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Abstract

In this paper, the efficient numerical solutions of a class of system of Fredholm integral
equations are solved by the Nyström method, which discretizes the system of integral
equations into solving a linear system. The existence and uniqueness of the exact solutions
are proved by the Banach fixed point theorem. The format of the Nyström solutions is
given, especially with the composite Trapezoidal and Simpson rules. The results of error
estimation and convergence analysis are obtained in the infinite norm sense. The validity
and reliability of the theoretical analysis are verified by numerical experiments.

1. Introduction

In this paper, we consider a class of system of Fredholm integral equations of the form{
u(x) = f (x)+

∫ b
a [k11(x,y)u(y)+ k12(x,y)v(y)]dy

v(x) = g(x)+
∫ b

a [k21(x,y)u(y)+ k22(x,y)v(y)]dy,
(1.1)

where the known functions f (x),g(x) ∈C[a,b], kpq(x,y) ∈C([a,b]× [a,b]), p,q = 1,2, u(x), v(x) ∈C[a,b] are the unknown functions.
The integral equation problem has been two hundred years old, and the integral equation is widely used in the study of physics, especially in
mechanics, magnetism, architecture and etc. Since the exact solution of the integral equation problem is difficult to find, its high-precision
numerical solutions are often studied. Many numerical methods are used for numerical solution of Fredholm integral equation, for instance,
Taylor collocation method [1], Galerkin projection and Least squares approximation method [2], variational iteration and fixed point iterative
method [3], Nyström method and mechanical quadrature method [4]-[7], meshless methods [8] and multiscale methods [9], and so on.
However, there is not much paper about solving the system of integral equations. This paper will study the Nyström method of the system of
Fredholm integral equations.

2. A sufficient condition for the existence and uniqueness of exact solutions

According to Banach fixed point theorem, a sufficient condition for the existence and uniqueness of exact solution of system of Fredholm
integral equations (1.1) is proposed. First, for (1.1), we structure a function vector space

V 2[a,b] = {s(x) = [s1(x),s2(x)]T ,si(x) ∈C[a,b], i = 1,2}

and a functional matrix space

V 2×2([a,b]× [a,b]) = {(si j(x,y))2×2,si j(x,y) ∈C([a,b]× [a,b]), i, j = 1,2}.

For

K(x,y) = (kpq(x,y))2×2 ∈V 2×2([a,b]× [a,b]), p,q = 1,2
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and

U(x) = [u(x),v(x)]T ∈V 2[a,b],

we write the numerical integral operator K defined as

(K U)(x) =
∫ b

a
K(x,y)U(y)dy.

The norm of the numerical integral operator K discussed in this paper is defined as

‖K ‖∞ = max
1≤p≤2

[
2

∑
q=1

max
a≤x≤b

∫ b

a
|kpq(x,y)|dy].

Theorem 2.1. If ‖K ‖∞ < 1 holds, then the exact solutions of the system of Fredholm integral equations (1.1) is existential and unique.

Proof. For all Ui(x) ∈V 2[a,b], i = 1,2, one has

TUi = F(x)+
∫ b

a
K(x,y)U(y)dy, i = 1,2.

Then we have

‖TU1−TU2‖∞ = ‖
∫ b

a K(x,y)U1(y)dy−
∫ b

a K(x,y)U2(y)dy‖∞

= ‖
∫ b

a K(x,y)[U1(y)−U2(y)]dy‖∞

≤ ‖
∫ b

a K(x,y)dy‖∞ �‖U1−U2‖∞

≤ ‖K ‖∞ �‖U1−U2‖∞.

Since ‖K ‖∞ < 1, T is a contraction mapping. Consider that Banach fixed point theorem, then (1.1) exists a unique solution U∗ ∈V 2[a,b]
such that TU∗ =U∗ holds.

