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equations into solving a linear system. The existence and uniqueness of the exact solutions
are proved by the Banach fixed point theorem. The format of the Nystrom solutions is
given, especially with the composite Trapezoidal and Simpson rules. The results of error
estimation and convergence analysis are obtained in the infinite norm sense. The validity
and reliability of the theoretical analysis are verified by numerical experiments.

1. Introduction

In this paper, we consider a class of system of Fredholm integral equations of the form

u(x) = f(x) + [Tk (e, y)u(y) +kia (x,y)v(y)ldy (L.1)
8(x) + [2 ka1 (x,y)u(y) +kaa (x, y)v(y)]dy,

<

=
=

=
Il

where the known functions f(x),g(x) € Cla,b], kpq(x,y) € C([a,b] % [a,b]), p,q=1,2, u(x), v(x) € Cla,b] are the unknown functions.
The integral equation problem has been two hundred years old, and the integral equation is widely used in the study of physics, especially in
mechanics, magnetism, architecture and etc. Since the exact solution of the integral equation problem is difficult to find, its high-precision
numerical solutions are often studied. Many numerical methods are used for numerical solution of Fredholm integral equation, for instance,
Taylor collocation method [1], Galerkin projection and Least squares approximation method [2], variational iteration and fixed point iterative
method [3], Nystrom method and mechanical quadrature method [4]-[7], meshless methods [8] and multiscale methods [9], and so on.
However, there is not much paper about solving the system of integral equations. This paper will study the Nystrom method of the system of
Fredholm integral equations.

2. A sufficient condition for the existence and uniqueness of exact solutions

According to Banach fixed point theorem, a sufficient condition for the existence and uniqueness of exact solution of system of Fredholm
integral equations (1.1) is proposed. First, for (1.1), we structure a function vector space

V2{a,b] = {s(x) = [s1(x),52(x)]", si(x) € Cla,b], i=1,2}
and a functional matrix space
szz([avb} X [(l,bD = {(sij(x7y))2><275ij(xay) € C([avb] X [avb])v i,j= 172}'
For

K(X7Y) = (kpq(xvy))ZXZ € szz([avb} X [avb})v p,g=1,2
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and

U(x) = [u(x),v(x)]" € V?[a,b],

9= [ Kenuay

The norm of the numerical integral operator . discussed in this paper is defined as

we write the numerical integral operator %~ defined as

b
1 o = max [Z max [ kg ().

1<p <2 a<x<h
Theorem 2.1. If |7 || < 1 holds, then the exact solutions of the system of Fredholm integral equations (1.1) is existential and unique.

Proof. For all U;(x) € V2[a,b], i= 1,2, one has

b
TU = F(0)+ [ KUy, i=1.2.
a

Then we have
ITU = TU |l = | f”
= Hju K

<2 K(
<) oo

K(x,y)Uy (y)dy — [ K (x,y)Uz(y)dy]|
() [U1(y) — U2(y)]dy|e
%,)dY|e0+ [|[U = Ua |0

Uy — Uz

Since ||.# ||~ < 1, T is a contraction mapping. Consider that Banach fixed point theorem, then (1.1) exists a unique solution U* € V?[a, b]
such that 7U* = U* holds. O

3. The Nystrom method
In this section, we use the numerical quadrature scheme to obtain a general algorithm for the Nystrom method of the system of Fredholm

integral equations.
Applying numerical quadrature scheme to integral terms of (1.1), we can have

b
[ ot (3)u0) + Ky vy
_Zco, 1 (6, u(xi) + ko (6,500 (x)] A RS, p=1,2,

(n)

where @;(i =0,1,...,n) are coefficients of quadrature and x;(i =0, 1,...,n) are the quadrature node points and R
such that (1.1) can be rewritten as

n .
,Rg ) are remainder terms,

{ u(x) = f(x) + Yo @ilkrr (x,x;)u(x;) + ki (x, xi)v(x;)] +R$") G
v(x) = g(x) +Xilg @i ka1 (x, x;)ue(x;) + koo (x,x:)v ()] + R(z”)A

We take the collocation points x = x;, and let f(x;) = fi, g(x;) = gi. kpg(xi,xj) = k;,’,,, u(x;) =uj, v(x;) =v;, i=0,1,...,n; p,g=1,2.
Then we ignore the remainder terms and obtain the approximating linear system with respect to ug, vo, U1, Vi, ... , Un, Vi aS

