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ABSTRACT ARTICLE INFO
In this paper, it is aimed to construct regularized asymptotics of the solution of a two- Research article
dimensional partial differential equation of parabolic type with a small parameter for all spatial Received: 13.02.2019
derivatives and a rapidly oscillating free term. Accepted: 25.04.2019
The case when the first derivative of the phase of the free term at the initial point vanishes is Keywords:

considered. The two-dimensionality of the equation leads to the existence of a two-dimensional Asymptotics,

boundary layer. The presence in the free term as a rapidly oscillating factor leads to the inclusion singularly perturbed,
in the asymptotic of the boundary layer with a rapidly oscillating nature of change. Vanishing parabolic problem,

of the derived phase of the free term leads to the asymptotic of a new type of boundary layer oscillating free term.
function. A complete asymptotic solution of the problem is constructed by the method of

regularization of singularly perturbed problems developed by S.A. Lomov and adapted the *Corresponding author

authors for singularly perturbed parabolic equations.

1. Introduction

Singularly perturbed problems with rapidly oscillating free terms were studied in [1-3]. In [5], the solution was found using
the regularization method for singularly perturbed problems. The method used in [5] was also exploited for differential
equations of parabolic type with a small parameter, where fast-oscillating functions are free members, were studied in [2-
3]. The one-dimensional parabolic equation, when the scalar equation contains a free term consisting of a finite sum of
rapidly oscillating functions is studied in [4]. In the current paper, a two-dimensional parabolic equation are studied.

The asymptotic of the scalar equation contains a rapidly oscillating, power, parabolic boundary layer function and their
product [5], while the asymptotic solution of a multidimensional equation additionally contains a multidimensional
boundary layer function.

2. Asymptotic construction

2.1. Statement of the Problem

In this paper, the following problem is studied:
i6(t)
Lou(x,t, &) = 0,u — e2A,u — b(x, )u = f(x, t)exp — , (x, t)eE, (1)
Ulg=g = O'ulan:o =0,

where € >0 — is a small parameter, x = (x,%;), 2=0<x<Dx(0<x,<1), E=0<t<T)x0, A=
212:1 al(xl)aagl-
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The problem is solved under the following assumptions:

1. Vx; €[0,1] the function a,(x;) € C*[0,1],1 =1, 2;

2. b(x,t),f(x,t) € C*[E];
3. 6'(0) =0.

2.2. Regularization of the Problem
Following the method of regularization of singularly perturbed problems [5-6], along with the independent variables (x, t)

we introduce regularizing variables:

_t D o ds m(xl) D't x, PrLa2(x3)
€ gl \/g fl_wal(s),m €l+2 \/8—3 fl 1W M2 = &3 (2)
¢t U(s)=-6(0)] i[6(t)-6(0)]

o=fye ¢ dsT, =100 = 5 gi(x) = (DT

Instead of the desired function u(x, t, €) we study the extended function:

ﬁ(M: 8), M= (x' LT, f! T]), X= (T E T]) T= (71:'[2),5 = (51'52'53: 54-)'
t t o) - 6] o) <p(x)>

n = M1,M2,M3,M4), t,b(xts)-( 205 B P
@ (x) = (1 (x1), 2(x1), P3(x2), Pa(x3))

such that its restriction by regularizing variables coincides with the desired solution

ﬁ(M, 8) |p.:1p(x,t,£) = u(x' ¢, 8)' (3)
Taking into account (2) and (3), we find the derivatives:

1 i) . B
ou=|0.a+ —6 i+ —(?T i+ —a,zu + exp(12) 0T | | 3= p(xt.e)r

Q@ (x ) </7 (xr) ~
Oy u = (axru+ Z [ — 182 o8| ) x=vater

erl

afru—(afr s Z [wl () o2+ @i (xr) a{] “

2r

thl(xr) 2~ (pl (xr) ~
[ \/5_3 axrglu + Faglu

1=2r-1

1 ~ 172 ~
+ 2 (‘Pl’(xr)aﬁgrmu T o (xr)amu)]) | y=wxte)

iterative problems does not contain terms depending on

is shown that the solution of the
1,2. Therefore, to simplify the expression, the mixed

