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Abstract

The boundedness, compactness and closed range of the multiplication operator defined on
mixed norm Lebesgue spaces are characterized in this paper.
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1. Introduction

Mixed norm spaces are spaces of multivariable functions in which the norm takes advan-
tage of the product structure in the domain. They were first named and formally studied
in [4], as a tool to study generalizations of Sobolev’s theorem regarding the continuity of
certain potencial operators and the Hausdorff-Young theorem. Spaces of this type arise
naturally in harmonic and functional analysis. See [11,14] for some history and related
work.

The multiplication operator, defined roughly speaking as the pointwise multiplication by
a real-valued measurable function, is a well-studied transformation. This operator received
considerable attention over the past several decades. Multiplication operators generalize
the notion of operator given by a diagonal matrix. More precisely, one of the results of
operator theory is a spectral theorem, which states that every self-adjoint operator on a
Hilbert space is unitarily equivalent to a multiplication operator on an Lo space (see e.g.
[12]). There exist several papers devoted to the study of the multiplication operator, on L,
spaces [13,18], on Lorentz spaces [2], on Orlicz-Lorentz spaces [6], on Weak L, spaces [9],
on Cesaro spaces [15], on variable L, spaces [7], on Kéthe sequence spaces [17], on Lorentz
sequence spaces [8] and on bounded variation spaces [3,10]. For some of the history of the
multiplication operator and open problems, see [16]. It is natural to extend the study to
mixed norm Lebesgue spaces.

In order to carry on this study, we introduce at the end of this section some previous
definitions. In Section 2 we characterize the boundedness of the multiplication operator
on mixed norm Lebesgue spaces. In Section 3, we give necessary and sufficient conditions
to guarantee the closed range of the multiplication operator. Finally, in Section 4 we
introduce a subspace of the mixed norm Lebesgue space and then we establish some
results about the compactness of the multiplication operator.
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Denote by Lg (RQ) the class of all measurable and almost everywhere finite functions
f on R2. Fix indices p,q € (0,00). A function f € Lo (R?) belongs to the mixed norm
Lebesgue space L(u) [LP(v)] if

17 ooy = [ / ( [ 1r@pre) dx)q/ ’ wy) dy

Where u and v are weight functions, i.e., v and v are non-negative locally integrable
functions.

[ La(u)[Lp (v 18 @ norm only when p > 1 and ¢ > 1, moreover L?(u) [LP(v)] is a Banach
space. For details, we refer the reader to [5].

We denote by mz(E) the Lebesgue measure of a measurable set £ C R2.

If F(X) is a function space on a non-empty set X, and ¢ : X — R is a function such
that ¢ - f € F(X) whenever f € F(X), then the transformation f — ¢ - f is denoted by
M. In case F'(X) is a topological space, M, is called the multiplication operator induced

by .

1/q
< 00.

2. Boundedness of the multiplication operator on L9(u) [L”(v)]
In the following theorem we characterize the boundedness of My, defined on L4(u) [L?(v)]
Theorem 2.1. The operator M, : L9(u) [LP(v)] — L%(u) [LP(v)] given by
(Mo f) (z,y) = My(f(x,y)) = ¢(z,y) - f(,y)

is bounded if and only if ¢ is essentially bounded. Moreover,

M|l = llell o -

Proof. We prove first the sufficiency. Let ¢ be an essentially bounded function. Since
lo(z,y)| < ||¢]l a-e., we have

(@, y) f (2, 9)| < el | f(z,y)] ae.
Raising to p, multiplying by v(z) and integrating, we get

[ o) @yPoa)de < [ (el £ @l o) da.
R R

Raising to ¢/p and multiplying by the weight u,

([ 1ot s e i) u) < ([ 1ol i nip v ar) )

Finally, we integrate and raise to 1/q, to obtain

1/q
<

[/R (/R lo(z,y) f(z,y)[Pv(x) da:) " u(y) dy

[ /R ( / 1l oo 1 G, ) P o) dx)q“’u(y) dy]

So, ”MgofHLq(u)[Lp(v)] < el HfHLq(u)[Lp(v)], Le.
1Ml < ol - (2.1)

1/q

Then M, is bounded.

