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1. Introduction
Our motivation comes from the following results:
Theorem 1.1. (A. Ostrowski, 1938 [1]). Let f : [a,b] — R be continuous on |a,b] and differentiable on (a,b) such that
S (a,b) — Ris bounded on (a,b), i.e., ||f'||l.. :== sup |f'(¢)] <oo. Then

t€(a,b)

1 _atb?
= {N(xb_i ) ] ||| (b—a),

for all x € [a,b] and the constant } is the best possible.

‘ 1

o [ rwar s

Theorem 1.2. (G. Griiss, 1934 [2]). Let f,g: [a,b] — R be Lebesgue integrable functions, and m,M,n,N € R such that:
—o<m< f<M<oo, —co<n< g<N<oo ae. onla,b|. Then

‘bla/ubf(t)g(t)dt— <bia/abf(t)dt) (bl_a/abg(t)dtﬂSi(M—m)(N—n),

with the constant % being the best possible.
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Let f € C! ([a,b]) and the kernel p : [a,b]* — R be such that

(1) = t—a, ifr € [a,x],
PROI= -, iftr € (x,0].

Then, we have the basic Montgomery integral identity [3, p. 565],

1

f(x):ﬁ/abf(t)dﬂ—m/ahp(x,t)f’(t)dt, Vxelab.

In order to describe complex extensions of Ostrowski and Griiss inequalities using the complex integral we need the
following preparation.

Suppose 7 is a smooth path parametrized by z (), ¢ € [a,b] and f is a complex function which is continuous on y. Put
z(a) =u and z(b) = w with u,w € C. We define the integral of f on ¥,,, = ¥ as

b
/f(Z)dz: f(z)dz::/ fz()Z (t)dt.
Y Yuw a

We observe that the actual choice of parametrization of y does not matter.
This definition immediately extends to paths that are piecewise smooth. Suppose 7 is parametrized by z(¢), ¢ € [a,b], which
is differentiable on the intervals [a,c] and [c, D], then assuming that f is continuous on ¥ we define

f(z)dz:= f(2)dz+ f(2)dz,

Yuw Y,y Yow

where v := z(c). This can be extended for a finite number of intervals.
We also define the integral with respect to arc-length

b
F@dzl = [ 1) | 0)]dr

Yuuw

and the length of the curve 7 is then

b
Z(y):/7 dz| ::/a 12 (1)|dr.

Let f and g be holomorphic in G, an open domain and suppose ¥ C G is a piecewise smooth path from z (a) = u to z (b) = w.
Then we have the integration by parts formula

f(2)g (2)dz=f(w)g(w)— f (u) g (u) —/ f(2)g(z)dz.

yll W YH W

We recall also the triangle inequality for the complex integral, namely

‘/Yf(Z)dz

where || f]|, ., := sup 1f (2)]-
Z

< /y F@1dzl < [ fllyd (7).

We also define the p-norm with p > 1 by

I£1ly, = (/ylf(z)|"|dz>;.

For p =1 we have
70 = [ 1 @)l
If p,g > 1 with % + é = 1, then by Holder’s inequality we have

1l < E@1 IS,



Complex Multivariate Montgomery Type Identity Leading to Complex Multivariate Ostrowski and Griiss Inequalities —
163/175

First, we mention a Complex extension of Ostrowski inequality to the complex integral by providing upper bounds for the
quantity

\f@) v [ 1@

under the assumption that y is a smooth path parametrized by z(¢), t € [a,b], u =z(a), v=z(x) withx € (a,b) and w = z(b)
while f is holomorphic in G, an open domain and Y C G.

