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Abstract: The object of the present paper is to study generalized complex space forms satisfying curvature identities named 

Walker type identities. Also It is proved that the difference tensor R.  ̃ –   ̃.R and the Tachibana tensor Q(S,   ̃) of any 

generalized complex space form M(f1, f2) of dimensional m ≥ 4 are linearly dependent  at every point of M(f1, f2). Finally 

generalized complex space forms are studied under the condition  R.R – Q(S,R) = L Q(g ,  ̃). 
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1. INTRODUCTION 

 

In 1989, Z. Olszak has worked on the existence of a 

generalized complex space form [1]. In [2 ], U.C. De and A. 

Sarkar studied the nature of a generalized Sasakian space 

form under some conditions regarding projective curvature 

tensor. They also studied Sasakian space forms with 

vanishing quasi-conformal curvature tensor and 

investigated quasi-conformal flat generalized Sasakian 

space forms, Ricci-symmetric and Ricci semisymmetric 

generalized Sasakian space forms [3]. Venkatesha and 

B.Sumangala [4], M. Atceken [5], S. Yadav and A. K. 

Srivastava [6] studied on generalized space form satisfying 

certain conditions on an M-projective curvature tensor, 

concircular curvature and psedo projective curvature tensor 

  ̃ satisfying R.   ̃= 0 and many authors studied on 

generalized Sasakian space form [7]. M.C. Bharathi and C. 

S. Bagewadi [8] extended the study to W2 curvature, 

conharmonic and concircular curvature tensors on 

generalized complex space forms. 

      Motivated by these ideas,  in the present paper, we 

study generalized complex space forms satisfying curvature 

identities named Walker type identities. The difference 

tensor R.  ̃ –   ̃.R and the Tachibana tensor Q(S,   ̃) of any 

generalized complex space form M(f1, f2) of dimensional m 

≥ 4 are linearly dependent  at every point of M(f1, f2). 

Generalized complex space forms are studied under the 

condition R. R – Q(S,R) = L Q(g,   ̃). 
     A Kaehler manifold is an even dimensional manifold 

M
m

 , where  m=2n  with a complex structure J and a 

positive definite metric g which satisfies the following 

conditions [9] 

             g(JX , JY) = g(X ,Y)
   
 and         , 

 

where   denotes the covariant derivative with respect to 

Levi-Civita connection. 

    Let (M, J, g) be a Kaehler manifold with constant 

holomorphic sectional curvature K(X   JX) = c, then is said 

to be a complex space form and it is well known that its 

curvature tensor satisfies the equation 

 

R(X,Y)Z = 
 

 
 {g(Y, Z)X g(X , Z)Y+ g(X,JZ)JY  (    )                                                                                     

                       (     )                                                     (1) 

 

for any vector fields X ,Y, Z on M. 

    An almost Hermitian manifold M is called a generalized 

complex space form M(f1, f2) if its Riemannian curvature 

tensor R satisfies 

 

R(X,Y)Z =   1{g(Y, Z)X g(X , Z)Y}+f2    (     )    

                    g(Y, JZ)JX   (     )                                 (2) 

 

for any vector fields X,Y,Z    , where f1 and f2 are 

smooth functions on M [10,11]. 

    For a generalized complex space form M(f1, f2)  we have   

 

               (   )    (   )            (   )                 (3) 

                         (   )                                       (4) 

                              (   )           ,                        (5)                                                        

 

where S is the Ricci tensor, Q is the Ricci operator and r is 

the scalar curvature of M(f1, f2).  
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2. PRELIMINARIES 

 

     In this section, we recall some definitions and basic 

formulas which will be used in the following sections. 

     Let (M, g) be an n-dimensional, n ≥ 3, semi-Riemannian 

connected manifold of class   with Levi-Civita connection 

         ( ) being the Lie algebra of vector fields on M.  

    We define on M the endomorphisms X   Y,  (X ,Y) 

and   ̃ (X ,Y) of    ( )  by 

 

(X    Y) Z  =  A(Y, Z)   A(X , Z)Y,                            (6) 

 (X ,Y) Z  =                                                    ( ) 

  ̃ (X ,Y) Z  =  (X ,Y) Z    
 

   
                           

                                                                                       (8) 

respectively, where A is a symmetric (0,2)-tensor on M and  

X,Y,Z     ( ). The Ricci tensor S, the Ricci operator Q 

and the scalar curvature r of (M , g) are defined by S(X,Y)= 

tr{Z   (    )   , g(QX,Y) = S(X,Y) and r = tr Q, respec- 

tively. [X,Y] is the Lie bracket of vector fields X and Y. In 

particular we have (X   Y) = X   . 

     The Riemannian-Christoffel curvature tensor R, the 

conharmonic curvature tensor  ̃ and the (0,4)-tensor G of 

(M, g) are defined by 

 

       R (X1, X2, X3, X4) = g ( (X1, X2) X3, X4), 

        ̃ (X1, X2, X3, X4) = g (  ̃( X1, X2) X3, X4), 

        (X1, X2, X3, X4)  = g (( X1      X2) X3, X4), 

 

respectively, where X1, X2, X3, X4     ( )  
    From (8) it follows that 

 

  ̃(       )        ̃ (       ) , 

  ̃(       )       ̃ (       ) , 

  ̃(       )     ̃ (       ) , 

  ̃(       )+   ̃(  ,Z,W,Y) +   ̃(  W,Y,Z) = 0. 