Conversely, suppose that M, is a bounded operator. Suppose also that ¢ is not essen-
tially bounded. Then, the set E, = {(x,y) € R? : |¢(z,y)| > n} has a positive measure.
Therefore, for any n € N and any (x,) € R?, we have

[(exE,) (#,9)] > nxE,(z,Y).
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Raising to p, multiplying by v and then integrating,

[ 1xe) @)l vla) do > [ s, o p) vla) do.
R R

Raising to ¢/p and then multiplying by u,

q/p

(/R l(exE,) (z,y)P v(x) dx) q/pu(y) > </R nxe, (z,y)]F v(x) d;]:) u(y).

Now, integrating and then raising to 1/¢q, we have

VR </R l(oxE,) (z,9)]P v(z) dm) v u(y) dy

[/R (/R nxe, (z,y)]F v(z) dgg) q/p () dy} 1/q |

HMQOXEnHLQ(u)[LP(v)] zn HXEnHL‘I(u)[LP(U)] :

1/q
>

Hence

This contradicts the boundedness of M. So ¢ must be essentially bounded.
In order to prove that the norm of M, is actually ||¢]|,, for € > 0,
let E = {(z,y) € R?: |p(z,y)| > ||l — €} Note that ma(E) > 0. Then

(@, y)xe(@,y)| = (I¢llo — &) xp(r,y) VY (z,y) € R
Following the same steps as above, one concludes that
HMSDXEHL‘Z(U)[LP(U)] > (lelloe = &) lIXEl Laquyzr(w) -

Hence
Moyl > ll¢llo — €

Since € > 0 is arbitrary, we have

Ml = ]l - (2.2)
From (2.1) and (2.2) we conclude that

1Mol = llllo - =

3. Closed range of the multiplication operator

Now, we study the closed range of the multiplication operator.
Although we will need M, to be an injective operator, this is not always the case. Take

o(r,y) = X[0,1]x[0,1] (z,y) and f(x,y) = X[2,3]x[2,3] (z,y). Then,
(Myf) (2, y) = p(z,y) - f(2,y) = X[O,l]x[o,l}(x7y) * X[2,3]x[2,3] (z,y) = 0.

Hence, since ker (M) # {0}, M, is not one to one.
In order to guarantee the injectivity of M., we need to take into account the support
of ¢, which is defined as

supp ¢ = { (w,y) € B : p(w,y) #0}.
Take S = supp ¢ and define the restricted space Li(u) [LP(v)] (S) as
L (u) [LP(0)] (9) = {fxs : [ € LI (u) [LP(v)]} -

The following result gives us a relation between the injectivity of M, and the restricted

space Li(u) [LP(v)] (S).
Proposition 3.1. M, : LY(u) [LP(v)] (S) — L9(u) [LP(v)] (S) is an injective operator.
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Proof. If Mspf = 0 where f = fxg, we have ¢(z,y)f(z,y) = 0 for all (z,y) € R?, ie.
o(z,y)f(z,y)xs(x,y) = 0 for all (x,y) € R? and since S = supp ¢, then

90($7y)f($>y) =0, V (x7y) €S
f($>y):O> V(x7y)65
fl@y)xs(z,y) =0, ¥ (z,y) € R

Then f(x,y) = 0. Hence ker (M,) = {0} and then we have injectivity of M, on the set
LA(u) [LP(0)] (S)- O

We recall the definition of a bounded below operator.
Definition 3.2. An operator T': X — Y between normed spaces is said to be bounded
below if there exists a constant C' > 0 such that
[Tz]| = C'|]
for each x € X.

The following theorem (see e.g. [1]) allows us to obtain some results about the range of
M,.
Theorem 3.3. Let T be a bounded linear operator, T : X — Y, where X and Y are
Banach spaces. Then T is bounded below if and only if T is one-to-one and has closed

range.

As an immediate consequence of Proposition 3.1 and Theorem 3.3, we have the following
corollary.

Corollary 3.4. The multiplication operator
My = L(u) [LP(0)] (S) = L%(u) [LP(v)] (5)
is bounded below if and only if M, has closed range.

Now we show the main theorem of this section.

