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1. Introduction

Wiener amalgam spaces are defined by N. Wiener firstly [25]. Many researchers worked on
these spaces like [2],[6],[8],[10],[13],[14],[15]. Some of characterizations of these spaces has
been given in [11]. In [12], a kind of generalization of W(LP®™), LY) has been given. Many
researchers considered boundedness of bilinear “Hardy-Littlewood maximal function” and

“Littlewood-Paley square function”, [1], [3], [18], [19], [20], [21], [22], [23].
The main purpose of this paper, by using similar technics in [2], [11] and [12], to define a

new amalgam space W(Lp (‘)’q('),L;) . Later to discuss boundedness of these operators on

W ( 77tkal) L ) .

w
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2. Preliminaries

The space C. (R)consists of infinitely differentiable complex-valued functions with compact

supported on (R). LP(R), (1< p <o ) denotes “usual Lebesgue space”. Weight function
@ on R is local integrable and non-negative continuous. If @) (x) < Cw, (x), (x € R) and
for some C >0, we say that @, p @,. For 1< p <o, we set P (R) = {f:fw € Lﬁ,(R)},

(81, [9].

The function Ay is called distribution function and given by

A ) = p(lx € RAFGII > YD) = [ cpipinsyy GO, [16].
The function f* is called rearrangement function and is given by
1@ =inf{y > 0:4:(y) > t},t > 0, [16].

Also, the function f** is said the average function and defined by

f**(t)=%ff*(s)ds,[16].

0

Following notations are given by

D =x$5]p(x), p' =Xs€1[t8]p(x), 0<l/=sw

LetP, = {p:a<p_ <p* < o}a€eR
In this work, special case a=1 will be used. # ([0,1]) consists of pE [~ ([O,l]) where

p(oo) = limp<x) and p(O) = limp(x) exist, we have

X—>0 x—0

C
[PG)-p(O)l=— [xI=(1/72) (C>0),

In—
]

[Ip(x)-p(e0)|< _C , (C>0), (1)
In (e + |x|)
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If /=00, it's enough to the inequality (1) satisfies and p(oo) =lim p(x) exists. Also the set

@, is given by @ _([0,1)= P, ([0,]]) N ([0,1]), [5]. Set /=p(Q) such that QcR and p is
Lebesgue measure on R. Let 1 < p_ < p* < o . The space “variable exponent Lebesgue

space” LPO(Q) is space of measurable functions fon Q such that
I (f) = fn |f (x)|[P@dx < 0. The space LPO(Q) is a Banach with this norm ANl oo =
inf {l > 0:], G) < 1}, [S]. Assume that p,q&@,([0,1]). The “variable exponent Lorentz

space” L’ (aC) (Q) consists of all measurable functions f on Q where

i q(’)_l

Ppq(f) =ffp(t) (f*(f))q(t) dt <oo,[5] )

0

The space L’ (hal) (Q) is normed space with this norm

- . S B
Lp(.),q(.](g) = inf {ﬂ. >0: pp’q (z) <]l=

;oalo)

where p (f) =ftp(t)_l (f**(t))q(t) dt, [5].

0

11
PO a0 f**

|

L0 ([o,1)
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3. The Weighted Variable Exponent Amalgam

W ( 77kal) L )

w
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Space

3.1 Definition Let 7,p(.),q()€ @, ([0,00]). (Lp(')"I(')(R))l denotes the space of all
oc

measurable functions fon R where fygeLP40(R) for every compact K € R.

3.2 Definition Let 7,p(.),q(.) € @, ([0,00]).6 9, ([0,00]). Fix a compact Qc R and Q° #

@. Assume that o is weight function. “Weighted variable exponent amalgam space”

W(Lp(‘)’q('),L;) is space of all fe (Lp(')'q(')(R))

loc

norm of this space is given by

|/ ||W(Lp<»),q<.),L; )= HFf o HHf Xevo o,
3.1 Theorem Let r,p(.),q(.) € @, ([0,00]).
a) W( LP(A)’q(.), L ) is a Banach space with norm ”'”W(If’(')"’(') L ),

b) W( LP(A)’q(.), L’w) is continuously embedded into ( LP(-),q(.)(]R))

loc

¢) The space
Ay = {f LMY supp (f is Compact}

is continuously embedded into W(Lp (‘)’q('),]f ),

w

d) W(Lp (‘)’q('),L;) does not depend on the particular choice of Q, [6].

