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Abstract

In this article, the consistent Riccati expansion (CRE) method is presented for constructing new exact solutions of
(1+1) dimensional nonlinear dispersive modified Benjamin Bona Mahony (DMBBM) and mKdV-Burgers equations.
The exact solutions obtained are composed of hyperbolic and exponential functions. The outcomes obtained
confirm that the proposed method is an efficient technique for analytic treatment of a wide variety of nonlinear
partial differential equations.
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1. Introduction

Nonlinear evolution equations (NLEEs) in mathematical physics play a vital role in different fields, such as fluid mechanics,
plasma physics, optical fibers, solid state physics, chemical kinematic, chemical physics and geochemistry. Since obtaining
exact solutions of NLEEs come into prominence, there become significant improvements in this domain[1]. Many effective and
powerful methods have been established and improved, such as modified simple equation method [2], symmetry reduction
method([3], trial equation method [4], the (G’/G)-expansion method [5], sub equation method [6], exp(—® (&)) method[7],
functional variable method[8], first integral method[9], modified exp-function method [10] and so on.

The aim of this paper is search new solutions of (1+1) dimensional nonlinear dispersive modified Benjamin Bona Mahony
(DMBBM) equation and modified Korteweg-de Vries (mKdV)-Burgers equation with consistent Riccati expansion (CRE)
method. In section 2, we give the definition of the method. In section 3, there found solutions of the given equations. In section
4, conslusions are given.

2. Consistent Riccati expansion (CRE) method

Lets assume that we have a nonlinear differential equation, remark in the independent variables x and ¢ and dependent
variable u, given by

F(M7MX7ut7uxx7utt;~--):Oy (21)

where F is a polynomial of u(x,#) and its various partial derivatives including the highest order derivatives and nonlinear terms.
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According to the algoritm, we can seek for the solutions of Eq. (2.1) in the form

ui (x,t)R" (w), (2.2)

n
u=

i=0

where u; (i =0,...,n) are functions to be detected later and the positive integer n can be detected by using homogeneous balance
method. Here R(w) is a solution of the Riccati equation

R,, = ap+a R+ axR* (2.3)

where ag, ay,a; are parameters to be determined and w is an undetermined function of x and ¢.

The positive integer n can be detected by considering the homogeneous balance between the highest order derivative term
with the highest order nonlinear term appearing in Eq. (2.1). Then by sett ing Eq. (2.2) along with Eq. (2.3) into Eq. (2.1) and
equating the coefficients of all powers of R (w) to zero yields a set of algebraic equations for unknowns u;,ag,a; and ay[11, 12].

3. Exercises

In this part, we have dealed with two partial differential equations as an application of the CRE method.

3.1 (1+1) dimensional nonlinear dispersive modified Benjamin Bona Mahony (DMBBM) equation
Firstly, we look at the (1+1) dimensional nonlinear dispersive modified Benjamin Bona Mahony (DMBBM) equation [13]

u,+ux—(xu2ux+uxxx =0, 3.1

where where « is a nonzero constant. This equation was first derived to describe an approximation for surface long waves in
nonlinear dispersive media. It can also characterize the hydro magnetic waves in cold plasma, acoustic waves in inharmonic
crystals and acoustic gravity waves in compressible fluids [14].

Here, it is clear from the homogoneous balance principle that the balancing number is 1. From here, we infer from that the
exact solution of Eq. (3.1) is

u(x,t) =up (x,t) +uy (x,1) R(w(x,1)) 3.2)

where ug (x,1) and u; (x,¢) are functions to be determined later. Setting Eq. (3.2) and its derivatives with the condition Eq. (2.3)
into Eq. (3.1) and gathering all terms with the same power of R (w), (i =0, 1,...,4), we obtain the following system

R*(w) : 6u1w§ca§ — Ocu?wxag =0, (3.3)

R*(w) —Zauou%wxag +6 (ul)xwfa% + 12u1w}3ca1a% + 6u1wxwﬂa%

—au? (uy), — awdwyar =0, (3.4)

R*(w) : 9(w )x W)%alaz + 8u1w)3ca0a% — au(z)ulwxaz +9uy wxwzxxalaz
—Ocu% (uo) , +urwyas — 2au0u%wxa1 +uwraz — Quywydo
32
+Tuywiajas + 3 (uy),, wxaz — 20uouy (ug),
+3 (M] )xwxxa2 + U Wi = Oa

3.5)

R' (W) & (1), +uiwiar +3(ur), waar + 3uiwywydl
+ (M] )t - au(z)ulwxal + 8M1w§ala2a0
_Zauou%wxao —20uou; (uo)x + ulw?ca? + (’41 )x (3.6)
+6 (ul )x W,%aZQO + OU W W@ Ao + U Wird]
43 )y ma +30) w27 s — 0 o), O,

RO(w) : 3(w )y W2a1ag + U Wino + 31 wewxea 1 do
+ (M())x + (M())t + (uo)xxx +3 (ul )xx Wxdo + U1wido
+3 (u1)  Wreato — Om(z) (uo),+ ulwia%ao
+uywyag + 2uy wiaga(z) — Otu%ul wyeag = 0.

