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Abstract

A class of inverse problems for a heat equation with involution perturbation is considered
using four different boundary conditions, namely, Dirichlet, Neumann, periodic and anti-
periodic boundary conditions. Proved theorems on existence and uniqueness of solutions
to these problems are presented. Solutions are obtained in the form of series expansion
using a set of appropriate orthogonal basis for each problem. Convergence of the obtained
solutions is also discussed.

Mathematics Subject Classification (2010). 35R30, 35K05, 39B52

Keywords. Inverse problems, heat equation, involution perturbation

1. Introduction

Differential equations with modified arguments are equations in which the unknown
function and its derivatives are evaluated with modifications of time or space variables;
such equations are called in general functional differential equations. Among such equa-
tions, one can single out equations with involutions [9].

Definition 1.1. [11,42] A function a(x) # = that maps a set of real numbers, I', onto
itself and satisfies on I' the condition

a(a(z) =z, or o Yz)=a)
is called an involution on I'.

Equations containing involution are equations with an alternating deviation (at z* < x
being equations with advanced, and at x* > x being equations with delay, where x* is a
fixed point of the mapping «a(x)).

Equations with involutions have been studied by many researchers, for example, Ashyra-
lyev [5,6], Babbage [7], Przewoerska-Rolewicz [27-33], Aftabizadeh and Col. [1], Andreev
[3,4], Burlutskayaa and Col. [8], Gupta [13-15], Kirane [20], Watkins [39], and Wiener
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[40—43]. Spectral problems and inverse problems for equations with involutions have re-
ceived a lot of attention as well, see for example, [18,22, 35-37], and equations with a
delay in the space variable have been the subject of many research papers, see for exam-
ple, [2,34]. Furthermore, for equations containing transformation of the spatial variable
in the diffusion term, we can cite the talk of Cabada and Tojo [10], where they gave an
example that describes a concrete situation in physics: Consider a metal wire around a
thin sheet of insulating material in a way that some parts overlap some others as shown
in Figure 1.

TEY) ZTOD

TEVHTOD

TO)
Figure 1. An application of heat equation with involution [10]

Assuming that the position y = 0 is the lowest of the wire, and the insulation goes up
to the left at —Y and to the right up to Y. For the proximity of two sections of wires they
added the third term with modifications on the spatial variable to the right-hand side of
the heat equation with respect to the wire:

or 9°T 9°T
—(y,t) = a——(y,t b—(—y,t).
5 1) ayz(y,H ayg( yt)

Such equations have also a purely theoretical value. For general facts about partial func-
tional differential equations and for properties of equations with involutions in particular,
we refer the reader to the books of Skubachevskii [38], Wu [44] and Cabada and Tojo [9].

In this paper, we consider inverse problems for a heat equation with involution using
four different boundary conditions. We seek formal solutions to these problems in a form
of series expansions using orthogonal basis obtained by separation of variables and we also
examine the convergence of the obtained series solutions. The main results on existence
and uniqueness are formulated in four theorems in the last section of this paper along with
an illustrating example.

Concerning inverse problems for heat equations, some recent works have been imple-
mented by Kaliev [16,17], Sadybekov [25,26] and Kirane [12,19].

2. Statements of problems

Consider the heat equation

Ut (2,1) — Upg (T,1) + €Ugy (—,t) = f(x), (x,t) €Q, (2.1)

where, ¢ is a nonzero real number such that |¢| < 1 and  is a rectangular domain given
by Q ={-nm<z<m 0<t<T} Ouraim is to find a regular solution to the following
four inverse problems:
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IP1: Inverse Problem with Dirichlet Boundary Conditions.
Find a pair of functions u (x,t) and f (x) in the domain 2 satisfying equation (2.1) and
the conditions

u(z,0)=p(x), u(z,T)=v¢(x), z¢cl|-mmn], (2.2)
and the homogeneous Dirichlet boundary conditions
u(—m,t)=0, wu(mt)=0, tel0,1], (2.3)

where ¢ () and v (z) are given, sufficiently smooth functions.