=fi+¥Xj Owj(klluj +k12"1) (3.2)
=gi+Y]_ 0 @ (K51t +Khv)).
Remove the terms of (3.2), then we obtain
=X ji @ik uj + (1= wik’iil)ui Yo wj@l’lfzvj = (33)
=X k3 uj — Lz @jkzpvi + (1 — 0k )vi = gi.
Solve linear system (3.3), we can get u; = u}, v; =v{,i=0,1,...,n
Take u;, v} into (3.1) omitting the remainder terms, we have
{ u”( )7f( )+Z Oa)l[kll(x X,) ?+k12(x7xl')v?<] (3 4)
va(x) = g(x) + L7 0;kat (x,x7)uf + koo (3, ;)] ’
Thus u,(x), v,(x) can be called the Nystrom solutions with numerical quadrature scheme (3.1).
Meanwhile, it can be noted that
un(x;) = uj
3.5
{ Vn (X,') = V?, ( )

SO 1y (x), vy (x) are also the Nystrom interpolation functions under the interpolation condition (3.2).
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4. Error estimation

To carry out an error analysis for the Nystrom method, we first give the following useful Lemma.
Lemma 4.1. Let ay, ap, by, by, ci, ¢, and x, y are positive real numbers. Assume

x<ay+bix+cy
y<ax+byx+coy.

Forby+c; < 1and (1—b1)(1—cp) > bycy, then

(1 +b2—C2)a] +(1+C1 —bl)az
(I1=b1)(1=c2) —bacy

The proof of this Lemma can be given directly and we omit it. The result of error estimation is given below.

x+y<

Theorem 4.2. Let u(x), v(x) are the exact solutions and let u,(x), v, (x) are the Nystrom solutions of system of Fredholm integral equations
(1.1). Assume My + My < 1, and (1 —My1)(1 —May) > M2M>y, then

ot o < (M2 M) IRY e+ (1= My M) RS
’ e (1=Mp)(1 = M) — My M ’

where Mpq = (b*“)Hkpq(xv)’)Hwa p,q=12
Proof. Consider (3.5) and subtract (3.4) from (3.1) to get

-y = T @k (xx) () — ) ki () () — v)] + RV
= Yo @il (6,) () — un (50)) + K12 (6,0) (v(x) — vax))] + RV,

then
(n) n n
[ = ttnloo < (IR} (oo + 1Y |0kt (2,) | [low |16 = ttn ] oo 4[| Y | 0k12 (3,%0) [l en « |V = Vit [ -
i=0 i=0

Similarly, we have

n n
1= villon < RSl + Y looka (i) [l [l — ttnlloo + | Y |0iK22 (x,37) oo« [[v = Vi o-

1= 1=

From the intermediate value theorem of continuous function, we can get

| £ | @ikpg (x, xi)|[|oo (b—a)llkpg(x, Mpg) [l
(b—a)llkpg(x,y) [l

M["]’

A

where 1,4 € [a,b], p,g=1,2.
It follows that a system of inequalities

=t < |RY oo M1 [ =t + M2 [0 = v
= Vil < 1R o+ Mo 16— ]| + Moo [y =i o

From Lemma 4.1, we can obtain

=t Jon < (M IR oMol R |
e = (1-My1)(1-May) —M My,

Moy | R o +(1=M11) [RS -

(1-M1)(1—-Map)—My My,

v = valle <
when M| + Mp»> < 1 and (17M]1)(17M22)>M21M12. O

In particular, for the composite trapezoidal rules, we have

_ b=a
"

Wy =W, =75

O =W=..=0,_ 1=h

xi=xo+nh, i=0,1,....n,
)

Yiolwikpg(x,x:)| = %[%ﬂkpq(xvm” + [kpg (x, %)) +Z?;1] kpg (x,;)]]
= (b—a)lkpg(x,Mpg)|, Mpq € [a,b].

Conseqently, || Eiq |@ikpg (x,%i)|l|co = Mpq, p,g=1,2.
Let

9

{ ki (x,8) = sl (v, )u(y) +kia(ry)v()ly—g a < & < b
ko (1) = 25 o (x,9)u(y) + ko (6, 9V () y=n,a < < b.

To sum up, we can draw the following corollary.
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Corollary 4.3. If M| +Myy < 1 and (1—M;)(1 —Mp) > MMy, then the Nystrém solutions with the composite trapezoidal quadrature
formula have the following error estimation:

b—a (1 =My +May) ||k (6, 9)]|eo -+ (1 = My1 +Mya)|[ka (%, ) |eo
= tn]loe £ || — vl < a( 22+ M) [[k1 (x,9) [l + ( 1+ M) k(6 y) e o

12 (1=My1)(1—Ma) — Mo Mo
By a similar argument, for the composite Simpson rules, we have
h= b
=, =}
O =W3=...=Wy_1=3h
W =04=...= Wy »=3h
xi=xo+i, i=0,1,..2n,
hence
b—ail 1 yn—1 2
2,22() |wik,,q(x,x,~)| = Ta[6(|kpq(x7x0) +kpq(xvx2n) )+ §Z?:1 |kpq(x7x2i)| +3 Yy ‘kpq(xvx%flm
= (b—a)kpq(x,Npq), Npq € [a,b].