(3.7)
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From the Eq. (3.3), we get

uy (x,1) = \/6\/}12%. (3.8)

If we substitute Eq. (3.8) in Eq. (3.4), we obtain

V6 Wi 1 1 3
uo (x,1) = ;{v; +v6 aalwx - waoc\@ (a) ai. 3.9)
X

When we substitute Eq. (3.8) and Eq. (3.9) in Eq. (3.5), we get following partial differential equation
4a2w§a0 — w4a% 3w)2“ +2W Wi + ZW)ZC
> .

If we use Eq. (3.10) in Eq. (3.6) and Eq. (3.7), these Egs. are equal to zero.
If w is a solution of Eq. (3.10), then

f Wix
u= L +v6 —alwx—fwxoc\f\/ a1+\f —agwx (3.11)

is a solution of the DMBBM equation with R = R (w) being a solution of the Riccati equation (2.3).
We suppose that w (x,#) be of the form

(3.10)

WiWy = —

w(x,t) =acosh (kx+ 1t + &)+ bsinh (kx+ 1t + &) +r (3.12)

where a, b, k,[ and r are constants to be determined later and & is an arbitrary constant. Setting Eq. (3.12) into Eq. (3.10) , we
obtain the following equations

k (16a2a0a3k3b - 4a%ak3b3 - 4a%a3k3b + 16a2a0ak3b3)
2
k (—16aya0a’k>b + 4alb + 4a7a>k>b — 2alk’b + 4akb)
2 ]
k (—ata*k® + 24a,apa®k3b* — ab*i3)
2

:O’

k (—6a1a®k*b* + 4azaoh*K® +4arapa*l®) 0
2 - b
k (2a%a4k3 + 6a%azk3b2 — 8arapa*k® +2a*k + 2b2k)
2

k (—0* — a4 2a%1 — 24aza0a® k3D + 2071) 0
5 )
k (—a2a*k® —2a°k — 2a%1 — 2a*k3 + dazapa*k® + 3b%k3)
2
Solving above system, we get the following two solutions.

State 1:

2
a:baa0:%7a1:a17a2:a27b:b7 3.13
k(k*-2) G.13)
k=k =8, 1=—=

, F=r.

State 2:

2
a
a=—b,a0= g5, a1 =ai, ey =ay, b=>b,

(3.14)
k=k E=¢&, 1= (kz 2) r=r.
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Combining Eq. (3.11), Eq. (3.12) with Eq. (3.13) and Eq. (3.14), two families of exact explicit solutions to the DMBBM
equation are obtained

u(x,t) = ;\/5\/Zk (a1bcosh(B)+1+absinh(B))

V6 éaz(bksinh(ﬁ)—&—bkcosh(ﬁ))

XR(bcosh(B)+bsinh(B)+r)

and
u(x,t) = ;ﬁ\/Zk(albcosh(ﬁ)—l—albsinh(ﬁ))

+V6 éaz(—bksinh(ﬁ)+bkcosh(ﬁ))

XR(—bcosh(B)+bsinh(B)+7r).

KBt
where 3 zkx—kt—k?—&—é.

We suppose that w (x,1) be of the form
w(x,t) = Aexp (kix+ 11t +&1) + Bexp (kox + ht + &) +C (3.15)

where A, B, C, k; and [; are constants to be determined later and &; are an arbitrary constant. Setting Eq. (3.15) into Eq. (3.10) ,
we get the following system
2B
2

— 2a2aoB4k‘2‘ =0,
—8arapAki B> k3 +2a Ak B33 = 0,

—12a,apA*k3B*k3 + 3aA%k; B2 k3 = 0,

—B* + 5B%k3 — B2 bk, =0,

—8ayaA*ki Bky + 2aiA3ki Bk, = 0,

—Al Bk, — Ak} Bky — Bl,Aky — Bk3Aky + 3AK?BK3 — 2Ak Bk, = 0,

2AK
2

—2ara0A*k} =0,

A%kt
Tl —A%k2 — A%k = 0.