IP2: Inverse Problem with Neumann Boundary Conditions.
Find a pair of functions u(x,t) and f(x) in the domain Q satisfying equation (2.1),
conditions (2.2) and the homogeneous Neumann boundary conditions

ugy (—m,t) =0, wuy(mt)=0, te][0,T]. (2.4)
IP3: Inverse Problem with Periodic Boundary Conditions.
Find a pair of functions u(x,t) and f(x) in the domain  satisfying equation (2.1),
conditions (2.2) and the periodic boundary conditions
u(—m,t) =u(mt), uy(—mt)=mu,(mt), te]l0,T]. (2.5)

IP4: Inverse Problem with Anti-Periodic Boundary Conditions.
Find a pair of functions u (z,t) and f(z) in the domain Q satisfying equation (2.1),
conditions (2.2) and the anti-periodic boundary conditions
u(—mt) = —u(mt), uy(—m,t)=—uy(mt), te[0,T]. (2.6)

By a regular solution of problems IP1, IP2, TIP3 and IP4, we mean a pair of functions
u(z,t) and f (z) of the class u (x,t) € Cﬁg (Q), f(x) e Cl—m, .

3. Solution method

Here we seek solutions to problems IP1, IP2, IP3 and IP4 in a form of series expansion
using a set of functions that form orthogonal basis in Lo(—7, 7). To find the appropriate set
of functions for each problem, we shall solve the homogeneous equation corresponding to
equation (2.1) along with the associated boundary conditions using separation of variables.

3.1. Spectral problems

Separation of variables leads to the following spectral problems for IP1, IP2, TIP3 and
IP4, respectively,

X"(z) — eX"(—z) + AX () =0,  X(—m)=X(r) =0, (3.1)
X"(z) — eX"(—2) + AX(2) =0, X'(—7) = X'(r) =0, (3.2)
X"(z) — eX"(—2) + AX(2) =0, X(—7) = X(m), X'(—7) = X'(), (3.3)
X"(z) — eX"(—2) + AX(z) = 0, X(—7) = —X (), X'(—7) = —X'(). (3.4)

The eigenvalue problems (3.1) - (3.4) are self-adjoint and hence they have real eigenval-
ues and their eigenfunctions form a complete orthogonal basis in Lo (—m, 7) [24]. Their
eigenvalues are, respectively, given by

1 2
A1k2(1—5)<k+2> ,kENU{O}, /\Qk:(1+€)/€2,k€N, (7&)
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Mg = (1 —¢)k?, Agk:(1+5)<k+;>2, ke Nu{0}, (8.a)
Mp=0—e)k? ke NU{0}, Iu=0+¢e)k? keN, (9.a)
Mg = (1+2) <k+;>2, Nog = (1— &) <k+;>2, ke NU{0}, (10.)
and the corresponding eigenfunctions are given by
Xy} = cos (k‘—l—;) z, ke NU{0}, Xop=sinkz, k€N, (7.b)
Xo=1, X1x = coskx, k€ N, Xy, =sin <k+ ;) xz, ke NU{0}, (8.b)
Xo=1, Xy =coskx, Xo,=sinkzx, kecN, (9.b)
X1k = sin (k + ;) x  Xop = cos (k: + ;) z, keNU{0}. (10.b)

Lemma 3.1. The systems of functions (7.b) - (10.b) are complete and orthogonal in
Lo (—m, 7).

Proof. Here we present the proof for the system of functions (7.b). The orthogonality
follows from the direct calculations:

/ X1nXomdx =0, neNU{0},meN,
and

/ XinXimdr =0, m=#n,i=12.
—Tr

Hence, it only remains to prove the completeness of the system in Lo(—m, ), i.e., we need
to show that if

/7r f(a;)cos(k:—i—;)a:dxzo, ke NuU{0}, (3.5)
and

/ f(z)sinkxdr =0, keN, (3.6)

then f(x) = 0in (—m, 7). To show this, we are going to use the fact that {COS (k + %) x}keNu{o}

and {sinkxr}, y are complete in Lo(0,7), see [23] for example. Now, suppose that the
equation (3.5) holds. We then have

0= :Tf(x)cos (kﬂ—;)a:alac:/o7T (f(z) + f(—=)) cos (k—i—i)xdaz.

l\’)h—l

Hence, by the completeness of the system {cos(
f(z) = —f(—z), =7 < & < w. Similarly, if equation (3.6) holds, we have

Qzlﬁf(x)sinkxdzx—/ (f(x) = f

Then, by the completeness of the system {sin kxz}, . in L2(0, ), we have f(z) = f(—2), —7 <
x < m. Therefore, we must have f(z) =0 in (—m, 7). Completeness and orthogonality of
the systems of functions (8.b) - (10.b) can be proved similarly. O

) } in Ly(0,7), we have
keNU{0}
)
(—x)) sin kx dx.