 

 Let  (X,Y) be a skew-symmetric endomorphism of   ( )  
We define the (0,4)-tensor B by B(X1,X2,X3,X4) = 

g( (X1,X2) X3, X4). The tensor B is said to be a generalized 

curvature tensor if 

            B(X1, X2, X3, X4) = B(X3, X4, X1, X2), 

           B(X1, X2, X3, X4)  + B(X2, X3, X1, X4)  

                                         + B(X3, X1, X2, X4) = 0. 

   For a  (0,k)-tensor field T, k ≥1, a symmetric (0,2)- tensor 

field A and a generalized curvature tensor  B on (M , g), we 

define the (0, k+2)-tensor fields  B .T and Q(A, T)  by  

 

(B .T)(X1, ..., Xk; X, Y) =  T (  (X, Y)X1, X2, ..., Xk)  
                                     (X1 , X2 , …,     ,  (X,Y) Xk), 

 

Q (A ,T) (X1, ..., Xk; X, Y) =  T( (     )X1, X2, ..., Xk)  
                                (X1 , X2 , …,      (X   Y) Xk), 

 

respectively, where X, Y, Z, X1, X2, ..., Xk     ( )  
 

 

 

 Let (M, g) be covered by a system of charts {W; x
k
}. We 

define by gij , Rhijk , Sij , and 

 

  ̃    =        –  
 

   
 (                  +           

                 ),                                                              (9) 

the local components of the metric tensor g, the 

Riemannian-Christoffel curvature tensor R, the Ricci tensor 

S, and the conharmonic curvature tensor   ̃, respectively. 

Further, we denote by    =       
  and    

 
       . 

    The local components of the  (0, 6)-tensor fields  R.T and  

Q (g ,T)  on M are given by 

 

(   )             (                                 

           )                                           (  ) 

 

     (    )                                    

                            

                                             (  ) 

 

where        are the local components of the tensor T. 

In this part we present some considerations leading to the  

definition of  Deszcz Symmetric (Pseudosymmetric in the 

sense of Deszcz) and  Ricci-pseudosymmetric manifolds. 

A semi-Riemannian manifold (M,g) satisfying the condition  

  R= 0 is said to be locally symmetric. Locally symmetric 

manifolds form a subclass of the class of manifolds 

characterized by the condition 

                                         (12) 

where     is a (0,6)-tensor  field with the local components  

 

(    )                                          

                           (                                               

                                                 ).                        

   

Semi-Riemannian  manifolds fulfilling (12) are called 

semisymmetric [12]. They are not locally symmetric, in 

general. 

    A more general class of manifolds than the class of 

semisymmetric manifolds is the class of pseudosymmetric 

manifolds. 

     A semi-Riemannian  manifold (M,g) is said to be 

pseudosymmetric in the sense of Deszcz [13,14] if  at every 

point of M the condition 

        (    )                                 (13) 

 

holds on the set   = {      |   
 

 (   )
          },  

where     is some function on   . 

A semi-Riemannian  manifold (M, g) is said to be  Ricci-

pseudosymmetric [15] if at every point of M the condition 

                                 R . S =    Q(g, S)                        (14) 
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holds on the set   = {      |   
 

 
          }, where  

   is some function on     Every  pseudosymmetric 

manifold is Ricci-pseudosymmetric. The converse 

statement is not true. The class of  Ricci-pseudosymmetric 

manifolds is an extension of the  class of  Ricci-

semisymmetric (R.S= 0) manifolds as well as of the class of 

pseudosymmetric manifolds. Evidently, every Ricci-

semisymmetric is Ricci-pseudosymmetric. There exist 

various examples of  Ricci-pseudosymmetric  manifolds 

which are not  pseudosymmetric. 

(13), (14) or other conditions of this kind are called 

curvature conditions of pseudosymmetry type [16]. 

 

 

3. WALKER TYPE IDENTITIES ON GENERALIZED                                 

COMPLEX SPACE FORMS 

 

    In this section, we present results on generalized complex 

space forms satisfying curvature identities named Walker 

type identities. 

 

LEMMA 3.1 [17]. For a symmetric (0,2)-tensor A and a 

generalized curvature tensor   on a semi-Riemannian  

manifold  (M,g), n ≥ 3,  we have 

 

∑  (    )(               )

(     )(     )(   )

            (  ) 

 

It is well-known that the following identity 

 

∑ (    )(               )

(     )(     )(   )

                (  ) 

 

holds on any semi-Riemannian manifold. 

 

THEOREM 3.2.  Let (M,g), n ≥ 4, be a semi-Riemannian  

manifold. Then the following three equalities are  

equivalent : 

 

∑ (     ̃)(               )

(     )(     )(   )

               (  ) 

 

∑ (  ̃  )(               )

(     )(     )(   )

                (  ) 

 

and 

 

∑ (    ̃–   ̃  )(               )

(     )(     )(   )

    

                                                                                         (19) 

 

on  M. 

