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UCGEN SEZGISEL BULANIK SAYILAR ICIN GERGONNE NOKTASINA DAYALI
YENI BiR SIRALAMA YONTEMIi

Giiltekin ATALIK?! ve Sevil SENTURK?

OZET

Bulanik kiime teorisi, arastirmacilarin ol¢iim hatasi, belirsizlik ve insan diisiincelerinden
kaynaklanan belirsizlikleri tespit etmelerini saglar. Bulanik kiime teorisi bir¢ok arastirmaci
tarafindan pek ¢ok farkli tiire genisletilmistir. Sezgisel bulanik kiimeler, bu tiirlerden biridir.
Sezgisel bulanik kiimelerde iki fonksiyon vardir. Bunlar iiyelik fonksiyonu ve iiye olmama
fonksiyonlaridir. Sezgisel bulanik sayilarin siralanmasi birgok gercek yasam probleminin
modellenmesinde temel bir rol oynamaktadir. Literatiirde, sezgisel bulanik sayilar1 siralamak
icin cesitli yontemler pek ¢ok arastirmaci tarafindan dnerilmistir. Uggenin i¢ teget cemberinin
kenarlara degme noktalarini kars1 kose noktalariyla birlestiren dogru pargalarinin kesisim
noktasi, Gergonne noktasidir. Bu caligmada, iicgen sezgisel bulanik sayiy1 siralamak igin
Gergonne noktasia dayanan yeni bir yontem &nerilmistir. Onerilen yontemi diger yontemlerle
karsilastirmak i¢in farkl iicgen sezgisel bulanik sayilar kullanilarak bir ¢calisma yapilmstir.

Elde edilen sonuglar yorumlanmistir.

Anahtar Kelimeler: Sezgisel bulanik kiimeler, Gergonne noktasi, bulanik say1y1 siralamak,

licgen sezgisel bulanik sayilar.
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A NEW RANKING METHOD FOR TRIANGULAR INTUITIONISTIC FUZZY
NUMBER BASED ON GERGONNE POINT

ABSTRACT

Fuzzy sets theory allows researchers to identify the uncertainties that arise from measurement
error, vagueness and human thoughts. Fuzzy sets theory has been extended into various
different types by many researchers. Intuitionistic fuzzy sets are one of these types. There are
two functions in intuitionistic fuzzy sets. These are membership function and non - membership
function. The ranking of intuitionistic fuzzy numbers plays the main role in modeling many real
life problems. Several methods for ranking intuitionistic fuzzy numbers have been well
discussed in the literature. In a triangle, the lines from the vertices to the points of contact of
the opposite sides of the inscribed circle meet at a point. That point is the Gergonne point. In
this paper, a new method based on the Gergonne point is proposed to rank triangular
intuitionistic fuzzy numbers. An illustrative example and comparison study is performed with
the existing methods by using different triangular intuitionistic fuzzy numbers. The results are

interpreted as a conclusion.

Keywords: Intuitionistic fuzzy sets, Gergonne point, ranking fuzzy number, triangular

intuitionistic fuzzy numbers

1. INTRODUCTION

Fuzzy sets, an extension of classical sets were proposed by Zadeh in 1965. Uncertainty
can occur from lack of knowledge, from chance, from ignorance, from measurement errors, etc.
Fuzzy sets are powerful tools for modelling the uncertainties that are encountered in daily life.
Fuzzy sets theory includes many different types. These are interval — valued fuzzy sets, type 2
fuzzy sets, hesitant fuzzy sets, neutrosophic fuzzy sets, pythagorean fuzzy sets and intuitionistic

fuzzy sets.

Ranking of a fuzzy number is an important and difficult task in fuzzy set theory. Ranking
of two fuzzy numbers proves that one is larger or smaller than the other. Many fuzzy
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applications such as decision — making, hypothesis testing, forecasting and risk analysis need

to rank fuzzy numbers. Therefore, it is crucial to rank the fuzzy numbers correctly.

Intuitionistic fuzzy sets (IFS), consider both membership and non - membership
function, are an extension of ordinary fuzzy sets. As an extension of an ordinary fuzz number,
intuitionistic fuzzy number (IFN) appears to suit more for modelling uncertainty. Many ranking

methods for intuitionistic fuzzy numbers were proposed by many researchers in the literature.