Since each one of the systems of eigenfunctions (7.b) - (10.b) is complete and forms

a basis in Ly (—m, ), the solution pair u(z,t) and f(z) of each inverse problem can be
expressed in a form of series expansion using the appropriate set of eigenfunctions.
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3.2. Existence of solutions

Here, we give a full proof of existence of solution to the Inverse Problem IP1. Existence
of solutions to the other three problems can be proved similarly. Using the orthogonal
system (7.b), the functions w (x,t) and f (z) can be represented as follows

u(z,t) = i u1g (t) cos (k + ;) x+ i ugg (t) sin kx, (3.7)
k=0 k=1
e} 1 o .
f(z)= Z fik cos <k‘ + 2) x + Z forsinkz, (3.8)
k=0 k=1

where the coefficients wuy (t) , uak (t) , fik, for are unknown. Substituting (3.7) and (3.8)
into equation (2.1), we obtain the following equations relating the functions uy (t) , uag (t)
and the constants fig, for:

1 2
uyy, (1) + (1 —¢) (k + 2) uig (t) = fik, (3.9)
sy () + (1 + €) k? g () = for- (3.10)
Solving these equations we obtain
e (1) = fik 4 Clke—(l—e)(k+%)2t’
(1—e) (k+3)
Jok

Unp, (t) _ + 02k67(1+€)k2t7

(1+¢)k?
where the unknown constants C1, Cor, fik, for are to be determined using the conditions
n (2.2). Let pk, ¥k, 7 = 1,2 be the coefficients of the series expansions of ¢ (z) and ¢ (),
respectively, i.e.,

17 1 -
wlk:—/go(m)cos (k‘—|—2)$d£ﬂ, @Qk:*/SO(QE)Sinkxdxv
T T

—T —T

g = 71T/7r Y () cos (k‘ + ;) xdr, o = i/ﬁ Y () sin kz dz.

Then, the two conditions in (2.2) leads to

2
i 5 + Cik = @1k, Tk 5 + Clke’(l’e)(’”%) T _ D1k,
(1—€)<k+%) (1—€)<k+%)
(1_{2:)1{:2 + Co, = Yoy, (1{2;)]{;2 + Oye (1+e)k2T _ bon

Solving these set of algebraic equations, we get

Cpp = — L1k~ Yk ,fmzu@<k+ﬁ2wmaw,
1 — o—(=a)(k+3)’T 2

o= L2 = (149 (o~ o).
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Now, substituting uyy (t), uak (t), fik, for into (3.7) and (3.8) we get
u(z,t) = chk< (1=e)(+5)"s )cos<k+ >

+ ZC%( (1+e)k 1) sin ki,
and

F@) = ¢ (@) + g () — Igu—s) (k4 1) Cupcos (k+ 1)

- > (1 +¢)k? Cysinka.
k=1

Note that for f (x) € C[—m, 7], it is required that ¢(z) € C?[—7, 7).

3.3. Convergence of series

In order to justify that the obtained formal solution is indeed a true solution, we need
to show that the series appeared in u(z,t) and f(x) as well as the corresponding series
representations of uy,(z,t) and w(x,t) converge uniformly in Q. For this purpose, let

PV (=m) =l (1) =0, i=0,2,
YO (=1) =9 (x) =0, i=0,2.

Hence, on integration by parts, Cqx and Co, can now be rewritten as
(3) (3)
k w?k

)
(1 _ e<1s><k+;>2T) (k+ 1)’

‘Puf wlk

Ci, = (1 — e~ (KT 3"

) CQk:_

where,

™
-

1 T L / .
QO&II‘? = - / QOI/I (33) cos kx dx? SDS?{) o / SD/// (l‘) sin (k + 2) J"dx’
T

™ T 1
= = / " () cos kx di, ?/)g;? = : / " (z) sin <k + 2> xdz.
T T

Hence, the series representation of u (x,t) and f(x) can be expressed as
1 — e—(1+e)k%t (p(?’) _ .3 .
u(z,t) =¢(x) + Z ——(4ORT 1k 13 1k ) sin kz
% 1 _ o~ (1=e)(k+

132 3 3
s A cos (k+ 1)
01— e (kg)’T (k+%)3 2)"

and

X 14e oy .
fx)==¢"(x) + e’ (—x)+ kz: ’ < it (1+51)IZ2T> sin kx
-1

o _ (3) (3) 1
— Z (L-¢) Por_— Yok — | cos <k + > T
(k + %) 1 — e~ (=a)(k+3)"T 2
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For convergence, we then have the following estimates for u (z,¢) and f (x)
+ +
| (.T t)|<|90 CZ’Splk‘ ’wl CZM
k=0 (k’ + 5)
and

s@isle @l + e ealey (Jlf + el + )
k=1

2

(+3)7)

