(a,a)=land v a(a,a)=1-p,(a,a)=0
intuitionistic fuzzy reflexive property has been provided.
(ii) Let a,b e X,

noa(ab) =p,(a,b)=p,s(b,a)=p a(ba) and

via(a,b) =1-p, (a,b)=1—p,(b,a)= via(ba)

intuitionistic fuzzy symmetric has been provided.
(iii) Let a,b € X, and A is an intuitionistic fuzzy congruence relation then

SU)F(J{HA (a,c) Apa (b)) <pu (a,b):>icr61£{1—uA (a,c)vi—p,(c,b)}=1-p,(a,b)

is proved.
(iv) For each .,

A(a,b)25eL (A,A,...,A)(a,b)zsup( min A(ai,bi)) and

ab \lgisn(a)

Sup( min p, (ai,bi))SuA(a,b): inf( max 1—p, (ai,bi))21—uA(a,b):>0_)a(DA,|:|A,...,DA) <oA
a,b

I<i<n(a) a,b \I<i<n(a)
So, proof is completed. The operator OA can be examined similarly.

We obtained some results about intuitionistic fuzzy congruence relations under homomorphsim.

Theorem 4. Let S=[X,F], T=[Y,F] be two similar algebras and ¢ be a homomorphism of S into T If B
is an intuitionistic fuzzy congruence relation on T then ¢ ( B) is an intuitionistic fuzzy congruence relation
on S.

Proof: (i) For all ae X,
¢7(B)(a.a)=B(¢(a).¢(a))
= (12 (0(2).6(a)), va (6(2).6(2))) = (L0)

ot ( B) is intuitionistic fuzzy reflexsive.

(i) Let a,b e X,

¢ (B)(a,b)=B(0(a).4(b)) = (ks (9(2).0(b)).vs (¢(2) 0 (b))
=(15 (0(b). 6(2)). v ((0). 4(2)))
—B(6(0).4(2) -4 (B)(0.2)

¢ (B) is intuitionistic fuzzy symmetric.

(iiii) Let a,b e X,
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IN

So, (I)"l(B) is intuitionistic fuzzy equivalence relation.

(iv) Let f, eF and a,be X,

@, (¢7(B),¢™(B), <I>‘1(B))(<’JL'D)=a sup {qu;na)(@l(B))(ai,bi)}

= sup {1£Q2ig)3(¢(ai)v¢(bi))}

a=f, (al \ay ,...,an(a))

b:fu(blybzv--'!bﬂ(u))

sup {1min “B((I)(ai)’(b(bi))}’
a:fu(alvazv--van(a)) stsnl(e)
b=fu(b1vb2""’b”<“))
- inf ){ max, Ve (¢(ai)’¢(bi))}
a=f, (8,828 (a)

b=F (B30 e )

sup {ggin “B((I)(ai)’(l)(bi))}’

8(a)=F,, (6(21).6(@7).6(@n(ay)) -
9(0)=Fo (0(b1), §(B3),---4(bn(ay))

inf { max VB((I)(ai)’d)(bi))}

(2)=F, ($(a1),0(a2 ), 6(an o)) (15i<n(a))
0(b)=f, (6(b), 6(b3),--,6(Bn (a)))

=, (B.8,..B)(6(2).6(b)) <B(6(2).0(b)) =4 (B) (2.b)

the substitution property has been provided.

IN

Theorem 5. Let S=[X,F], T=[Y,F] be two similar algebras and ¢ be a monomorphism of S into T. If A
is an intuitionistic fuzzy congruence relation on S then d)(A) is an intuitionistic fuzzy congruence relation

onT.
Proof: (i) Forall be, d)(A)(b, b) = sup A(a, C) = (1, O)

a,cep*(b)
(I)(A) is intuitionistic fuzzy reflexsive and the symmetric relation is clear.
(ii) Let b,,b, €Y,

(6(A)0(A))(b..b;) = sup (4(A)(010,) 6 (A) 01 )
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=sup|| sup A(a,a;)|A| sup A(a,a,)
byeY | | aeo(by) aedi(b,)
33€¢71(b3) 33€¢71(b3)