Grzegorzewski (2003) proposed a ranking method based on a metric for intuitionistic
fuzzy numbers. Mithcell (2004) developed a ranking method for triangular intuitionistic fuzzy
numbers with a statistical point of view. Nayagam et. al. (2008) introduced a ranking method
for triangular intuitionistic fuzzy number (TIFN) based on Chen and Hwang’s (1992) method.
Wang and Zhang (2009) gave definitions of the expected value, score function and accuracy
function of trapezoidal intuitionistic fuzzy numbers and proposed a ranking method based on
score and accuracy function. Li (2010a) gave definition of the values and ambiguities of the
membership and non — membership functions and proposed a ranking method based on these
values. Li et al. (2010b) proposed a ranking method for triangular intuitionistic fuzzy numbers
based on the value and ambiguity indexes. Nehi (2010) introduced a ranking method for
trapezoidal intuitionistic fuzzy numbers based on the characteristic value of an intuitionistic
fuzzy number. Wei and Tang (2010) introduced a ranking method by using a possibility degree
method for intuitionistic fuzzy numbers and used this method to rank alternatives in multi-
criteria decision making problems (MCDM). Dubey and Mehra introduced an approach for
triangular intuitionistic fuzzy number based on Li’s(2010) method and used it to solve linear
programming problems. Nayagam et. al (2011) introduced a ranking method for intuitionistic
fuzzy numbers based on the score function and applied the proposed method to clustering
problems. Salahshour et al.(2012) converted each triangular intuitionistic fuzzy number to
related two triangular fuzzy numbers and introduced a ranking method based on this
transformation. Seikh et. al. (2012) introduced a ranking method based on a ranking index to
find out the relation between two generalized triangular intuitionistic fuzzy number.
Nagoorgani and Ponnalagu (2012) defined a division operator for triangular intuitionistic fuzzy

numbers based on «, £ - cut and introduced a ranking method by using the score and accuracy

functions. They used the proposed method to solve intuitionistic fuzzy linear programming
problem. Das and Guha(2013) introduced a new ranking method by using the centroid point of

an intuitionistic fuzzy number and compared the proposed method by giving some numerical
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examples. Kumar and Kaur (2013) introduced a new ranking method by modifying Nehi’s
(2010) method and showed the limitations of the existing ranking methods. Rezvani (2013)
introduced a ranking method for trapezoidal intuitionistic fuzzy numbers based on value and
ambiguity indexes. Roseline and Amirtharaj (2013) defined the magnitude of the membership
function and non — membership function for trapezoidal intuitionistic fuzzy numbers and
proposed a ranking method based on the magnitude value. Peng and Chen (2013) gave the
definition of a center index and radius index for canonical intuitionistic fuzzy numbers and
developed a new ranking method based on a ranking index. Also, they gave some examples to
show the validity of the proposed method. Zhang and Nan (2013) proposed a ranking method
for triangular intuitionistic fuzzy number and applied it to multi-attribute decision making
(MADM) problems. Seikh et. al. (2013) gave detailed information about triangular intuitionistic
fuzzy numbers and suggested a ranking method based on an average ranking index. Prakash et.
al. (2016) introduced a ranking method for both triangular intuitionistic fuzzy numbers and
trapezoidal intuitionistic fuzzy numbers based on a centroid concept and gave some examples
to demonstrate the effectiveness of the proposed method. Bharati (2017) proposed a new
ranking method based on fuzzy origin and signed distance for triangular intuitionistic fuzzy
numbers and showed the validity of its axioms. Garg (2017) introduced a new improved score
function for intuitionistic multiplicative set and used it to rank the alternatives in MDM
problems. Nayagam et. al (2017) defined eight different scores for the class of trapezoidal
intuitionistic fuzzy numbers and used them to rank trapezoidal fuzzy numbers. They discussed
the significance of the proposed method. Tao et. al (2017) presented a new ranking method
based on the intuitionistic fuzzy possibility degree for interval — valued fuzzy numbers. Uthra
et. al. (2017) gave the definition of generalized intuitionistic pentagonal fuzzy number and
proposed a new ranking method. They gave some illustrative examples. Garg and Kumar (2018)
proposed a ranking method based on an improved possibility degree method for intuitionistic
fuzzy numbers and used this method to solve MADM problems. Hao and Chen (2018) defined
the maximum, minimum and ranking function for interval —valued intuitionistic fuzzy numbers
and introduced a new ranking method. The proposed method was used to solve MADM
problems with interval — valued intuitionistic fuzzy numbers. Uthra et. al. (2018) defined
generalized intuitionistic hexagonal, octagonal and pentagonal fuzzy numbers and proposed a
new ranking method. Xing et. al. (2018) introduced a ranking method based on Euclidean
distance for intuitionistic fuzzy numbers and generalized the proposed method by using

Minkowski distance.
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In this paper, a new ranking method based on the Gergonne point for triangular
intuitionistic fuzzy numbers is proposed for the first time. As it can be seen from the existing
papers in the literature, the existing methods assign a real number to a fuzzy number to rank
them. The proposed method associates an intuitionistic fuzzy number with triplets and ranks

them in lexicographical order.