for some positive constant c. Here, for the estimate of f(z), we have used the inequality
2ab < a? + b2. The convergence of the series in the estimate of u(z,t) is clearly achieved

b o3 |l st +
k=0

if ‘sz ,wzk ,i = 1,2 are finite. This can be ensured by assuming that ¢’ (z) and "' (z) €
Lo(—m,m). Furthermore by Bessel inequality for trigonometric series, the following series
converge:

oo
3)|2 2 .
Z @Ek)‘ SCHSOW (x)HLQ(*ﬂ"ﬂ') ) 1= 1)27
k=1
o0
k=1
Therefore, by the Weierstrass M-test (see [21]), the series representations of u(x,t) and
f(x) converge absolutely and uniformly in the region €. The convergence of the series
representations of uy,(x,t) and u(x,t) which are obtained by term-wise differentiation of
the series representation of u(z,t) can be shown is a similar way.

2
o <O @)yrmy i=12

3.4. Uniqueness of solution

Suppose that there are two solution sets {u; (z,t), fi (z)} and {ug (x,t), fo ()} to the
Inverse Problem IP1. Denote

u(z,t) =uy (z,t) — ug (z,t),
and
f(x) = fi(z) = fa().

Then, the functions u (z,t) and f (x) clearly satisfy equation (2.1), the boundary condi-
tions in (2.3) and the homogeneous conditions

u(z,0)=0, u(z,T)=0, z¢€|-m,mn| (3.11)
Let us now introduce the following

17 1

uyg (t) = —/u(x,t)cos (k+2)xdaj, ke Nu{0}, (3.12)
T
17 ,

ugg (t) = — / u(x,t)sinkrdr, keN, (3.13)
7r

T

flkZi/f(x)cos <k+;>xd:z, ke NU{0}, (3.14)

—T
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for = % / f(z)sinkxdx, keN. (3.15)

Note that the homogeneous conditions in (3.11) lead to

uin(0) = u(T) =0, i=1,2. (3.16)
Differentiating equation (3.12) gives

uly (1) = % / (Ugy (x,t) — EUgy (—2,T)) COS <k‘ + ;) rdr + fig,

which on integrating by parts and using the conditions in (2.2) reduces to

1 2
ui () = (e — 1) (k + 2) utk + fik.
One can then easily show that this equation together with the conditions wu;,(0) =
u1,(T) = 0 imply that
fie =0, wy(t)=0.
Similarly, for ug, and for as given in (3.13) and (3.15), respectively, one can show that
foe =0, ug (1) =0

Therefore, due to the completeness of the system of eigenfunctions (7.b) in Ly (—m, ), we
must have

f® =0, u(xt)=0, (x,t)€cq.

This ends the proof of uniqueness of solution to the Inverse Problem IP1. Uniqueness of
solutions to the Inverse Problems IP2, IP3 and IP4 can be proved in a similar way.

4. Main results and example solution
4.1. Main results

The main results for the Inverse Problems IP1, IP2, IP3 and IP4 can be summarized
in the following theorems:

Theorem 4.1. Let ¢ (z),7 (x) € C? [—m, 7], ¢"(x), " (x) € Lo(—m,7) and o (+7) =
@ (£7) = 0,7 = 0,2. Then, a unique solution to the Inverse Problem IP1 exists and it
can be written in the form

o~ (1+e)k? (p(i;;)_ (3)
u(z,t) =¢(x) + Z e (HEkQT( 1 13 1k>sink$

2

oo 1 _ 7(176)(k+l) t 1

— Z ¢ 12 = SD% w% cos (k: + ) T
im0 1 — e (e T | (4 2) 2

te 801k @Zﬁk .
A < = sin kx

1+€)k2T

Z_ 1
(1 - 6) < ‘Pgl? é:;;) ) <l<: 1>
— _1_7
g (k %> ) - cos 5 T

k=0 — e —o)(k+3)°T
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where

T T
1 1
90 / go”/ ) cos kx dz, chk = / cp’” ) sin (k: + ) rdr,
T T 2
—T

17 1
1k = /W” ) cos kx dx, ¢2k = ;/1//” (x) sin (k:—i— 2>a:d:c.