LP(v)] = LY(u) [LP(v)] has closed

Theorem 3.5. The multiplication operator M, : L9 (u) [
,y)| > & for mo-almost all (x,y) €

range if and only if there exists > 0 such that |¢o(x
supp .

Proof. We prove first the converse implication. Write S = supp ¢. Suppose that there
exists § > 0 for which |¢(z,y)| > 0 a.e. on supp ¢. Then

lo(@, y) f(z,y)xs(x,y)| = | f(z,y)xs(z,y)| ae.
From this we have

([ 1o s pxsenpoe i) = ([ Bireuxseope )
And then

1/q
>

[/R (/R lo(z,y) f(z,y)xs (@, y) [P v(z) dm) q/pu(y) dy

l/R ([ w17 wxste. o ) ) dy]

1/q

Hence

||Mg0fXS||Lq(u)[Lp(v)] >0 HfXSHLq(u)[LP(v)] :
This means that M, is bounded below on L%(u) [LP(v)] (S). Following similar lines to
[18, Lemma 2.2], one concludes that M, : L9(u) [LP(v)] — L9(u) [LP(v)] has closed range.
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Now we prove the reverse implication. Suppose that M., has closed range on L4 (u) [LP(v)].
Again, by [18, Lemma 2.2], there exists ¢ > 0 such that
|.1] LaLr) =~ © 7] La()[LP (v)
for all f € L9(u) [LP(v)] (S). Let E = {(z,y) € S : |o(x,y)| < £/2}. If ma(E) > 0, we can
find a measurable set F' C E such that 0 < mg(E) < ma(F) and so xp € L(u) [LP(v)] (S).
Then we have

(3.1)

lo(x, y)xr(z,y)| < % IxF(z,y)|

Following the same steps as above, one concludes that

1/q
<

VR (/R lo(@,y)xr (2, y)IP v(z) dm) " u(y) dy

(L[5t soras) u o "

Thus,
€
Mot aguyzoen < o e Do (3.2)
Inequalities (3.1) and (3.2) together lead to a contradiction. Therefore ma(F) = 0. In
other words, |p(z,y)| > /2 for mg-almost all (x,y) € S. O

4. Compactness of the multiplication operator
Before we continue, we recall the definition of invariant subspace.

Definition 4.1. Let T': X — X be an operator. A subspace V of X is said to be invariant
under T' (or T-invariant) if T'(V) C V.

The next lemma will be useful later.

Lemma 4.2. Let T : X — X be an operator. If T is compact and V is a closed T-invariant
subspace of X, then T'|;, is compact.

A proof of the above lemma may be found in [6].
For € > 0, we define

Ac(p) = {(z,9) € R : |p(x,)| > ¢},
and we also define
L9(u) [PP(0)] (A9)) = { Fragoy £ € K1) [P(0)] ).
Lemma 4.3. Let M, be a compact operator. Then L9(u)[LP(v)] (Ac(p)) is a closed

invariant subspace of L?(u)[LP(v)] under M,. Moreover,

M| au) 2o () (A (o))
is a compact operator.

Proof. Let F,G € L(u) [LP(v)] (Ac(p)), then F' = fxa_(,) and G = gxa_() With f,g €
L9(u) [L7(v)]. So,
AP+ uG = AfXac(p) T HIX A ()
= (M + 19)XA.(p)
Since Af 4+ pg € L1(u) [LP(v)], the above equation shows that
AF + pG e L(u) [LP(v)] (A:(#) -
So this is a subspace of L4 (u) [LP(v)] (A:(p)).
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Now, let h € M, (L(u) [LP(v)] (As(®))). Then there exist F' such that F' belongs to
L(u) [LP(v)] (Ac(p)) and M,F = h. Since F' = fxa_(,) for some f € L(u) [LP(v)], we
have

h=M,F=pF = ¢ (fXAE(@)> = (Sof)XAE(go)

Since ¢f € L%(u) [LP(v)], the above equation shows that h € L(u) [LP(v)] (A:(p)). This
proves that L9(u) [LP(v)] (Ac(p)) is M -invariant.