Solving above system, one gets the following set of solution.
aj
A=A, B=B,C=C, a0 = g5, a1 =ay, ay = az, k1 = ky,

(3.16)
k3 k3
ky=ky, li ==ky+ 3, b=k +%,8=8,5%=6&
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Combining Eq. (3.11), Eq. (3.15) with Eq. (3.16), exact explicit solution is obtained

ko

u(x,t) = ;/6\/2(1401eXP(ﬁ+5l)+Balexp(ﬁ+§2)+1)

+02\f6\/Z(Ak2 exp (B +&1) +Bkaexp (B +&2))
xR (Aexp (B +&E1)+Bexp(B+&)+C)
where 8 = kox + (—k2+ %) .

3.2 Modified Korteweg-de Vries (mKdV)-Burgers equation
mKdV-Burgers equation is given by [15]

ut—&—quzux—l—ruxx—suwc =0 (3.17)

where ¢, r and s are arbitrary constants. According to the homogeneous balance method, we get the balancing number as n = 1.
From here, we infered that the exact solution of Eq. (3.17) is

u(x,t) = up (x,1) +uy (x,2) R (w(x,1)) (3.18)

where ug (x,7) and u; (x,t) are functions to be detected later. Setting Eq. (3.18) and its derivatives with the condition Eq. (2.3)
into Eq. (3.17) and picking all terms with the same power of R (w), (i =0, 1,...,4), we have the following system

RY(w) : quiwar —6suywia3 =0, (3.19)

R (w) 1 2quoudwyar —6s(uy) wia3 +2ruiwias — 12suywiaas

—l—qu% (ur),+ qu%wxal — 6su1wxwxxa% =0, (3:20)

R (w) : qud (up), +2r (up), weas — Sy Wynn@a
+uiwiay — 3s (u1), Witz — 8su1w)3caoa%
—|—3ru1w)2€a1a2 +2qu0u%wxa] —3s(uy1),, wxa2 3.21)
+2quou (ur), —9s (1), wlajay — Isuywiwnaias
—l—qu?wxao + qu%ulwxag — Tsuy wia%ag +ruywyaz =0,

R'(w) qu(z) (u1), — 6sUIWywrarag + 2quou%wxao +r(ur),,
Frugwea) — suiwygeay + (u1), — 3s (U1, weai
—3s(uy) w2at — suywia; + rupw2a3 — 3s (uy)  wiai
+qu(2)u1wxa1 — 5 (U1) oy +Hurwiar — 3su1wxwxxa%
—8suywlajazag +2r (u )y wxa1 + 2ruw?
+2quouy (up), — 65 (u1), wlarag =0,

(3.22)

aay

RO(w) : wuywiag—3s (ul)xw)%alao +2r (u1), weao + ruywlayag

Fruyweao — 3s (uy) , Wxdo + qu(z)ul Wxdo — SULWxx 0
+r(uo) . — 2su1w)3(a2a(2) —3s(u1), wexao + qu%) (uo),
—3suywxwyearao + (uo), — 5 (U0) e — sulwia%ao =0.

(3.23)

From the Eq. (3.19), we get

w (x,1) = Vo6y/sagw: (3.24)

Vi
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If we substitute Eq. (3.24) in Eq. (3.20), we obtain

V6 (3swxx —rwy + 3sw)2(a1)
61/5/qwx '

ug (x,1) =

When we substitute Eq. (3.24) and Eq. (3.25) in Eq. (3.21), we get following partial differential equation

4.2 2.2
wir

6s

swha
WiWy = —3sw§x + 2sa2a0wfg — % 4 SWop Wy —

If we use Eq. (3.26) in Eq. (3.22), this Eq. is equal to zero. If we use Eq. (3.26) in Eq. (3.23), we obtain

3
v 6s (4wxxa2wf;a0 + 3wy, + wxxxxw)% — AW Wy Wy — wf;a%wxx)

=0.
2./qw}

If w is a solution of Egs. (3.26) and (3.27), then

V6 (3swxx —rwy+ 3sw)2ca1) N \f6\/§a2wa
u P—

6\/5\/am. Va

is a solution of the Eq. (3.17) with R = R (w) being a solution of the Riccati equation (2.3).