Below it
(51152)1(53;E4);(C11C2);(<31C4);(E];Ck); 1;k=
derivatives of these variables are omitted. Based on (1), (3), (4), for extended function @i(M, ¢ ) set the problem

| 1 5 . 5 (0)

L. E—2T0u+—10 ()0, T +— T1u+D -1 u—\/ELgu—szAau = f(x,t)exp| 1, +T , (®)

ﬁ|t=T1=T2=0 = 0: ﬁlxlzr—l_sznkz() = 0 r = 1,2, l = 1,2, k = 1,4’.
2 2r

To = 0;, — 4y, Ty =0, — 4¢, Dy = Dy + exp(t;) 05, D¢ = 0, — b(x,0),L, = z Z ar(xr)D,fj,l,,
r=11=2r-1
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4
Dre = [20](6)0%,¢, + 01’ ()0 ], 4y = Z 92, E; = E x (0,0)1°.
k=1

The problem (5) is regular in € as € — 0.

- 6
(Lgu)|X=¢(x,t‘e) = L.u(x, t, ). (6)
2.3. Solution of Iterative Problems
The solution of problem (5) is determined in the form of a series:
N
(M) = ) e (M), (7)
i=0
For the coefficients of this series, the following iterative problems are obtained:
Tou,(M) = 0,v =0,1,Toug = —i0'(t)0,uq_, — T1ug—,q = 2,3.
i6(0)
Tou, = f(x,t)exp (‘rz + ?> — Tyuy — Dgug + Lyuy,
i 8
Tow; = —i0' ()0, w2 — Ty — DoUij_g + Lyui_g + Leuy_s + Agu;g, ®)
uiltzrzo = 0, uilxl:‘r_l'gk:nk:o = 0, l,r = 1,2. k = 1,4‘,
We introduce a class of functions in which the iterative problems are solved:
Up = {Vo(N) = [c(x,0) + Fi(N) + F;(N)]ex p(t,) , F1(N) € Uy, Fr(N) € Us,c(x,t) € COO(_E)}’
Uy = {ri(M):Vi(M) = v(x,t) + F;(M) + F,(M), F;(M) € U,,F,(M) € Us,v(x,t) € C*(E)},
Uy = {,(M): Vo (M) = [z(x,t) + F{(M) + F,(M)]o, F,(M) € Uy, ,F,(M) € Us,z(x,t) € C*(E)},
4 2
Ui
U, = {V4(M): V(M) = Z YY(N), [YH(N)| < cexp (— #)I,
=1 1
Us = {VS(M): Vo (M)
. In"|?
= ), I )] < cenp (=Ll = e+t }
ril=1 1
From these spaces, a new space is constructed:
U = U()@Ul@Uz.
The element u(M)eU has the form:
u(M) =v(x,t) + c(x, t)exp(ry) + z(x, t)o
4 2 4
+ z YYN) + Z YT 2Ny, )| ex p(zy) + Z wt(x, t)erfc (i>
=1 rl=1 =1 Zﬁ
2 4 : 2 9)
l
+ Z wrrat (Mr+2,l) + z q'(x, t)erfc (?) + Z z7 (Mr+2,l)] g,
Lr=1 =1 H Lr=1

Ny = (6, t,T,m), Neyay = 06 6T M0 Mra2), My = (66 1,8, Myyay = (6t 1, €5, i)

RRIYNEN MANAS Journal of Engineering, Volume 7 (Issue 1) © 2019 www.journals.manas.edu.kg


http://www.journals.manas.edu.kg/

A. Omuraliev, E. Abylaeva / Manas Journal of Engineering 7 (1) (2019) 52-59 55

To satisfy this function to the boundary conditions:

v(x,0) = —c(x,0), Yl(Nl)ltrrl:O =0, Yr+2'l(Nr+2,l)|t=rl=0 = O'Wl|t=o = w'(x),
ql|t=o = ‘_Il(x)'Wr+2'l(Mr+2,l)|t=u=o = O'Zr+2'l(Mr+2,l)|t=u=0 =0,
W O lxy=1m1 = =0 = 1,5, 8), 41 (6, )|y =-1 = —2(1 — 1, x5, 1),