Lemma 3.1 Let r,p(.),q(.) € @, ([0, oo]) and o be weight function.

a) The space (Lp(')'q(')(]R))l

o

is continuously embedded into (L1 (R))loc.
c

where Ff (z) = “fXZ+Q“ is in L, (R). The
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b) C (R) is dense in M7([f0#0,[;)'

Proof a) Take any fe (Lp(-),q(-)(ﬂg)) . Since LPO4O(R) is Banach function space, [3]

loc
for given any compact K C R, we have yxeLP' 4O (R). If we use “Holder inequality”, we

write

171, =172l =1 el = €1 2

f

a0 |2 [0 = C o] o (z00) , C>0.

loc

Set CO = C”%K”U’Uﬂ'(-) . we find that

11, =Cllf

(z000) -
b) Since a =L , we have C_'C =W (Lp(')’q('),qu ), [4]. So we have this inclusion
crcc.cw(rvi.r,).

Now take any fEW (Lp (')’q('), L;) Then using density, we find that g € C_ where

£
I/ -g ||W( Pt ) <5 (3)

Also there exists #E C" such that

E

lg -7, < C)

2 “XA ”W( P00 g )

where supp(g-h)=A , by from approximation theorem, [24]. Also we we can write

g —h =k, such that keC . So we have that

0| =HHkXAZz+Q 0] =HHkXAXAZz+Q 040

”g - h”W(L"’(')’q('),L;) = HH(g - h)Xz+Q

r,w

= Hu(g —h)XA)(z+Q o0, , = ”g —h”w “XA%z-fQ ros0 ), , = ”g _h”f,o ||XA||W(L!)(-)JJ(»)7L;}) <®.

So using inequalitiy (4), we write
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E

£
&=l 0. = g =Bl [l o [ilpr) =5

w 2 ||XA ”W( 7p(a() oz )

Then by from (3) and (5), we find that
&
”f h” 0al) <||f g” 70%0) +||g h” L” e )<5+—=[;‘,

3.1 Corollary Let r, p(.),q()E @, ([0,00]). The space W(Lp(‘)’q('),L;)is continuously

embedded into (L* (]R))loc

3.2 Lemma Letr, p, (,),qi (-)6501 ([O, oo]), (i=1,2). Suppose that there exist the inequalities

| 0 = G| st K]ty » €1 > 0)
forall he 290 fe 7000 ang
|l < G|l el - €2 > 0)
forall hEL],, k€L . So the inequality
bl 1) 5 Pl s Wl s €0

holds forall h€W (L2040, 12 ), kew (209, 1z ), 61,

3.2 Theorem Let r, p,(.),q,(.)€p, ([0,%]), (=1.2). If ¢,(0) = p,(0), ¢,(.)=¢g,(.) and

4,(0)2 p, (0), then w (L2040, 17 ) (L2040, L1 ) molds.

Proof Since all hypothesis of Theorem 4, in [17] are satisfied, then [0k (Z+Q)

[l (Z+Q) Hence by “closed graph mapping theorem”, we have that

M ||Lpz(->,qz<.>(z+Q) =C|f ”Lm(-)m(-)(HQ (C>0), ferntal (Z+Q) Let f EW(L”‘(‘)""('), L )

Then
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0al) = CHf Xz+QH m0a) 5)

Since fEW(Lpl()’ql(-)’L};)), then Hf)(HQH st EL,. Then by (5), we have

b))

EL Hence by the solidness

vz =1 2o

S CHHfXHQ ()

1720)a2()

w = C||f||W(Lm(-)ﬂq1(-)’qu)
3.3 Theorem Let 1<r<co. Then the equality W( L,L ) =L holds, [13].

34 Theorem Let p(.),q(.).r€ @, ([O, oo]) Then the inclusion
w0,z oy (290, 2 ) e 1 and (gl = Ao Nl ) - (€50
holds for all fEW(Lp(')’q('),L;) , gEW(L'U'(')’q'('),[,:_l ), (®'(.), q' ()and r' are conjugated
of p(.),q(.),r respectively).

Proof It is writen ||fg||1 <

8| »0a0 bY [17]. So we have

78], =12y =

) A <C HHf X2+QHLP(.>.q(V> HgXHQHLF'(-W |

=Cll ol oo Neteol s 0l ol s @] Nl ).
= C”f ||W(Lp(')"’(-),LL) ”g ”W(L”‘(')*"'(') L )

Theorem 3.5 a) Let 1, p,(.),q, (.)€, ([0.]), (=1.2). If p1(0) = 4:(0), ¢,()=¢q,(.)

and ¢, (0) =p, (0), K <1, , @, P @, then the inclusion
W(Lpl(-)sql(-)’Lz)l ) C W(Lpz(-)a‘lz(-)’L’Z)z ) holds.
b) Let p(.)E @, ([0, oo]) If @, p @,, then the inclusions

cw (L”(')”’('),L{j;) and W(L"(')”’('),Lf;; )c 17 hold,
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Proof a) Take any f EW(Lp ‘(')’ql(‘),LZ)l ) From the assumptions, we write the inclusion

[0t (Z + Q) c bl (Z + Q) [17]. So there exists the inequality

HfXHQ P2haa() = CHfXHQ lhal (C>0) (6)
for z€ R. By the solidness of LZ‘U] and by (6), we have
HHszwLQ 172 ha2() - = CHHfXHQ Ckal) .