3. The Nyström method

In this section, we use the numerical quadrature scheme to obtain a general algorithm for the Nyström method of the system of Fredholm
integral equations.
Applying numerical quadrature scheme to integral terms of (1.1), we can have

∫ b

a
[kp1(x,y)u(y)+ kp2(x,y)v(y)]dy

=
n

∑
i=0

ωi[kp1(x,xi)u(xi)+ kp2(x,xi)v(xi)]+R(n)
p , p = 1,2,

where ωi(i = 0,1, ...,n) are coefficients of quadrature and xi(i = 0,1, ...,n) are the quadrature node points and R(n)
1 ,R(n)

2 are remainder terms,
such that (1.1) can be rewritten as

{
u(x) = f (x)+∑

n
i=0 ωi[k11(x,xi)u(xi)+ k12(x,xi)v(xi)]+R(n)

1
v(x) = g(x)+∑

n
i=0 ωi[k21(x,xi)u(xi)+ k22(x,xi)v(xi)]+R(n)

2 .
(3.1)

We take the collocation points x = xi, and let f (xi) = fi, g(xi) = gi, kpq(xi,x j) = ki j
pq, u(xi) = ui, v(xi) = vi, i = 0,1, ...,n; p,q = 1,2.

Then we ignore the remainder terms and obtain the approximating linear system with respect to u0, v0, u1, v1, ... , un, vn as

{
ui = fi +∑

n
j=0 ω j(k

i j
11u j + ki j

12v j)

vi = gi +∑
n
j=0 ω j(k

i j
21u j + ki j

22v j).
(3.2)

Remove the terms of (3.2), then we obtain{
−∑ j 6=i ω jk

i j
11u j +(1−ωikii

11)ui−∑
n
j=0 ω jk

i j
12v j = fi

−∑
n
j=0 ω jk

i j
21u j−∑ j 6=i ω jk

i j
22v j +(1−ωikii

22)vi = gi.
(3.3)

Solve linear system (3.3), we can get ui = u∗i , vi = v∗i , i = 0,1, ...,n.
Take u∗i , v∗i into (3.1) omitting the remainder terms, we have{

un(x) = f (x)+∑
n
i=0 ωi[k11(x,xi)u∗i + k12(x,xi)v∗i ]

vn(x) = g(x)+∑
n
i=0 ωi[k21(x,xi)u∗i + k22(x,xi)v∗i ].

(3.4)

Thus un(x), vn(x) can be called the Nyström solutions with numerical quadrature scheme (3.1).
Meanwhile, it can be noted that {

un(xi) = u∗i
vn(xi) = v∗i ,

(3.5)

so un(x), vn(x) are also the Nyström interpolation functions under the interpolation condition (3.2).
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4. Error estimation

To carry out an error analysis for the Nyström method, we first give the following useful Lemma.

Lemma 4.1. Let a1, a2, b1, b2, c1, c2, and x, y are positive real numbers. Assume{
x≤ a1 +b1x+ c1y
y≤ a2 +b2x+ c2y.

For b1 + c2 < 1 and (1−b1)(1− c2)> b2c1, then

x+ y≤ (1+b2− c2)a1 +(1+ c1−b1)a2

(1−b1)(1− c2)−b2c1
.

The proof of this Lemma can be given directly and we omit it. The result of error estimation is given below.

Theorem 4.2. Let u(x), v(x) are the exact solutions and let un(x), vn(x) are the Nyström solutions of system of Fredholm integral equations
(1.1). Assume M11 +M22 < 1, and (1−M11)(1−M22)> M12M21, then

‖u−un‖∞ +‖v− vn‖∞ ≤
(1−M22 +M21)‖R

(n)
1 ‖∞ +(1−M11 +M12)‖R

(n)
2 ‖∞

(1−M11)(1−M22)−M21M12
,

where Mpq = (b−a)‖kpq(x,y)‖∞, p,q = 1,2.

Proof. Consider (3.5) and subtract (3.4) from (3.1) to get

u−un = ∑
n
i=0 ωi[k11(x,xi)(u(xi)−u∗i )+ k12(x,xi)(v(xi)− v∗i )]+R(n)

1
= ∑

n
i=0 ωi[k11(x,xi)(u(xi)−un(xi))+ k12(x,xi)(v(xi)− vn(xi))]+R(n)

1 ,

then

‖u−un‖∞ ≤ ‖R
(n)
1 ‖∞ +‖

n

∑
i=0
|ωik11(x,xi)|‖∞ �‖u−un‖∞ +‖

n

∑
i=0
|ωik12(x,xi)|‖∞ �‖v− vn‖∞.