Secondly, we mention a Complex extension of Griiss inequality:

Suppose ¥ C C is a piecewise smooth path parametrized by z (¢), ¢ € [a,b] from z(a) = u to z(b) = w with w # u. If f and
g are continuous on ¥, we consider the complex Cebysev functional defined by

Py (f.g) - _u/f 2)dz— _u/f )dz _u/g

We display upper bounds to | Zy (f,g)|-
We have the following results for functions of a complex variable:

Theorem 1.3. (S. Dragomir, 2019 [4]). Let f be holomorhic in G, an open domain and suppose Y C G is a smooth path from
z(a) =utoz(b) =w. Ifv=1z(x) withx € (a,D), then Yi,o = Yur U Yoo

N SIZE
Yu,w

<||F

1000 (1@ <17y [ o= ulliz 4

|:/ |Z*M| ‘dz| +/ |wa‘ dZ|:| Hf/HYqum’
Y Yuw ’

and

+max 2w ||

Yuwsl Yows

‘f(V) v~ [ 1)

ég%{ilz—u\ 7]

max{max |z —u|, max |zw|} (Vi
€%y 2E&%w

Yuwsl

pr,q>1with%—|—$:1, then

]f<v> v - [ rle)a] < ( [ |z—u|q|dz)‘l’ T

1
q
(/ |z—u|"\dz|+/ z—wq|dz|) 17’
Yu,y Yu,w

Suppose y C C is a piecewise smooth path parametrized by z(¢), t € [a,b] from z(a) = u to z(b) = w. Now, for ¢,® € C
define the set of complex-valued functions

1
q
YuvsP + (/);u,w |Z - W|q dZ|) Hf/

Yowsp —

YuwsP

Ay(9,9) = {f:y—>C|‘f(z)—qHz—cp §%|CI>—(])| foreachzey}.

We have the following complex Griiss type inequalities:

Theorem 1.4. (S. Dragomir, 2018 [5]). Suppose y C C is a piecewise smooth path parametrized by z(t), t € [a,b] from
z(a) =uto z(b) =w withw # u. If f and g are continuous on y and there exist ¢, D, y, ¥ € C, ¢ # @, y # ¥ such that

fEA (9, @) and g € Ay(y,P) then

2
w—uf?

1
|‘@Y(f7g| Z|¢’ oY -yl
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If the path v is a segment [u, w] connecting two distinct points u and w in C then we write [, f (z)dz as [} f (z)dz
If f, g are continuous on [u,w] and there exists ¢, P, y, ¥ € C, ¢ # P, y # ¥ such that f € X[u,w] (¢, ®)and g € Z[M‘w] (y,¥)

then
‘w u/f 7)dz— 1_u/uwf(z)dz

We will use the complex Montgomery identity which follows:

2)dz

1
< o=l ¥ .

Theorem 1.5. (S. Dragomir, 2018 [4]) Let f be holomorphic in G, an open domain and suppose y C G is a smooth path from
z(a)=utoz(b) =w. If v=2z(t) witht € [a,D], then ¥,y = Yur U Yo, and

fv)=

w—u

[/%f(z)dz—&- ; (z—u) f (2)dz+ (z—w)f’(z)dz}

Yow

Define

L Z—U, l:fZE’YM,V
p(v,z) _{ —Ww, ifze%,w-

Thus, it holds

== u/f Z+7/p v2) f (2)dz, (1.1)

a form which we will use a lot in this article.
Representation formula (1.1) is the main inspiration to write this article.

We will use (1.1) to derive a multivariate Complex Montgomery type identity then based on it, we will produce Complex
multivariate Ostrowski and Griiss type inequalities.
For the last we need:

Definition 1.6. Here we extend the notion of line (curve) integral into multivariate case. Let ;, j =1,...,m, be a smooth path

parametrized by zj (t), t; € laj,b;] and f is a complex valued function which is continuous on H Y € C™ Putzj(a;) = u;j
jf

and zj (b;) =wj, withuj,w; €C, j=1,....m

m m
We define the complex multivariate integral of f on [] Vj = [I Yu;w; as
Jj=1 Jj=1

/ @iy enzm)dzidzm = [n  f(@yeyzm)dzr..dzy ==
" Ym l_[?’j

j=1
‘/%t

by by bim m
/ / f <1 tl -y Zm tm H t] dtl dty,. (1.2)