The remainder of the paper is organized as follows. Section I gives a brief definition of
the intuitionistic fuzzy sets and intuitionistic fuzzy numbers. The theory of the proposed method
is explained in section 2. Section 3 gives an illustrative example and a comparative study. Some

conclusions are given in the last section.

2. INTUITONISTIC FUZZY SETS

In this section, the basic definition of intuitionistic fuzzy sets and triangular intuitionistic

fuzzy numbers are given.

Intuitionistic fuzzy sets were introduced by Atanassov (1986). Intuitionistic fuzzy sets
are a generalization of Zadeh’s (1965) ordinary fuzzy set. Membership function and non —
membership function characterize the intuitionistic fuzzy set. The definition of the intuitionistic

fuzzy set is given as follows.

Definition 1: Let X = @ be a given set. An intuitionistic fuzzy set in A over X is an

object having the form

A = {(x,uz(x), v5(x))|x € X} )

Where, pz(x): X — [0,1] is the degree of the membership and vz(x): X — [0,1] is the degree
of non — membership with the condition 0 < u;(x) + vz(x) < 1, V x € X. For each element

of x, “the hesitancy degree” of an intuitionistic fuzzy set of x € X in A computed as follows:

i) =1 - pz(x) —va(x) )
Definition 2: An intuitionistic fuzzy set A of the real line is called intuitionistic fuzzy

number if;

i.  Aisintuitionistic fuzzy — normal i.e. there exists at least two points x,, x; €
X such that u;(xy) = 1and v;(x;) = 1,

63



Nicel Bilimler Dergisi / Cilt: 1, Sayi: 1, Haziran 2019
Journal of Quantitative Sciences / Volume: 1, Issue: 1, June 2019

ii. A is intuitionistic fuzzy — convex i.e. its membership function u is a fuzzy

convex and its non — membership function v is a fuzzy concave,

iii.  pz is upper semicontinuous and vy is lower semicontinuous,

iv. upp A = {xeX|vz(x) < 1} is bounded. (Kahraman et. al.,2017)

Definition 3: For any intuitionistic fuzzy number A there exist four functions

fa,9a, ha, ka: R = [0,1] called, the sides of a fuzzy number, where f, and k4 are nondecreasing

and g, and h, are nonincreasing. The membership and non — membership function of A4 are

given as follows:

(0 if

| a0 if
=1 1 if
|94t i1

0 if

(0 if

hax)  if
=4 1 if
| ki) if

\ o if

x < aq
a <x<a,
a, <x<as 3)
az < x < ay

a, <x

x < a;
a; <x <a,
! !
a, < x <as 4)
az; <x <ay
a, < x

Definition 4: A triangular intuitionistic fuzzy number A is a subset of IFS in R with

following membership function and non — membership function as follows:

(X

i
a; —a; 4
i(x)=< a3 —Xx |
pz(x) —— if
3~ Ay
\ 0 ,
a, —x
(= if
2 — Qg
vi(x) =<4 X—az
QOB ERL
3 2
\ 1 ,

a <x<a,

a, < x<as ()
otherwise
a; <x<a,

(6)

a, <x <aj

otherwise

where, aj < a; < a, < az < aj, 0 < puz(x)+v;(x) <1and TIFN is denoted by Az;ry =

(a1, a,,a3; a3, a,,a3) as in figure 1. (Nehi and Maleki,2005).
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0 a4 a & e X
Figure 1. Membership and non — membership function of TIFN

Kahraman et. al. (2017) modified the demonstration of TIFN. The new demonstration

of the membership and non — membership function of TIFN is shown in figure 2.

Figure 2. New demonstration of TIFN (Kahraman et. al, (2017)).

3. THE THEORY OF PROPOSED METHOD

In a triangle, the lines from the vertices to the points of contact of the opposite sides
with the inscribed circle meet at a point called the Gergonne Point. The Gergonne point is well
—known as the center of a triangle. Akyar and Akyar (2016) introduced a ranking method based
on the Gergonne point for triangular fuzzy numbers. In this paper, a new ranking method for
TIFN is proposed by using Kahraman et. al’s (2017) demonstration and Akyar and Akyar’s
(2016) method .

There are two triangles shown in figure 3 for TIFN with the help of Kahraman et. al’s
demonstration. These are; one for the membership function u;(x) and one for non —

membership function v;(x) shown as A DBE and A ABC respectively. Therefore, for a given
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TIFN Arpy = (ay, a5, a3;a}, ay,a3), a new lexicographic ranking based on the Gergonne

point namely Rankg(4) is calculated as follows.