We suppose that w (x,7) be of the form

w(x,r) =acosh (kx+ 1t + &)+ bsinh (kx+ 1t + &) +r

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

where a, b, k,l and r are constants to be determined later and & is an arbitrary constant. Setting Eq. (3.29) into Egs. (3.26) and
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(3.27), we obtain the following equations

3sh?k* _ r’a’k? g sata*kt _

sa*k* — a?kl — 5 o - 0, 2sapapa = 0,

—3sa3a*k*b? + 12sarapa®k*b? = 0, 8sarapa’k*b — 2sa2a’k*h = 0,

2b4k4 2 k2b
4 + 2sarapb*kt = 0, —sak*b — 2akbl — ra =0,
2V6ry/sbkSaatag  V/bry/sa*kba; _ 0, — PrR sk b —0,
NG 2.3 65 2
\@rﬁaskﬁa% 2/6r sa3k6b2a% 4/6r\/sa’kOb%a;  \/6r\/sa’k®ay
— — + 2ag =+ =0,
2v4 Va Va Vi
2V6r\/sa*kba?  3v/6r\/sa’kba? 61/6r\/sa’kSb3ay  4\/6r/sa*koarb
— — + 2ay + =0,
Va Vi Va Va
3V6r\/sbkSa®  3/6r\/sb*k®
—2sa%ak4b3 + 8sarapak*h® =0, — Vorysbk®a + Vorys =0,
2.4 2./
3V6r\/sa*k®b*a?  2+/6r\/sab*kla? 4/6r\/sakb*ay  6\/6r\/sa kSarb?
— — + 2ay =+ =0,
Va Va Vi Vi

7/ 6r\/sak®h? \/gr\/§a3k6 VorskPh?  \6r\/sa’k
+ —2ak + =0,
24 2\/q Va Va

2\@r\/§a2k6b3a% \@rﬁabsk%% \f6r\/3b5k6a2 4\@r\/§a2k6a2b3

— — + 2ay + =0,
v 2v4 v Vi

TV 6r\/sbkba®  \/6r\/sb3ko VorskPh?  \6r\/sa’k

n —2bk n —0,
2v4q 2V4 Vi v

3v6r\/sa’k® B 3v6r\/sak®b? 0 21/6r\/sak®b*araq 3 Vory/sab*kSa? 0
2a a0 VA 24 |

Solving above system, we get the following two solutions.

State 1:

2
a
a=b,ay= 13, a1=ay, aa=ay, b=>,

2.2, 2 (3.30)
k=k E=g, 1= 20
State 2:
a=—b aozﬁ ay=ay,ax=ay, b=>b
7 e’ k(%szkz;—rz) , ’ (3.31)
k:k,§:§7l:_\T7r:r.

Combining Eq. (3.28), Eq. (3.29) with Eq. (3.30) and Eq. (3.31), two families of exact explicit solutions to the mKdV-Burgers
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equation are obtained

V6b3k3 (cosh (B) —sinh (B))? (3sk — r + 3sbka, cosh (B) — 3sbka; sinh (B))

u(x,t) = 3
6+/s,/q (—bksinh (a) + bkcosh ()
+\/\/6q? (—bksinh (@) + bkcosh (e)) axR (bcosh (o) — bsinh (¢t) +r)
and
wnt) = V6b3k3 (cosh (B) —sinh (B))* (—3sk — r+ 3sbkaj cosh (B) + 3sbkay sinh (B))
’ 61/5\/q (bksinh (at) + bkcosh (@)’
+\/\;>s (bksinh () + bkcosh (a)) axR (—bcosh (o) — bsinh (¢t) +r)
q
22,2 _ 3.2 2
where @ — —kx + k(3s k6y+r )t e B 6kxs + 3k tg + ktr® — 6s& .
‘ s
We suppose that w (x,#) be of the form
w(x,t) = A+ Bexp (kyx+ it + &) (3.32)

where A, B,k and [; are constants to be determined later and &; are an arbitrary constant. Setting Eq. (3.32) into Egs. (3.26)
and (3.27), we get the following system

2V/6r\/sB?k} azag 3 Vo6ry/sB*k3a?

Va 2Vq ’
B3k3 2
2sB3k%a2ao— s 21611 :07
Bl Bk r?