Then

W(Lpl(‘)7ql(‘)’L2)l ) C W(LPZ(')’%(‘),LZI ) -

Also it's writen by [7] that

W(L/vz(),qz()’LZ)l ) C W(Lpz(),qz(»)’LZZ )

(®)
if and only if l; Cl;z2 where l;‘l and IZZ are the associated sequence spaces of L}, and L?
respectively. Since 7 <7, and @, p @,, then l; C l:fz. Therefore from by (7) and (8), we
obtain that W (L0490, 12 yCw (200, Lz )

b a)l b .

)

b) It's known by Theorem 3.3, that
P AN
m=w(r ) ©)
Since p() < p" by using (a), we write

W(L’””f 7 )c W(L”(‘)”’('),L’;; ) (10)

So by using (9) and (10), we find L’;}: C W(Lp(') ol Lp ) Other inclusion is easly proved

with similar technique.
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3.6 Theorem Let 7, 15, pi(), p2(), q1(),q2()E @, ([O,oo]). Assume that
q (0) < pi(O), ns1, g (OO) > p, (00), w, p o, (i=1,2). If Va0 € 2090 then the

inclusion W(Lp‘(')’q‘('),Lz)l ) cw (LPZ(')"’Z('),LZ)2 ) holds.

Proof Since /40 1720000 there exists C>0 such that

p2()aa() = C”‘”U’l(-)ﬂl(-)

by [17]. Take any fEW(Lp‘(')’ql(‘),Lg)1 ) Let Q € R be a fixed compact subset. We write

HfXZ+Q

0a0) for all zeR Since Lr(jl is solid space, then

0al) = CHf Ve

HHsz+Q

" = CHHsz+Q

. That means,
w

1r20)aal) 0at) ||

Tis i

() rr 2()a:() pn
w (00, ) cw (100, 1 ) (an
On the other hand since 7, <7, and @, p @, by [7], we have

W(L/vz(),qz()’LZ)l ) C W(Lpz(')"h(')’L”z ) (12)

)

Combining (11) and (12), we obtain W(Lp‘(')’ql('),L:‘u1 ) C W(LpZ(')"h('),Lr2 )

)
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4. Boundedness of The Bilinear Hardy-littlewood Maximal

Function on W(L”(‘)"’(‘),L" )

w

4.1 Definition The bilinear “Hardy-Littlewood maximal function” M is defined by
1 t
M(f.g)(x)=sup[|/(x+y)g(x=-y)|dy.x €R.[120]
t>0 2t Yy

forall f,g € (Ll(]R{))loc.
4.1 Theorem Let lspi(.),ql.(.)< w,l<r <o and p(.),q(.)EP, ([O,w])and w; be
1 1

. . : 1 o
weight function, (i=1,2,3). Assume that g, (0) <p, (0) and —+—=1.If —&L"*, then
norh @,

the Hardy-Littlewood maximal function

M: W(Lpl(‘)7q1(‘)’L2)l )x W(LPZ(')’%('),LZ ) = W(Lm(-),q;(-)’Lrs )

o

1s not bounded.

Proof Since LEL”, we have L} C L'. So we write
W,

w (200 13 ) w (120e0) 1)
On the other hand since 1< ¢, (.) and ¢,(0) < p,(0), we have
(2090, ) cw (L) = L. (13)
by Theorem 3.5 and Theorem 3.6. Then from (13), we obtain
(00, )L, (14)

Take the indicator functions ) ,, x, where A,B c R is a compact subset. By Theorem 2.1,
X4 EW(LP‘(')’["('),LZ)l ) and Y, EW(L’UZ(')’%('),LZ2 ) Also by Theorem 1 in [1], we know that

the function M is unbounded on L' x['. If f, gEL1 are not identically zero, then the
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function M is not integrable on R . That means M ( X4 ){B) is not in L'. Hence by (14),

M (XA » Xp )$ /4 (Lm(')’%('),LZ3 ) . This completes proof.

Theorem 4.2 Let r;,7, p, (,),ql. (,),t(,),s(,)egol ([O,oo]), (i=1,2) and w,w,,w, be weight
functions. Assume that r; < q;(.), %(0) =p, (O), < q2(), g (()) < p (0), s(.)sr,

1 1 1 ,
S (0) >t (0) and —+—=1.1If —& L and bilinear “Hardy-Littlewood maximal function”
ror 0

M :L’;}l XLZZ — [ is bounded, then bilinear “Hardy-Littlewood maximal function”

M (2090, 1w (22000, 12 ) (£0°0, 1)

1s bounded.