Figure 3. Gergonne points and triangles of TIFN

Let be a = |BC|, b = |CA|, ¢ = |BA|, the trilinear coordinates of Gergonne point for
triangle ABC is defined in Eq.(7).

bc _ ca _ ba
b+c—a c+a—b a+b—c

(")

Let Arry = (aq, a5, a3;a},a,,a3) be a given TIFN and then we get = |BC| =

J@az—ay)2+1 ,b=|CAl=aj—a; , c=|BAl=(a;—a})?+1 ,d=|BE|=

J(az—a3)2+1,b=|DE| =a; —a,and e = |BD| =./(a, — a;)? + 1 as shown.

The trilinear coordinates (a:ﬁ:y)l_v21 of Gergonne point G1-vy for triangle ABC is

calculated in the following.

iy, = (a3 —ap)y/(a, —a)’ +1 ®)
T @ —a) +y - a)? 1 —y(a; - ap)? 1

©)

By = V0@ —ap?+1(a; —ap)? +1
TR (@ —ay) + (@, — a2 A 1+ (@, — a5+ 1
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() — a)yf(a, — a7 + 1

Vivy = 7, ; - - (10)
. (a3—a1)+\/(a2—a3)2+1—\/(a2—a1)2+1
Thus, the Cartesian coordinates corresponding to Gi—vy is defined in Eq. (11).
a1y, aay + Pry,bay +y1-p,caz Bi-v,b
Giov, = : - (12)
al—'l];ia’ + ﬁl—vzb + yl—vzc al—vza + ﬁl—vz + Y1—UZC

The trilinear coordinates (a:,B:y)u;1 of Gergonne point G . for triangle DBE is

calculated as follows.

_ (as —a)y/(az —a;))? +1
(a3 —a)) ++/(a; —a))?+1—4/(a; —az)?> +1

(12)

\/(az - a3)2 + 1\/(612 - a1)2 + 1
ﬁﬂz = (13)
(al_a3)+\/(a2_a1)2+1+\/(a2_a3)2+1

Vi, = (az — ay)y(a, —az)? +1 (14)
(a3 —a) ++/(a; —az)? +1—/(a; —ay)?*+1

Thus, the Cartesian coordinates corresponding to G, is calculated as in Eq.(15).

o - <aﬂzda1 + ﬁﬂzbaz + Yuyeas bﬁu;, ) (15)

Ha Qud+ Bub + Ve aud+ Bub e

After the calculating the Gergonne points of TIFN, getting a common point to represent
these points is useful in terms of ranking. Let, be this common Gergonne point Gz. Gy is
calculated as shown in Eq. (16)

GA = pG[lZ + qu—‘UZ (16)

Here, p + g = 1. To make calculation easier, Gz can be taken as follows

Gyy + Grv,

> (17)

Gﬁ = (.Xa, yd) =
By using Eq.(11),(15) and (17), the new ranking Rankg(fi) is obtained in the following.

Rankg(4) = (xa,1 — ya,az) (18)

Let A = (al, a,,as; a;_, a,, alg) and E = (bl' bz, b3; b:,l' bz, bé) be two TIFN, by USing
Eq.(18) we can rank these two number as shown below.
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A<B iff Rankg(A) <, Rankg(B) (19)

Here, <, means lexicographical order. Lexicographical order is defines as in Eg. (20)

(x1,%2,%x3) < V1, ¥2,¥3) © (Am = 1,2,3)(Vi <m)(x; = y)AN(xp < ym)  (20)
4. ILLUSTRATIVE APPLICATION AND COMPARATIVE STUDY

In this section, an example will be given to prove the applicability of the proposed
method firstly. Then, a comparative study between the proposed method and existing methods
in the literature will be performed to demonstrate the validity of the proposed ranking method.

It is used the TIFN taken from Bharati (2017). These numbers and calculation are shown

as below.

Example: Let A = (2,3,4;1,3,5) be a TIFN. a = |BC| = 2.236 ,b = |CA| = 3,c = |BA| =
2.236, d = |BE| =1.414,b = |[DE| =2and e = |BD| = 1.414

G1—y, s trilinear coordinates are calculated in the following.