/ F(z1yeyzm)dzy . dzy == /m S (21yeszm)dzy . dzy =
Yu

1] m,Wm jI;Il Yujwi

We make

Remark 1.7. Clearly here z; € C' ([a},b}],C), j=1,...,m. The integrand in (1.2) is a continuous complex valued function

over H laj,bj]. Therefore |f (z1(t1),...;2m (tm))] H Z; (t]) is also continuous but from H laj,b;] into R, hence it is bounded.
Jj=1 Jj=1 j=1
Consequently it holds

m t s <im [m t d[ <+°°
Ji g 10012 |H|z ,|n j

Jj=1
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Therefore, by Fubini’s theorem, the order integration in (1.2) is immaterial.
Clearly it holds

by bm n

le 1) 5 esZm (tm) H (tj)dt...dty| <

b
/l / Fzi(t) e zm (tm) |H|z (tj)|dn..dtw.  (1.3)
am

We also define the integral with respect to arc-lengths

m
/m f 21y zm)ldz]|dza| ... |dzm| == /m F @), ezm ) [T 125 )| dr..dt. (1.4)

It holds (by (1.3), (1.4))

w Sz, zm)dzy dzm| < /m f (@1, zm)| [z | |dz2] .. |dzm| < Hf” Hl yj )
H VJ H )/uj?w]-
J=1 Jj=1 ]
where
m = Su; FAREIEY 4 y
g, b1t
= (215ezm)ETT Y
=
and

b
l(Yj):/ ‘de‘ Z/ /|Z;(l‘j)’dtj, j=1,...m.
Yu;Wj aj

Wi
We also define the p-norm with p > 1 by

13

g o= [ 17 Gzl 21 dza] . ldz
HYpF .Hlyj

For p =1 we have

1A o= [ 17 Gzl ldar] 2ol 2.
jl_l 7l I %

If p,q > 1 with % + é =1, then by Holder’s inequality we have

1

g, (Hzm)) g, ,

Jj=1

2. Main results

We start by presenting a complex trivariate Montgomery type representation identity of complex functions:
3
Theorem 2.1. Let f: [[ D; C C3 — C be a continuous function that is analytic per coordinate on the domain D;, j=1,2,3,
j=1

3
and x = (x1,x2,x3) € [1 Dj. For j=1,2,3, suppose y; C Dj is a smooth path parametrized by z;(t;), t; € |a;,b;] with
=1
zj(aj) =uj, zj(tj) =xjand zj (b;) = wj, where uj,w; € Dj, uj # wj. Assume also that all partial derivatives of f up to order

3
three are continuous functions on [] D;.
j=1



Here we define the kernels fori=1,2,3, p; : %2 —C

. Si — Uj, l:fsi S Yui.x;7
pi(xi,si) == ;
si—wj, ifs; € Vi wi -

Then

f(-x17-x27-x3)
(Wi —

mw

> 9%f (s1,52,53)

Py (xj,87) P (X, Sk o ds3dszd51) +/// P (xi,57)
;(/71//7’3 s ) dsds; N 7 \i=1 Lo
<

Above [ counts (j,k): j<k; jke{1,2,3}.

Proof. Here we apply (1.1) repeatedly.
First we see that

f(x1,x2,x3) = Ao+ Bo,

where
1
Ag = f(s1,x2,x3)dsy,
w1 —Uuj N
and
1 df (s1,x2,x3
By := P1 (xl,Sl)Mdsb
w1 —uy Jy a51

Furthermore we have

f(s1,%2,x3) =A1 +By,

where

A] = / f(sl7s27-x3)ds27
T2

w2 — Uz

and

1 af(Sl,Sz,)@)dsz

B = P2 (x2,52
wy—u2 Jy ( ) aSZ

Also we find that
1
W3 —usJy

f(s1,82,83)ds3+

f(S],SQ,X3) =

1 af (s1,82,
/ p3(x3,83) Md%
b2 S3

w3 —us
Next we put things together, and we derive

Ar= (Wp —up) (ws —u3) .

{/71/ y}f sl,sz,S3)dS3dS2ds1+Z(/ //p, Xj,58;)

1

1 n o
/ f(Sl,Sz,S3)dS3dS2+
/1

(w2 —uz) (w3 —u3) Jy,

/ P3(x3,53)
73

df (s1,52,53)

aSj

9*f (s1,52,53)
053052051
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df (s1,82,53)

ds3

dS3dS2dS1)

dS3dS2dS1 } .