Similarly, we have

‖v− vn‖∞ ≤ ‖R
(n)
2 ‖∞ +‖

n

∑
i=0
|ωik21(x,xi)|‖∞ �‖u−un‖∞ +‖

n

∑
i=0
|ωik22(x,xi)|‖∞ �‖v− vn‖∞.

From the intermediate value theorem of continuous function, we can get

‖∑
n
i=0 |ωikpq(x,xi)|‖∞ = (b−a)‖kpq(x,ηpq)|‖∞

≤ (b−a)‖kpq(x,y)|‖∞

= Mpq,

where ηpq ∈ [a,b], p,q = 1,2.
It follows that a system of inequalities{

‖u−un‖∞ ≤ ‖R
(n)
1 ‖∞ +M11‖u−un‖∞ +M12‖v− vn‖∞

‖v− vn‖∞ ≤ ‖R
(n)
2 ‖∞ +M21‖u−un‖∞ +M22‖v− vn‖∞.

From Lemma 4.1, we can obtain  ‖u−un‖∞ ≤
(1−M22)‖R(n)

1 ‖∞+M12‖R(n)
2 ‖∞

(1−M11)(1−M22)−M21M12

‖v− vn‖∞ ≤
M21‖R(n)

1 ‖∞+(1−M11)‖R(n)
2 ‖∞

(1−M11)(1−M22)−M21M12
,

when M11 +M22 < 1 and (1−M11)(1−M22)> M21M12.

In particular, for the composite trapezoidal rules, we have
h = b−a

n
ω0 = ωn =

h
2

ω1 = ω2 = ...= ωn−1 = h
xi = x0 +nh, i = 0,1, ...,n,

so

∑
n
i=0 |ωikpq(x,xi)| = b−a

n [ 1
2 (|kpq(x,x0)|+ |kpq(x,xn)|)+∑

n−1
i=1 |kpq(x,xi)|]

= (b−a)|kpq(x,ηpq)|, ηpq ∈ [a,b].

Conseqently, ‖∑
n
i=0 |ωikpq(x,xi)|‖∞ = Mpq, p,q = 1,2.

Let {
k1(x,ξ ) = ∂ 2

∂y2 [k11(x,y)u(y)+ k12(x,y)v(y)]y=ξ ,a < ξ < b

k2(x,η) = ∂ 2

∂y2 [k21(x,y)u(y)+ k22(x,y)v(y)]y=η ,a < η < b.

To sum up, we can draw the following corollary.
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Corollary 4.3. If M11 +M22 < 1 and (1−M11)(1−M22)> M12M21, then the Nyström solutions with the composite trapezoidal quadrature
formula have the following error estimation:

‖u−un‖∞ +‖v− vn‖∞ ≤
b−a

12
(1−M22 +M21)‖k1(x,y)‖∞ +(1−M11 +M12)‖k2(x,y)‖∞

(1−M11)(1−M22)−M21M12
h2.

By a similar argument, for the composite Simpson rules, we have
h = b−a

n
ω0 = ω2n =

h
6

ω1 = ω3 = ...= ω2n−1 =
2
3 h

ω2 = ω4 = ...= ω2n−2 =
1
3 h

xi = x0 + i h
2 , i = 0,1, ...,2n,

hence

∑
2n
i=0 |ωikpq(x,xi)| = b−a

n [ 1
6 (|kpq(x,x0)+ kpq(x,x2n)|)+ 1

3 ∑
n−1
i=1 |kpq(x,x2i)|+ 2

3 ∑
n
i=1 |kpq(x,x2i−1)|]

= (b−a)kpq(x,ηpq), ηpq ∈ [a,b].

Then ‖∑
2n
i=0 |ωikpq(x,xi)|‖∞ = Mpq, p,q = 1,2.

Let {
k1(x,ξ ) = ∂ 4

∂y4 [k11(x,y)u(y)+ k12(x,y)v(y)]y=ξ ,a < ξ < b

k2(x,η) = ∂ 4

∂y4 [k21(x,y)u(y)+ k22(x,y)v(y)]y=η ,a < η < b.