<sup sup  A(ay,a,) AA(a3,3,)
bseY| a;ep(by).ayed(by)
a3€¢71(b3)

< sup (supA(al,aS) AA(ay,2, )j

a ¢ (by) \ azeX
a,e¢7(by)

= S¢l}1l?()b)A(apaz)=¢(A)(bpbz)
saet(5)

So, ¢(A) is intuitionistic fuzzy transitive.
(iii) Let f, €F and a',b’ €Y,

@, (0(A),¢(A),...0(A))(a'b) = sup (min ¢(A)(a;,b;))

, .o . 1<i<n(a
a=fu(a1,a2,.“,an(a)) (o)

t;':fa(b’l,b’2 ..... b'n(“))

= sup _min | sup Aa;,by) || < sup (l<n<1in A(ai,bi))
A O | B R ) 2t (620,32 )b ) VT
b'=F (b, b b ) beo ™ (i;) b=, (6(b1),6(b2).-+¢(bn e ))

= sup ( min A(ai,bi)) =, (A,A,...,A)(d)‘l(a’),d)‘l(b')).

a’:¢(fu(al,a2,...,an(u))) 1<i<n(a)

b=/, (B1.b2+Ba (o))

<A(9™(a). ¢ (0)) <d(A)(a;.b,).

Therefore ¢(A) is an intuitionistic fuzzy congruence relation on T.

Theorem 6. Let {Aj D je J} be a non-empty family of intuitionistic fuzzy congruence relation on algebra

S=[X,F]. Then
AzigAj:{\JAj

is an intuitionistic fuzzy congruence relation on S.
Proof: (i) For all ae X,

A(a,a)= inf A, (a,a)= (ljn}‘ Ha (8,3),8Upv, (a,a)) =(1,0)

jed

(i) Let a,b e X,
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A(a,b)=inf A,(a,b)= (lnf Ha, (a,b), SUPV,, (a, b)j

jed jed

(lnf Ha, (b,a),supv, (b, a)] inf A, (b,a)=A(b,a)

jed jed

(iii) Let a,b e X,

(A-A)(a,b)=sup(A(a,c)rA(c,b)) = sup(

ceX ceX

inf A, (a,c) ainf Aj(c, b))

jeld jeld

:sup(mf Ha, (a,c), supv, (a, c)j (mf Ha, (c.b), Supv, (c, b)D

ceX jed jeld

—sup(mf Ha (a,C)A inf iy, (c,b),supv, (a,c)vsupv, (c, b)j

cex \ 1€ jeld jeld

ceX zeX jed jed

- sup(mf Ha, (a,c)A |Jn]c Ha, (c,b)) inf (suva (a, c)vsuva (c, b)D

inf 1, (a,C) Au,, (cb))) inf (sup(suva (a.c)v va (c, b))D

kel jed kel

_ sup(mf(

cex \ €l

sup(vA (ac)vv, (c, b))D

jeld

< sup(lnf(pA (a, C)/\HA (c, b))) mf(

ceX \ ied ceX

=|infu, (a,b),supv, (a, b)J A(a,b)

ied jed
(iv) Let f, eF and (al,az,...,an(a)), (bl,bz,...,bn(a))exn(“).
By corollary,

A(fa(al,az,...,an(a)),fa(bl,bz,...,bn(a) )) = A A, (3085000800 ) Fo (B Dy b )

jeld

=inf (A,(, (al,az,...,an(a)),fa(bl,bz,...,bn(a))))zinf( min A (a,b, ))

jed jed \1<i<n(a)

=i, (nf A, (3,0 =, min A,
3. CONCLUSION

The properties of the intuitionistic fuzzy congruence relation extended over the intuitionistic fuzzy algebras
have been studied. In the following studies, the concept of intuitionistic fuzzy free algebra can be introduced
and congruence relations can be defined on intuitionistic fuzzy free algebras. Same or different type
properties can be examined on intuitionistic fuzzy free algebras.
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