To prove the closedness of L?(u) [LP(v)] (Ac(p)), let {Fi}jcn be a sequence in
Li(u) [LP(v)] (Ac(¢)) such that

Fy — F in Li(u) [LP(v)] (Ac(p)).
We need to show that F' € L(u) [LP(v)] (Ac(¢)). In order to do this, we write
F=Fxa.(o) + FXabip)

It is enough to prove that F'y Ab(p) = 0. For any € > 0, there exists ng such that
|1F— FnoHLq(u)[Lp(v)] <, but

= (F_FNO+FRO)XAE(

HFXAE(W) La(u)[LP(v)] Ol La(u)[Lr ()]

IN

(F_F”O)XAE(W) La(u)[LP(v ‘F”OXAB(%D) La(u)[LP (v)]

= |[(F — Fp,) XAt , o + HfXAE @) XAL(p) ||

La(u)[Lr( La(u)[LP(v)]
<e.
La(u)[LP(v)]

< e. Since € was arbitrary, we have
La(w)[LP (v)]

= ||(F' = Fng) Xt ()

Hence HFXAE(<P)

HFXAEUP) La(u)[LP (v)]

Therefore FXAC(ga) =0and F' = Fxa,(p) € LY (u) [LP(v)] (Ac(p))-
Now, by using Lemma 4.2, we conclude that M| ol La(w)[LP (0)] (A () is a compact operator.
O

Finally, we have the following theorem.

Theorem 4.4. Let M, : L(u) [LP(v)] — L%(u)[LP(v)] be a bounded linear operator.
Then M, is compact if and only if L(u)[LP(v)] (Ac(y)) is finite dimensional for each
e>0.

Proof. Suppose that M, is a compact operator. Note that, for all (z,y) € A-(p),

Then

lo(z, ) f (@, y)xa. (z,y)| > e|f(z,y)xa (x,9)] VY (z,y) € R
From this we have

([ 1o s ol vwdz)"" = ([ E1e ool o) i)

Consequently

q/p

1/q
>

[/R (/}R lo(z,y) f(z,y)xa. (z,9) " v(z) dx)q/p u(y) dy

l/R (/R [ef(x,y)xa.(z,y) ] v(z) dx) a/p uly) dy} 1/q |
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From the last inequality we infer that

HMcprAEHLq(u)[Lp(U)] > € ||fXAEHLq(u)[LP('U)] : (4.1)
Hence M¢|Lq(u)[Lp(v)](AE(¢)) has closed range.

Now, if M, is a compact, then from Lemma 4.3, L9(u) [LP(v)] is a closed invariant
subspace of M, and by Lemma 4.2,

Mol Lauyizr)(ace)
is a compact operator. Also, M, : L(u) [LP(v)] (Ac(p)) — Li(u) [LP(v)] (Ac(p)) is in-
vertible (in fact, its inverse is M;' = M,-1). Therefore, L?(u) [LF(v)] (Ac(y)) is finite
dimensional for each € > 0.
Conversely, suppose that L?(u) [LP(v)] (Az(p)) is finite dimensional for any € > 0. Par-

ticularly, L(u) [LP(v)] (Al /n(cp)) is finite dimensional for all n € N.
For each n, we define ,, : R? — C as follows
e(z,y), if [o(z,y)] =
%(x,y)z{ () : otz v)
0, if p(z,y)| <

Then we have |¢,(z,y) — ¢(z,y)| < 1/n. Following the same steps as above, one concludes
that

S=3 =

1
1My, f = Mol paguyipe) < o 1N Loy pe o)) -
Then M, converges to M, uniformly.
Since each one of the spaces L(u) [LP(v)] (Al /n(go)) is finite dimensional, we have that

M,,, is a finite rank operator, which in turn implies that M, is compact. Finally, the
uniform convergence implies the compactness of M. O

Remark 4.5. The results obtained in this paper can easily be extended to another types
of mixed norm spaces. For example, the mixed norm Lorentz spaces A?(u) [AP(v)], which
are the set of all functions f € Lo (R?) such that

Hf”Aq(u)[AP(v)] = </0°O K/OOO [FY(, 0P u(t) dt) * (s)] a/p (o) ds) 1/q

is finite, where 0 < p, ¢ < 0o, v, w are weights in Ry, and h* denotes the usual decreasing
rearrangement of h.
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