(5-2)0JB-1DZ+1

Ay = = 2.236
4 G-1D+/B-1D2+1-/(3-52+1

JB-12+1,/(3-52+1

By, = = 3.396
T (1-5)+JB-D2+1+/(B-52+1
5—1)/(3-5)2+1
Viep. = ( WV( ) = 2.236
4 G-D+JB3-12+1-J3B-12+1
Gi—v, = (2.495,0.505)
The trilinear coordinates of GM4 is calculated as below.
4-2)J(3=2)2+1
Q. = ( W( ) = 1.414
4 W-2)+J3B3-22+1-J3B-4)2+1
3—4)2+1/(3-2)2+1
B = JB-492+1/B-2) s
4 2-H+J3B3-22+1+J(3B3-42+1
4-2)J(3-4)2+1
Vi ( W( ) =1.414

:(4—2)+J(3—4)2+1—J(3_2)z+1
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Gy, = (3,0.547)

After calculation Gy and Gi—vy, the common point G; is calculated as G; = (2.748,0.526).

Finally, Rank(4) is founded as below.
Rankg(A4) = (2.748,1 — 0.526,3) = (2.748,0.474,3)

Similarly, letand B = (1,2,3;0,2,6) be TIFN. a = |BC| = 4.123 ,b = |CA| = 5,c = |BA| =
2236, d = |BE| = 1.414, b = |DE| = 2 and e = |BD| = 1.414. a;_,,, = 3.592, By, =
6.783, ¥1_y, = 2.993 and G;_,,, = (1.214,0.612). a, = 1.414, B, = 2.414,y, = 1.414
and G, = (2,0.547). The common point G is calculated as Gz = (1.607,0.579). Finally,

Rankg(B) = (1.607,0.421,2)

After calculation Rank(A) and Rankg(B), we can rank these two number as below.
Rankg(A) >, Rankg(B)

So, we can say 4 is greater than B.

A comparison study is performed by using five TIFN between the proposed method and
other methods in the literature. The results are shown in table 1. The first three TIFN are taken
from Bharati (2017).

Table 1. The comparison of the proposed method with existing method

Examples Bharati” Nayagam  Prakash  Li’s Dubey Roseline Rezvani  Proposed
S et. al’s etal’s method  and and ’s method
method  method method Mehra’s  Amirtharaj”  method

method s method

A=(234;1,3,5) A>B A>B A>B A>B A>B A>B A>B A>B

B =(1,23;026)

= (—4,—3,—2;)

—6,—-3,—-1 B>A A>B B>A A=B A~B A>B A>B B>A
5= (—4,—3,—2;)
~\ -8,-30
A=(123;024)
g_(—,—Z,—l;) A>B A>B B>A A>B A>B A>B A>B A>B
“\ —4,-2,0
Q= ( 1.1,1.5,1.8; )
1.05,1.5,1.85 B>A B>A A>B A>B A=B A>B A>B A>B
5= (1.1 1 48,1.78;)
~\1.07,1.48,1.8
Q= (0.05,0.1,0.2;)
0.00,0.1,0.21 B>A A>B A>B B>A B>A B>A B>A B>A
= (0.25,0.3,0.4;)
~10.2,0.3,045
i (4.02,4.72,4.83;)
4,4.72,492 B> A B>A B>A B>A B>A B> A B>A B>A
B (4.021,4.721,4.831)
4.01,4.721,4.921
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When the table is examined, all methods have the same result for the first TIFN A and
B. Although, the other methods ranked the second number differently, Bharati’s method,
Prakash’s method and the proposed method gave the same result. All methods ranked the third
number in the same way except Prakash’s method. For the fourth number, Prakash’s method,
Li’s method, Roseline’s method, Rezvani’s method and the proposed method showed the same
result. Except Nayagam’s method and Prakash’s method, the other methods ranked the fifth
number the same. For sixth numbers, all ranking methods gave the same results. This situation
occurs if two numbers are too close to each other. According to the table, it can be said that the

proposed method is consistent with other methods in the literature.

5. CONCLUSION

When one works with fuzzy numbers, it is crucial to rank fuzzy numbers correctly.
Because it can affect the results of the analysis. To deal with this situation, many researchers
gave their attention to this topic and a great deal of papers that include fuzzy ranking methods
are proposed in the literature. In this study, a new ranking method for triangular intuitionistic
fuzzy numbers was proposed. The proposed method is based on the Gergonne point of the
membership and non — membership function of TIFN and uses the lexicographic order to rank
the numbers. In this manner, it is the first paper in the literature concerning the Gergonne point
of triangles for the triangular intuitionistic fuzzy numbers. An illustrative example and a
comparison study were performed to examine the validity of the proposed method. The results
showed that, the proposed method is consistent with other methods in the literature. The
proposed method is not affected by the sign of the number or being close to each other. So, it
can be considered as the advantage of this method. For further research, the proposed method

can be applied to fuzzy hypothesis tests and fuzzy linear programming problems.
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