Yl|x1=z—1,m=o =—c(l—1,x,1), Yr+2'l|x1=z—1 =0 = _Yr+2'l(Nr+2,l)|x1:l—1'
§r+2
WT+2'l|x1=l—1,§l=o =-wt?(l-1, X, t)erfc (zﬁ)'zr””xl:l—l,{l:o
Er+2 (10)
—q"2(l —1,x,,t)er c( ),
q 2 f 2’\/?
Wl(x' t)lxr:l—l =-v(x, t)lxr=l—1' ql(x' t)lxr:l—l = —z(x, t)lxr:l—lﬂ
Yr+2|x2=l—1,nr+2=0 = —c(x,l —1,0), Yr+2'l|x2=l—1,nr+2=o = _Yl|x2=l—1r

$1
2,1 ol
Wr+ |.X'2=l—1,§7-+2=0 - w |.X'2=l—lerfc (2’\/—>l
$i
Zr+2’l|x2=l—1.€r+2:0 q |XZ - 1erfc (2’\/—> l r = 1 2

The action of the operators T, Ty, Ly, Lg on function u(M) € U is computed

Tlu(M) = z {6HWT+2,I _ A§WT+2'I + 0[auzr+2’l _ A§ZT+2'1]},

rl=1
2 2r 2 2
Lyu = Z Z Dyy YE(ND + Z Z DYy Y7 (Nyyay),
r=11=2r-1 v=1r,l=1
2 2r
Leu = Z Z D” wl(x, t)erfc (2\/_) Z Z Wr+2'l(Mr+2_l)
r=11=2r-1 v=1r,l=1
2
Z st q'(x, t)erfc( )+Z z Dx§ZT+2'l(Mr+2,l)l'
r=11= Zr 1 v=1r,l=1
Dsu(M) = D,v(x,t) + Zth (x, t)erfc( d )
2\u
2 4 2
+ Z Dw ™ (M,,,) + [Dec(x, ) + ZDt YYN) + Z DY (Nyypy) [ ex p(z2)
rl=1 = rl=1
+ 0 |D;z(x,t) +Zth (x, t)erfc( ) Z D,z (M, l)l
5 ZT+21
+2(x, t)+ 9 " erfe(3 ) + (My12,) [ exp(z,).
The iterative equations (8) are written in the form:
(11)

Tou(M) = H(M)

Theorem 1. Let H(M) € U,®U; and condition 1) is satisfied. Then the equation (11) is solvable in U, if the equations are
solvable:
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TOYZ(NI) = Hl(Nl)ll = 1!_4' TOYT+2'1(NT+2,I) = HZ(NT+2,I)! T',l = 1'2

Theorem 2. Let H,(N;) € U,. Then the problem:

By, YN = A YN, + Hy (N, Y (N g, =g = 0, YL (N o = d'(x, £),1 = T4 (12)

has a solution Y!(N,) € U,.

Theorem 3. Let be Hy(Ny1;) € Us, Y'(N,) € U,, then the problem @, Y™*#!(N,,5;) = 8, Y24 (Nyyz) +
Hy(Npi20), Y2 (Nps2 ) lymo = =Y " 2Ny, Y72 (Npia ) Ly pmo = — YAV, 7,1 = 1,2 has a solution
Y2 (Ny424) € Us.

The proof of these theorems is given in [7].

The equation (8) is homogeneous under v = 0, 1. By Theorem 1, it has a solution representable in the form wu,(M) € U if
functions Y!(N;) and Y””(NHZ_I) are solutions of the following equations:

ToY§ (N = 0, To¥y ! (Nyy2) = 0.