Solving above system, one gets the following set of solution

2
a
A:A,B:B,dozﬁ,611:(,117612:6127
ky (3523 412
k1=k1,11=—7( & ),§1=3§1-

Combining Eq. (3.28), Eq. (3.29) with Eq. (3.33), exact explicit solution is obtained

(3.33)

V6exp (@) (3kis —r+3sBkiayexp (%))

u(x,t) = ‘
65 (exp ()
| V6vsBliazexp (B) R (A + Bexp (B))
Va
_ 3.2 2 o (3 2k2 5 .
where o0 = — Okyxs + 3kyts™ + kitr 6€1S,ﬁ:k1x_w+fl

2s 6s

4. Conclusions

In this paper, by introducing CRE method we apply to DMBBM and mKdV-Burgers equations. We had exact explicit
solutions of given equations with the help of Riccati equation. The obtained exact solutions are consist of hyperbolic and
exponential functions. We checked all solutions of given equations by the Maple.

It is also shown that the CRE method can be performed to other kinds of integrable systems and can be obtained other kind
of solutions.



(1]

[2]

[31

[4]

[51

(6]

[71

[8]

91
[10]

[11]

[12]

[13]

[14]

[15]

Construction of Exact Solutions to Partial Differential Equations with CRE Method — 113/113

References

M. Kaplan, A. Akbulut, A. Bekir, Exact travelling wave solutions of the nonlinear evolution equations by auxiliary
equation method, Z.. Naturforsch A, 70 (2015), 969-974.

A. Bekir, A. Akbulut, M. Kaplan, Exact solutions of nonlinear evolution equations by using modified simple equation
method, Int. J. Nonlinear Sci., 19 (2015), 159-164.

F. Tascan, A. Yakut, Conservation laws and exact solutions with symmetry reduction of nonlinear reaction diffusion
equations, Int. J. Nonlinear Sci. Numer. Simul., 16 (2015), 191-196.

M. Ekici, M. Mirzazadeh, Q. Zhou, S. P. Moshokoa, A. Biswas, M. Belic, Solitons in optical metamaterials with fractional
temporal evolution, Optik, 127 (2016), 10879-10897.

M. Mirzazadeh, M. Eslami, D. Milovic, A. Biswas, Topological solitons of resonant nonlinear Schodinger’sequation with
dual-power law nonlinearity by (G' | G)-expansion technique, Optik, 125 (19), (2014) 5480-5489.

Q. Feng, F. Meng, Explicit solutions for space-time fractional partial differential equations in mathematical physics by a
new generalized fractional Jacobi elliptic equation-based sub-equation method, Optik, 127 (2016), 7450-7458.

A. Akbulut, M. Kaplan, F. Tagcan, The investigation of exact solutions of nonlinear partial differential equations by using
exp(—® (€)) method, Optik, 132 (2017), 382-387.

A. Biswas, M. Mirzazadeh, M. Eslami, D. Milovic, M. Belic, Solitons in optical metamaterials by functional variable
method and first integral approach, Frequenz, 68 (11-12) (2014), 525-530.

B. Lu, The first integral method for some time fractional differential equations, J. Math. Anal. Appl., 395 (2012), 684-693.

H.M. Bagkonus, H. Bulut , Analytical studies on the (1+1)-dimensional nonlinear Dispersive Modified Benjamin-Bona-
Mahony equation defined by seismic sea waves, Waves Random Complex Media, doi:10.1080/17455030.1062577, 2015.

J. Xiang-Li, L. Sen-Yue, CRE method for solving mKdV equation and new interactions between solitons and cnoidal
periodic waves, Commun. Theor. Phys., 63 (2015), 7-9.

M. Chen, H. Hu, H. Zhu, Consistent Riccati expansion and exact solutions of the Kuramoto-Sivashinsky equation, Appl.
Math. Lett., 49 (2015), 147-151.

K. Khan, M.A. Akbar, S.M. Raynaul Islam , Exact solutions for (1 + I)-dimensional nonlinear dispersive modified
Benjamin-Bona-Mahony equation and coupled Klein-Gordon equations, SpringerPlus, 3 (2014), 8 pages.

E.M.E. Zayed, S. Al-Joudi, Applications of an extended (G’/G)-expansion method to find exact solutions of nonlinear
PDEs in mathematical physics, Math. Probl. Eng., Article ID 768573, doi:10.1155/2010/768573, (2010), 19 pages.

M. Wang, Exact solutions for a compound KdV-Burgers equation, Phys. Lett. A., 213 (1996), 279-287.



	Introduction
	Consistent Riccati expansion (CRE) method
	Exercises
	(1+1) dimensional nonlinear dispersive modified Benjamin Bona Mahony (DMBBM) equation
	Modified Korteweg-de Vries (mKdV)-Burgers equation

	Conclusions
	References