2.1

dssds,.
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And we get
! df (s1,52,53)
A0:37// f(S],S27S3)dS3dSZdS1+ 3 ///p3 )C3,S3 (9S3 —— = ~ds3dsyds
E(Wi—ui) nJndy IJ nJny
1 df (s1,52,x3)
Xp,80) —————>dsds.
(Wl—ul)(Wz—Mz)/y]/npz(z ) ds> 24
Also we obtain
) 1 0 1 92
f(sévs%)@) - / f(S17S2’SS)dS3+ p3 (x3,S3)Mds3
52 w3 —u3 Jy, ds; w3 —u3 Jy, 053052
Therefore we get
d
Ag= 55— ///f 51,52,83) dsadsads) + —————— // 3 (x3,53) f(517527Y3)dg3dS2ds]
T wi—u) " H n'nn ds3
i=1 ' i=1
0 9?
RN / / P2 (x2,5) f(Shsz’S3)ds3dS2dsl+ 3 // p2 (x2,52) p3 (x3,53) f(sl’sz’md 3dsads) .
ndnn ds2 ity In 953052
11 v I (v
Similarly we obtain that
d
Bo= 35— // p1(x1,s1) f(sl’sz’SS)dS3dS2dS1+
H . N Vel ds §1
i=1 t
%f (51,82,
N // p1(x1,51) p3 (x3,53) fs1,52 3)dS3aZs2ds1+
I ¢ % 7 53051
i=1
9%f (51,82,
3 // p1(x1,51) pa (x2,52) f 51,52 3)dS3dS2ds1—|—
1 (w; nyndn 052051
i=1 t
33 f (s1,82,s
37// p1 (Xl,Sl)Pz(xz,Sz)m(x3,s3)%d%cﬁzdﬂ.
H(W'—u‘) NJINJs $308208]
L L
i=1
We have proved (2.1). O

Next comes the general complex multivariate Montgomery type representation identity of complex functions:
m
Theorem 2.2. Let f: [] D; C C" — C be a continuous function that is analytic per coordinate on the domain D, j=1,...,m,
j=1
m
and x = (x1,...,xy) € [1 Dj. For j=1,...,m, suppose yj C Dj is a smooth path parametrized by z;(t;), t; € [a;,b;] with
J=1
zj(aj) =uj, zj(t;) =xjand zj (b;) = wj, where uj,w;j € Dj, u; # w;. Assume also that all partial derivatives of f up to order
m
m € N are continuous functions on [] D;.

j=1
We define the kernels p; : J/lz —C

p'(X' S‘) ._ Si— Ui, ifsi € Yuixis
1 HyOL) T .
’ Si— Wi, l‘fsi € Yx,«,w,«a

fori=1,2,...m
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Then
1 e Af (s1,82,....,5m
Fx1,x2,00%m) = 77— w L(81,52, s Sm) dsmdsy—1...ds1+ Z /m pj(xj,s)) %dsmmdsl +
I1 (Wi_ui> igln J=1 ilz]ly[ /
=1
m
2 ' 0% f (51,525, 5m)
1:925+-499m
m i (xj,8;) pr (X, 8%) ———=——=——>dsp...ds1 +
IIZ=:1 /H%PJ< 7+57) Pi ( ) 595, m
<k N (h)
(%)
3
D3 (51,0, 5m)
m i(x7,8; Xi, %) Pr (X, 8p) ——=" dg,...ds + ...+
122:,1 /H%_PJ( 7287) Pk (XK, Sk) pr (X7, 87) 35,95¢0s, )
j<k<r =1 (b)
m
ml — Ity sm)
Y /m P1(x1,81) - pr (X1581) <P (X Sm) C DT S-Sy ....ds
I=1 l.l;[]"i dsp,...ds;...0s]
e 8mf(s177---;sm)
m [ 597 —d d . 22
+ 1:_[1% (le (X[ Sl)) asm“.aSl Sm S1 (2.2)

Above 1y counts (j,k): j<k; j,ke{1,2,....m}, also lp counts (j,k,r): j<k<r; jkore{l,2,...m}, etc. Also p;(x;,s;) and
ds; means that p; (x;,s;) and ds; are missing, respectively.