Then || L2 |@ikpg (x,%:)| |0 = Mpq, p,q=1,2.
Let
— 4
ky (—x>§) = %ﬁ[kn(x,y)u(y) +k12(x7y)v(y)}y:§7a < é <b
— 4
ka(x,m) = ;V[kzl (o, y)u(y) + koo (x,9)v(y)]y=n,a <1 <b.
Again, we can draw the following corollary.

Corollary 4.4. [f M| +M>; < 1and (1—M;1)(1 —May) > M2My1, then the Nystrom solutions with the composite Simpson quadrature
formula have the following error estimation:

||M—M ” +HV—V H < b—a (1 _M22+M21)‘|E1(x7y)”°°+(1 _M11+M12)”%2('x7y)”°° ﬁ
N ||oo e

4
=180 (1=M1)(1 —Ma3) — Mo  Mi2 (2) ‘

5. Numerical examples

In order to verify the validity of the proposed numerical method, two numerical examples are given and the exact solutions are compared
with the approximate solutions by using Matlab.R2015a. The convergence rate is defined by

1t = o+ [ = v
= szl v = v2alle

Ratio =
Example 5.1. Consider the following system of Fredholm integral equations

u(x) =%+ 3x— o2+ fo (= 3x+ 5y)u) + (Gx—y)v(»)ldy
v(x) = Fx— 1+ [o bou(y) + L oy = 29)v(y)]dy,

with 0 < x < 1 and the exact solutions u(x) = x%, v(x) =x— 1.
We choose n = 4,8,16,32 along with h = % and get x; = ih, i=0,1,...,n. The curve graph of the exact solutions u(x) = x2, v(x) =

x — 1 and the approximations u,(x), v,(x) obtained using the Nystrém method are given in Figure 5.1(a), and then the maximum error
[l — tn]|eo + ||V — Vi || listed in Table 1.

Composite trapezoidal Composite Simpson
n | |lu—unlleo+ ||v—vnll- | Ratio ||t — un |0 + ||V — V|l | Ratio
4 1.7800e-02 0
8 4.5000e-03 3.9556 0 0
16 1.1000e-03 4.0909 5.7465e-19 0
32 2.7778e-04 3.9600 0 0

Table 1: Error calculation result of Example 5.1.
Example 5.2. Consider the following system of Fredholm integral equations

1z

u(x) =sinx+ fom[(%;inxf cosy)u(y) + (4—10y sinx)v(y)]dy
v(x) = cosx— 5 + Jo ”[(% sinx — %y)u(y) + (% sinx + % cosy)v(y)|dy,

with 0 < x < 27 and the exact solutions u(x) = sinx, v(x) = cosx.

We also choose n = 4,8,16,32 along with 7 = % and get x; = ih, i=0,1,...,n. The curve graph of the exact solutions u(x) = sinux,
v(x) = cosx and the approximations u,(x), v,(x) obtained using the Nystrom method are given in Figure 5.1(b), and then the maximum
errors ||u — y||e + ||V — vy || listed in Table 2.
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(a) Example 5.1 (b) Example 5.2

Figure 5.1: The exact solutions and the Nystrom solutions of Example 5.1 and Example 5.2 when n=16

Composite trapezoidal Composite Simpson
n | |lu—up|lw+|[v—vnll~ | Ratio [t — un oo +||[v—vnll | Ratio
4 6.4300e-02 6.8765e-04
8 1.5700e-02 4.0955 4.0590e-05 16.9414
16 3.9000e-03 4.0256 2.5019e-06 16.2237
32 9.6947¢-04 4.0228 1.5583e-07 16.0553

Table 2: Error calculation result of Example 5.2.

6. Conclusion

In this paper, The Nystrom method is proposed to handle approximate solutions of system of Fredholm integral equations and two numerical
examples are provided to illustrate the validity and feasibility of the present method. For the simple system of integral equations such as
polynomial integral equations, we appear to get the exact solutions directly by the Nystrom method with the composite Simpson rule.

In the future, the Nystrom method can be extended to solve Hammerstein integral equations. A two-grid iteration method for the Nystrom
method for system of Fredholm integral equations will also be further studied.
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