Based on the boundary conditions from (10), the solution is written as:

m
YH(N) = dL(x, t)erfc <ﬁ)’l =1,2,3,4,

oo a
YJ”J(NHZJ) - _ forl fo le(*) [a_g G(N, & n,11 — T)] |§=0d77d‘[ -

t roo a
Jo 87020 |3 6Ny 6imty = 7) | y-odid,
where d'(x,t) is an arbitrary function such as:

dy (%, )]0 = —dy (), A4 (x, )], =1-1 = —¢, (1 = 1, x5, 1),
G(nl! nr+2,l! 5! n, Tl)

_ 1 -9 _(m+d? (@2 —m)? (13)
- 4nty exp 47y exp 41, exp 41y

(42 +1)?
—exp _4—11 )

The function d}(x, t) is equal to zero under t = 7, = 0, that is, d¢(x,t)|,=0 = —db(x). Thus, —d}(x) can be taken as an
arbitrary function and its values under x; = [ — 1 is determined from the second relation.
According to Theorem 2 and Theorem 3, the functions found by the equation (13) satisfy the estimates:

2 2 —+ 2
Y (N)| < cexp <_ 77_1)’ |Yvr+2'l(Nr+zz)| < cexp (_ M) =12 (14)
81, ’ 81,

Free member of equations (8) under v = 2,3 has a form:

RRIYNEN MANAS Journal of Engineering, Volume 7 (Issue 1) © 2019 www.journals.manas.edu.kg


http://www.journals.manas.edu.kg/

A. Omuraliev, E. Abylaeva / Manas Journal of Engineering 7 (1) (2019) 52-59 57

Fyy (M) = Tyuy_o (M) +i6'(t) 0ty z(M)

=1i6'(t) [Cv 2(x,t) +ZYvI 2(N) + Z YT+21(NT+21)

rl=1

exp(t2)

+ Z{a W;+221 —A W;+221+0_[a Z;+§I—A r+21]}
Lr=1
So, that the equation (8), under v = 2,3 has a solution in U, we set:

r+2,l _ r+2,l _
CV—Z (x, t) = 0, T1W‘U—2 = 0, lev_z = 0.

Solutions of last equations under the boundary conditions from (10) has a form (12) for which estimates of the form (15) is
satisfied. For i=4, the equation (8) has a free term:

Fy(M) = —i6'(t)0,, — Tyu, + f(x, t)exp( © )> Dgug + Lyug

=—if'(t) [Cz (x,t) + Z Yi(N) + Z Yr+2[(Nr+Zl) exp(t;)

rl=1

- Z [T0W;+2'I(Mr+2'l) + O-Toz;+2'l] - Dtvo(x, t)

lrl

— Z D.wi(x, t)erfc (Zf/_)

- z Dow( TP (x, t) — exp(ty) [6tco(x t) +Z a.Yy + Z DtY”Zl]

— 0

Dy zy(x,t) +2th0(x t)erfc (2\/—> Z Dz g+21(Mr+21)l

rl=1

- [zo(x ) +Zqo(x Derfe(5=) + i ”Z'I(Mm,l)l exp(r,)

3, 3 otteomre ) 33 ot

r=11=2r-1 v=1r,l=1

Provided that F,(M) € U,®U; with regard to ¢, (x,t) = 0,v = 0,1 we set:

i0(0
—i0'(t)cy(x, t) + f(x, )exp <L> —2zp(x,t) =0, (15)
Dtvo(x t) = 0 DtZO(x t) = 0 DfYO (Nl) TOWr+Zl = 0, TOZ;+2'I = 0’
Dew§ = 0,D,wg ¥ = 0, DYy ** = 0,Dqf (x,1) = 0,Dz5 " (x,1) = 0, Djgwi(x, 1),
0 Dler+Zl 0 DrlY 0
= = L=

then
F,(M) = —i6'(t) [z Yi(N) + z YHZL(NHZI) exp(t;)
rl=1
2
qb(x, erfe 2 (Npsa) | exp (z2).
[Z 0 (2\/_ ) er 0 !
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In the last equation, the transition from the variables —L \/_ to the variables — \/_ is occured.