Proof. Similar to Theorem 2.1. O
We make

Remark 2.3. (on Theorems 2.1, 2.2)
By (2.1) we get

1
Ef (x1 ,XQ,X3) = f(xl ,)Q,x;) — 3 f(S] ,Sz,Sg,)dS_gdSzdS]

(W,‘ — u,') ,-gl Y

=%

: df (s1,52,53) 2 9%f (s1,52,53)
- (x5,8;) ———="""ds3dsrds| | — / (x7,8; Xpy k) ——=—""Lds3dsrds; | (I
Z 3y_P./(./ i) 35, sdsydsy l; lgm_P;(J 7) P (Xkcs Sk)) 9505, 3dsadsy | (1)

= 1%
J=1 i=1 Jj<k i=1
1 3 3f (s1,s2,8
e, () 2
IT (wi — ) \" % \i=1 3952071
i=1
Above [ counts (j,k): j<k; jke{l1,2,3}.
Similarly, by (2.2) we find
Ep(x1,%0,..0s%m) = f(xX1,%2,...,%m) —
1 ' i Af(S1,..ySn
—_— /m F(styeesSm)dsy...dsy— Z /,,l Pj (xj,sj)%dsl...dsm —
[T (wi—w) 11;[1% J=1 l_l;[]}’i /
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11 1 ) 1
Jj<k

( 3 >
3 3
f(S],...,Sm)
" ) ) ,Sp) —s——=——=——ds]...d —
12 : pJ xj Sj)pk (Xk Sk)Pr (xr sr) asraSkaSj S1 Sm
j<k<r = l

(’”)

169/175

zf STyeeeyS
r PJ xjvs‘j)pk(xkask)Mdsl

d -
&SkaSj S

()

8’“*1f STyy.eeyS
r 171 (x1,81) .-t (xl,sl) P (X Sm) ( m)

— dsl...c?;l...dsm
dsp...0s]...051

= m; /H (le XiySi > Wdﬁ...dsm
1T vy U\

i=1

Above I counts (j,k): j<k; jk€{1,....m}, I counts (j,k,r):j<k<r; jkre{l,2,..m} etc. Also p;(x;,s;) andggl
means that p; (x;,s;) and ds; are missing, respectively.
Hence it holds

! 3 f (51,82,
eyl <t , ([T ) 24 5
Yi

dsi||ds:||d 23
) ds3dsyds) |ds1||dsa| |ds3] ] , (2.3)
‘I;II|Wi—M,|
and
1 m O™ F (51,sm0rs
|Ef (Xla...,xm)| < X /m <H|pi (xi,si)|> ’j;(lam) |ds1| ‘dsm| o
IT [wi — ui JINA Sm-..081
i=1