Again, we can draw the following corollary.

Corollary 4.4. If M11 +M22 < 1 and (1−M11)(1−M22)> M12M21, then the Nyström solutions with the composite Simpson quadrature
formula have the following error estimation:

‖u−un‖∞ +‖v− vn‖∞ ≤
b−a
180

(1−M22 +M21)‖k1(x,y)‖∞ +(1−M11 +M12)‖k2(x,y)‖∞

(1−M11)(1−M22)−M21M12
(

h
2
)4.

5. Numerical examples

In order to verify the validity of the proposed numerical method, two numerical examples are given and the exact solutions are compared
with the approximate solutions by using Matlab.R2015a. The convergence rate is defined by

Ratio =
‖u−un‖∞ +‖v− vn‖∞

‖u−u2n‖∞ +‖v− v2n‖∞

.

Example 5.1. Consider the following system of Fredholm integral equations{
u(x) = x2 + 5

24 x− 7
24 +

∫ 1
0 [(− 1

2 x+ 1
2 y)u(y)+( 1

12 x− y)v(y)]dy
v(x) = 7

9 x− 19
18 +

∫ 1
0 [xyu(y)+ 1

6 (xy−2y)v(y)]dy,

with 0≤ x≤ 1 and the exact solutions u(x) = x2, v(x) = x−1.

We choose n = 4,8,16,32 along with h = 1
n and get xi = ih, i = 0,1, ...,n. The curve graph of the exact solutions u(x) = x2, v(x) =

x− 1 and the approximations un(x), vn(x) obtained using the Nyström method are given in Figure 5.1(a), and then the maximum error
‖u−un‖∞ +‖v− vn‖∞ listed in Table 1.

Composite trapezoidal Composite Simpson
n ‖u−un‖∞ +‖v− vn‖∞ Ratio ‖u−un‖∞ +‖v− vn‖∞ Ratio
4 1.7800e-02 0
8 4.5000e-03 3.9556 0 0

16 1.1000e-03 4.0909 5.7465e-19 0
32 2.7778e-04 3.9600 0 0

Table 1: Error calculation result of Example 5.1.

Example 5.2. Consider the following system of Fredholm integral equations{
u(x) = sinx+

∫ 2π

0 [( 1
20 sinx− cosy)u(y)+( 1

40 ysinx)v(y)]dy
v(x) = cosx− 11π

20 +
∫ 2π

0 [( 1
50 sinx− 1

40 y)u(y)+( 1
18 sinx+ 1

2 cosy)v(y)]dy,

with 0≤ x≤ 2π and the exact solutions u(x) = sinx, v(x) = cosx.

We also choose n = 4,8,16,32 along with h = 1
n and get xi = ih, i = 0,1, ...,n. The curve graph of the exact solutions u(x) = sinx,

v(x) = cosx and the approximations un(x), vn(x) obtained using the Nyström method are given in Figure 5.1(b), and then the maximum
errors ‖u−un‖∞ +‖v− vn‖∞ listed in Table 2.
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(a) Example 5.1 (b) Example 5.2

Figure 5.1: The exact solutions and the Nyström solutions of Example 5.1 and Example 5.2 when n=16

Composite trapezoidal Composite Simpson
n ‖u−un‖∞ +‖v− vn‖∞ Ratio ‖u−un‖∞ +‖v− vn‖∞ Ratio
4 6.4300e-02 6.8765e-04
8 1.5700e-02 4.0955 4.0590e-05 16.9414
16 3.9000e-03 4.0256 2.5019e-06 16.2237
32 9.6947e-04 4.0228 1.5583e-07 16.0553

Table 2: Error calculation result of Example 5.2.

6. Conclusion

In this paper, The Nyström method is proposed to handle approximate solutions of system of Fredholm integral equations and two numerical
examples are provided to illustrate the validity and feasibility of the present method. For the simple system of integral equations such as
polynomial integral equations, we appear to get the exact solutions directly by the Nyström method with the composite Simpson rule.
In the future, the Nyström method can be extended to solve Hammerstein integral equations. A two-grid iteration method for the Nyström
method for system of Fredholm integral equations will also be further studied.
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