Substitute the value Y{ (N,)) = d(x, t)erfc( ) into the equation D,Y}!(N;) = 0, with respect to d}(x,t) we get the

equation D,d}(x,t) = 0, which is solved under an arbitrary initial condition d} (x, t)|,=o = d}(x) . This arbitrary function
provides the condition L, Y{ =0, therefore Dyn v} = 0. Initial condition for this equation is determined from the relation:

Ay, O)ly=1-1 = —co(l = 1, x5, ), dg™2 (%, )y o1 = —Co (1,1 = 1,0),
which is due to (10) and (13). The function YJ”"(NHZJ) expresses through Y¢ (N,) therefore provided that
DYy, *' =0, DYyYy ¥ = 0.
r+2,l

The same is true for functions: wy " (M,5,), 25 **(My42,)- In other words, the following relations hold: D,wj *** =
0 thg+21 — 0 Dxf (1)‘+21 _0 D;;é g+21 =0.

Solutions of equations with respect to wr’r2 l, "2l under appropriate boundary conditions from (10) are representable as

(13) and they are expressed through w; (x, t), q¢t(x,t). The first equation (16) is solvable if zy(x,t)]|=o =
f(x,0)exp (L © )) This ratio is used by the initial condition for the equation D,z,(x, t) = 0. The remaining equations from
(16) are soIvabIe under the initial conditions from (10).

Thus, the main term of the asymptotics is uniquely determined. As can be seen from the representation (9) and the estimates
(15), we note that the asymptotics of the solution has a complex structure. In addition to regular members, it contains various
boundary layer functions. The boundary layer functions have rapidly oscillating exponential and power type of change of:

i[6(s)-6(0)] 9(0)]
c(x,exp(ty),o0 = f e ¢ ds.

Parabolic boundary layer functions have an estimate:

[YY(N)| < cexp( ) |w (x, t)erfc( \/_)| < cexp (—i).

8

Multidimensional and angular parabolic boundary layer functions have an estimate:

Y724 (N, )| < cexp (_ M)

871

|w+2 (M, 42,)| < cexp (— —#";’f’z).

In addition, the asymptotic contains the product of the above-mentioned boundary layer functions.
Repeating the above process, the partial sum is constructed:

S (16)
fgn (M) = Z ezu; (M)

i=0

3. Assessment of remainder

1
Substituting the function #(M, £) = u,,(M) + £"*2R,, (M) into problem (5), and taking into account the iterative problems
of (8), (10), the following problem is obtained for the remainder term:
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Rsn(M): ZsRsn(M) = gn(M' €), (17)
R (M)|t=0 zien(M)lxl:r—l,$T=0,nk =0,
r=12; k=14,

where

1
gn(M' ‘g) = _igl(t)a‘rzun—l - €7i0’(t)a-[2un(M)

3

5 7
1 k k k
—Tyup_1 (M) — e2Tyu, (M) (Da - Ln) z €2 Uy 34 (M) + Ly Z €2Un_s (M) + 4, Z €2 Uy 741 (M).
k=0 k=0 k=0

We put in both parts (18) y = ¥ (x, t, ) considering (6), with respect to:

LeRen(x,t,€) = gen(x,t,€), Reple=0 = 0, Rsn|an=o-

By virtue of the above constructions, the function is |g., (x, t, €)| < c,V(x,t) € E,
Therefore, applying the maximum principle, an estimate is established:

|[Re (x, t,8)| < c.

Thus, the following has been proved:

Theorem 5. Suppose that the conditions 1) -3) are satisfied. Then, using the method, presented above, for solving u(x, t, €)
of the problem (1) a regularized series (7) can be constructed such that v n = 0,1,2, ... and for small enough &€ > 0 inequality
holds.

1
lu(x, t, &) — uen(x,t,€)| = |Repn (x,t,€)| < ce™2,

where c is independent of ¢.

4, Conclusion

It is shown that the asymptotic solution of the problem has a complex structure. In addition to regular members, it contains
various boundary layer functions. The boundary layer functions have rapidly oscillating exponential and power type of

change of:
¢ U6()-6(0)]
c(x,)exp(ty),0= [ e = ds.
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