Theorem 4.2. Let ¢ (x),v (z) € C?[—m, 7], ¢"(z), ¥"(x) € La(—m,7) and ¢’ (£7) =
' (£7) = 0. Then a unique solution to the Inverse Problem IP2 exists and it can be

written in the form
3)
t 00(1_6 lskt)(%k_ Qk)
u(z,t) =¢(x) + T(%Z)O — o) + E: (10 E)kQT) 3 cos kx

o (10D (D - o) i
_ — 3 sin (k + 2) T
k=0 (1 — e~ (o) (k+3) T> (k + %)

(3) (3)
o —po = (L=¢)(por — Yo
fla)=—¢" () + ep"(—z)+ = T 0 _ 162:1 P _<€ - E)kQT)> cos kx
(1+2) (1) — o)

= 1
+ E sin (k: + > T
k=0 (k + %) (1 _ e_(1+5)(k+§)2T) 2

where

1 7 17
Yo = 27r_/ o (x)de, o= 277_/ W (z) dx

17 1 17
o) == / " (x) cos (k + 2) vdr, of) == / " (x) sin kx da,
T T

1 m
1k _ /wm ) cos (k+ >:1:dac 1/’21: = f/zp”’ (x) sin kx dz.
m

Theorem 4.3. Let ¢ (z),9 (z) € C? [—n, 7], ¢""(x), " (x) € Ly(—m,7) and o (—7) =
0D (1), P (=7) = @ (x), i = 0,1,2. Then, a unique solution to the Inverse Problem
IP3 exists and it can be written in the form

0 (1 _ e—(l—a)kz2t) (sﬁgi) _ %/)éi))

t
u(z,t) =¢(x) + T(%ZJO — o) — kz::l (1= 6—(1—s)k2T) 13 coskx
_ 2 3 3
N ) (1 _ e~ (+o)k t) (@&k) _ wgk)) L
—~ (1 — e~ (+e)R2T) k3 ’

N IC
f (.’L’) _ _QOH (x) + EQDH (—13) + q/)O - ¥0 _ kzl (1 — ((12ka)k2T) k) cos kx
> (1+¢) (%k vl )

Z_: —(1+¢) k2T) k

sin kx,
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where

@oz%/w(w)dwv woz—/w(»’v)dw,

N | =

1 i
oY == / ¢ (z) coskxdr, @5y = — / ©" (z)sin kx dz,
Vs

%? = 1/1#”' (x) cos kx dz, wéﬁ? = 1/¢”' (x) sin kx dx.
s T

Theorem 4.4. Let ¢ (z),v (z) € C? [—m, 7], ¢""(x), ¥ () € Ly(—m,7) and o (—7) =
—p@ (), @ (=) = =@ (1), i = 0,1,2. Then, a unique solution to the Inverse Prob-
lem IP/4 exists and it can be written in the form

00 (1 - e(lf)(k+%)2t> (cp(ﬁ;) - %i)) 1
u(z,t) =¢(x) — Z — 3 cos(k:+2):c
k=0 (1 — (19 (k+3) T) k+ %)

- 1)?
. <1_6 (1+e)(k+3) t> (cpﬁ;)— 5;)) X
+ Z > 5 sin (k + ) x,
= (1 _ (o) (ktd) T) (k‘+ 1 2

where
17 1 17 1
e / ¢" (x) cos (k + 2) vdr, 5 =- / " (x) sin (’f + 2> x dr,
T T

K

o =2 [wr@eos (ke 5 )wdr. o) =2 [0 @sin (k43 ) wda
Vs

—T

3

4.2. Example solution

For the sake of illustration, we present here a simple example solution for the Inverse
Problem IP1. For this purpose, we consider the following choice of conditions (2.2):

u(z,0) =0, wu(x,T)=sinz, zé€[-m,n],
i.e., we have ¢ () = 0 and 9 () = sinz. Calculating the coefficients of the series solutions
as given in Theorem 4.1, we get

1 o e—(1+€)t 1 + €

1 =T sinz, and f(zr)=-———= sinx.
—e

u(z,t) = 1 — e—(+a)T

These solutions are illustrated in Figures 2 and 3.
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Figure 2. Graphs of u(z,t) at different times (left) and f(x) (right) for e = 0.1

and T'=1.
u N /
0.6 P S
NN\ O
///// \\\\"'\‘ 137 // -~ \~.‘,
7 \\ AN\
041 /// Y S \\\‘j,
Va A 1 /// .
/ \ y AW
,,// \\§
021 1 .
Rl \\\
52 2 ) 23
X p
A\ 5] X
\ / /1
\\\ /// \\\\ /s
\\ g 047 NN A
N N
'i\.&\///,/” DN
N oo
|——E:-O.S;.-(:-0.25—€:0—‘—(:0.25 ..... (:0.5| ’——€:-O.5_'E:-[).25_E:0"'€=0.25 """ (30.5|

Figure 3. Graphs of u(z,t) at t = 0.5 (left) and f(x) (right) for different values
of e and for T' = 1.
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