Proof Since M : L';}l XLZZ — [ is bounded, there exists the inequality

sC1||f

e, €>0 (15)

[M(f.g)

r,o LR
forall fEL, and gEL? . Also since by Theorem 3.3, (L™, L, ) = L, and 1y < q;(.).
2,(0)= p,(0), 72 < 420D, ¢,(0)= p,(0).s¢) <7, 5(0)=7(0) then by 3.5 Theorem

W (LPr a0 Ly c w(L™m, Lyl ) = Ly,

w (L2020, 132 ) « W (L7272, Lk, ) = Le, (16)

and

w(Lr.r,)=r,cw(r90,r)

w

Then boundedness of these unit maps

:W(Lpl(»),ql()’l% ) L | :W(LPZ(')"Iz(-)’L’Z)Z ) L

W( 20al) z, ) W( 2000), 2,

and [, L —W (Lt(')’s('),L:U ) Thus we write following inequalities

|/

70

=G, ||f ||W( a0 g1 )2 ¢, >0, (17)
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”g = C3 ||g||W(L”2(')’q2('),LZZ)’ C3 >0 (18)

7,00

and

h

2G>0 (19)

7

il 0 = |

for all fEW(L”‘(‘)"’l(‘),LZ,I), gEW(L”Z(‘)"”('),L”Z) and hEL. Take any

,
fEW(Lp‘(')’ql(‘),Lg)1 ), gEW(LpZ(')’qZ('),LZZ). By the inclusion (16), f,gE€EL . Also by

(15), we have M(f,g)€ L . Hence combining (15), (17), (18) and (19), we find

|M(f.g )HW(L«JJ(»,L;J) =, (M(£.2))

=C, HM(fag)H =CC,|f

W(Lt(')"\‘(‘) ,L:”) r,w

le

1,0 72,00

=C(CCC, || f ||W( 00 11 ) || g||W(Lp2(_)yqz(_)’ng ) This completes proof.
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5. Boundedness of The Bilinear Littlewood-Paley Square

Function on (0.1 ).

5.1 Definition Let K (g) = K(g_n) fo n € N where K is supported on unit interval of

and “smooth bump function” on IR . “Bilinear Littlewood-Paley square function” is defined

by

1

Sn(f,g)(X)\z)z

S(f.g)(x) =(

n

where S, (f,g)( ff x-y)g(x+y)K,(y)dy.[1921]for f,g€ES.

Theorem S.1 Letr,7, p, (,),ql. (,),t(,),s(,)egol ([O,oo]) and w, w; be weight functions,

(i=1,2). Assume that r; < %2(-), q, (0) =p, (O)’ IS qzz(.) > 4 (O) =p (0)’ % <r

1 1 1 ,
S (0) >t (O)and —+—=11If —& [ and bilinear “Hardy-Littlewood maximal function”
ror 0

M :L’;}l XLZZ — [ is bounded, then bilinear “Hardy-Littlewood maximal function”

S (L0900, 11w (22040, 12 )= w (L9012 )is bounded.

()

1

Proof By from [21], we write S(f,g)(x)SC(M( 2, gz)(x))2’ (a.e XER) where

C>0. Using this last inequality and since W(L[(')’S('),L;) is solid space , we have

=l el (st

1

lf

1

of J 2.

HS(f,g)HW(LU 0 p

(00,1, ) 7050

r,w

1

b

2 2
s()

-C =V

«f )z

7 );

S (T

[l

|

=], ,
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1 1
@ I sk 5
At ssthe]| | el ol
L o)
el BN 0)
wlr2 e
So using assumptions and (20), from the theorem 4.2, we find
HS(fag)HW(Lt(.),S(.)jL,(-U) = ’ gz) w L?’S(Q),L;)} = CC1 |f|2 o L”‘Z()‘”Z()qu) |g|2 W Lpzz()qzz()%]
see] Vi e [y e e
5.0
1 1 1
n0) o) 5 . () o) , -
=ccfle> 2 (1 o) 22 (lgf 2.0
o)), s,
o ? RIS "y
- CC, [tp‘ D(f1xm0) | [ 700 (gl 200 ) |
LT([O,w]) o LT([O’W])
1 1 1 1 .
=cc et O (|1 z+Q) 0 (|el ..o )
0o, , o), ,,

=CG HHf Xz+0|| n0a0) o ng Y EN) e o cclr ||W(L”1(')”“('),L'1M ) l ”w(m(-)qu(-),qu )

for C:>0.
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