 

 

Proof.  In view of (10) , we have 

 

(     ̃)
      

     (  ̃             ̃            ̃            

                             ̃          )                                              (  ) 

 

 

(  ̃  )
      

     (       ̃             ̃            ̃       

                                  ̃     )                                              (  ) 

 

Using (9) in (20) we obtain 

 

(     ̃)
      

  (    )        
 

   
 [   (           )  

 

                              +   (           )      (           ) 

 

                                  (           )] ,                          (22) 

 

where         =   
        . 

Applying, in the same way, (9) in (21) we get  

 

(  ̃   )        (    )        

                          
 

   
  (   )       +                   

                               

                                                              (23) 

We set 

           
 

   
[    (           )     (           )

     (           )      (           )

    (           )     (           ) 

                                        (           )      (           )  

                                        (           )     (           ) 

                                       (           )      (           ) . 

 

Symmetrizing (22)  with respect to the pairs (h,i), (j,k) and 

(l,m) and applying  (15) and (16)  we obtain 

 

∑ (  ̃  )(               )

(     )(     )(   )

            

 

In the same way , using (20), we have 

 

∑ (     ̃)(               )

(     )(     )(   )

                 

 

From the last two equations  we get 

 

∑ (     ̃    ̃  )(               )

(     )(     )(   )

              

 

If             , then (17) (equivalently (18), (19)) holds 

on M. This completes the proof. 
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    The equations  (17) – (19) are named  the Walker type 

identities. We also can consider the following  Walker type 

identity 

 

∑ (  ̃   ̃)(               )

(     )(     )(   )

               (  ) 

 

THEOREM 3.3.  Let M(f1, f2) be an m-dimensional (m ≥ 4) 

generalized complex space form. Then we have  

 

     ̃–   ̃      
 

   
 (   )            (    ) 

 

                          
 

   
 (   )            (     ̃) 

 

                                   
 

   
 (    ) 

 

                                   
 

   
 (     ̃)                              (  ) 

 

Proof. By using (3) the equations  (22 ), (23) and (9) reduce 

to  

 

     ̃                                                                               (  ) 

 

  ̃         
 

   
 (   )            (    )     (  ) 

and 

  ̃      
 

   
 (   )                                     (  ) 

 

respectively. Hence we have 

 

     ̃–   ̃     
 

   
 (   )            (    )  

 

and so Q (g , R) = Q(g ,  ̃) . This completes the proof. 

 

In view of the above theorem an m-dimensional (m ≥ 4) 

generalized complex space form satisfying the following 

conditions: 

 the tensors      ̃–   ̃   and  (    ) are linearly 

dependent at every point of  M(f1, f2), 
 

 the tensors      ̃–   ̃   and  (     ̃) are linearly 

dependent at every point of  M(f1, f2), 
 

 the tensors      ̃–   ̃   and  (    ) are linearly 

dependent at every point of  M(f1, f2), 
 

 the tensors      ̃–   ̃   and  (     ̃) are linearly 

dependent at every point of  M(f1, f2). 
 

 

COROLLARY 3.4. Let M(f1, f2), (m ≥ 4), be an m-

dimensional generalized complex space form satisfying 

R.   ̃    , then M(f1, f2) is semisymmetric.  

 

THEOREM 3.4. Let M(f1, f2), be an m-dimensional (m ≥ 4)  

generalized complex space form. Then the Walker type 

identities (17) – (19)  and  (24)  hold on M(f1, f2). 

 

Proof. In view of theorem 3.3., we have  

 

     ̃–   ̃      
 

   
 (   )            (    ) 

 

 and using (15) we get (19) (equivalently (17) and (18)). 

 

Further, we note that   ̃       
 

   
 (   )              

This gives  

 

  ̃   ̃     ̃ (    
 

   
 (   )            )      ̃   

 

 (    
 

   
 (   )            )    

 

        
 

   
 (   )            (    )  

 

Now using (15) and (16) complete the proof. 

 

 

4. GENERALIZED COMPLEX SPACE FORM 

SATISFYING R. R – Q(S , R) = L Q(g ,  ̃)  
 

     In this section we consider m-dimensional, (m ≥ 4), 

generalized complex space forms satisfying the condition  

 

                 R. R – Q(S , R) = L Q(g ,  ̃)                          (29)  

 

on     ̃=       (      )   ̃         , where L is some 

function on    ̃. 

 

 

THEOREM 4.1.  Let M(f1, f2) be an m-dimensional (m ≥ 4) 

generalized complex space form. If the relation (29) 

fulfilled on    ̃    (      )   then  (      )  is pseudo- 

symmetric with the function      (   )           
 

Proof. Using (3) and (28) in (29), we have 

 

    R. R –  (   )            (    ) = L Q(g ,  ̃)    
 

and so 

 

        R. R     (   )            (    )   
 

This completes the proof. 
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