We give the following complex multivariate Ostrowski type inequalities

Theorem 2.4. All as in Theorem 2.1. Here ry,ry,r3,r4 >0: -+ L+ L L — 1 Then

_f
8S38S28S1

1
|Ef (x1,%2,x3)] < ————— x'min (H/ |pi (xi, 8 |ds,|> ‘

Wi — i
1

3 ; 3 f
() i s

3 a3f
su i (%1, 8 —
o ([T H(ksasﬁs1 .
(515 5233)611)’/

J=1
j=1

:w

1

3 Y
o, IT %
=1

3 )
V4«_1—I1 Y
-

3
Y (x1,X2,x3) € Hlyj.
j:

Proof. By (2.3) and generalized Holder’s inequality.
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m+1
Theorem 2.5. All as in Theorem 2.2. Here ri,ry, ..., m,Fmy1 >0: Y ri = 1. Then
i—1
1 . i o
|Ef (X1, 000m) | < 57— xmin (H/ |pi (xi,5:)] dSi) Ha]; no
H |W17ul‘ =1 Sm-+- 051 leo I;[l’yl
i=1 -
m m m—1 amf
st ) (X000 ) | 5.2 .
omf
sup . (H'pz XiySi > ‘ as s m y
(S-S € H ¥ " 1’,-1:]1 4
Y (x1,.esXm) € Hlyj.
j=
Proof. By (2.4) and generalized Holder’s inequality. O
We make
Remark 2.6. Working further on (2.1) we call:
(3) (3) 2 df (s1,52,53)
Af ::Af (x1,%x2,X3) Z /3 pj x,,s, 8sj ————2ds1dsyds3
2 9%f (s1,52,83)
Z S 2273) g dsod 0,
+z§1 .ﬁ%PJ(XJ,S])Pk(Xka) 5105, sidsadss | (1)
j<k i=1
and
3
(3)._ B3 3 f (s1,52,53)
B, =By (x1,%2,x3) : /H% (Hp, Xi, S ) Wdﬂdmdg.
Set also
Tf(.3> = Tf(.3) (x1,%2,x3) ::Aﬁf) —I—B?).
Thus, we have (x = (x1,%2,x3))
1 ! (3) B
F(x) = f(x1,x2,x3) = 37/131 f(s1,52,83)dsidsrds3 + ————— (Af +B; ) =
f - f -
1= 1=
1 1 3)
3 /131 f(S],SQ,S3)dS1dS2dS3 + 3 Tf .
I (wi—u;) " " 1 (wi —u;)
i=1 i=1
Working further on (2.2) we call:
i Af (s1,...,8
A}m) ::A;m) (x1, .. Z " p] (xj,87) %dsl...dsm +
j=1 J
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(2)/,
2 92
S1y--S
n PJ xjvgj)pk(xkask)stbndsm +
11 1 SkOSj
j<k ' ()
(3 )
3 93
f(Yh sm)
m ACIELYI 3 r \Ar,Sr 7d d I}
P /H%PJ(XJ 8;) Pk (Xicy Sk) Pr (Xr, Sr) 95,9595, stdsy | () +
j<k<r N =1
( " )
A"V f (51, e, Sm —
/ Pl (x1,81) --p1 (XI,SI) Pm (XmsSm) f(/l\ )d81~-~d81---dsm ;
; 8sm...8s1...8s1
and
(m) . p(m) / 9" f (S1,,--,5m)
B.’ =B i(xi,87) | —=———=—"—"ds1...dsy,.
f f (xla X H]/, <Hp Xis Si ) asm...8s1 S1 §
Set also
Tj,(m) = Tf(m) (X1y ey Xm) ::A;m) +B(fm).
Thus, we have (x = (X1,...,Xm))
1 1 m
FO) = F (o) = = /m F (51, st sy (A9 BY) =
q(wl_ui) iI:]lYi Hl (W,—M,-)
i= i=
1 " 1 (m)
m[m f(S1,sSm)ds1. sy + —; ;. (2.5)
IT (wi—u;) " 0% I (wi —ui)
i=1 i=1
Let function g as in Theorem 2.2. Then as in (2.5) we obtain
1
g(x) =g (X1, .0 Xm) = mifm (1, Sm) dS1 ...+ —; (AQ”HBQ””) - 2.6)
IT (wi—u;) " L7 IT (wi —u;)
i=1 i=1
1 ' 1 ,
mi/m g(sl,...,sm)dsl...dsm—i—miTg(").
Hl (wi —u;) " L% H1 (wi —u;)
= 1=
Above Ag,m),Bfg,m) , Tg(m) have the obvious meaning.
By (2.5) we get
g(x
1800 = 55 [ fs1,m Hds, )
HI(W —u;) iI=]1% Hl(Wz_uz)
i= i=
and by (2.6) we get
f(x
€00 = 0 [ gton o) [T+ L7,
E(Wi_ui) il;11% [Il(wt_ut)

Consequently after integration we get:
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(set s :=(S1,..Sm))

fm lg(s)ﬁds,
F@ o= S [ [Tds+ e [ e1" ) Tas e
,'Irjl% i=1 Im] (Wi_ui) iﬁl}’i =1 I (Wi_ui) il;I1Yi ! i=1 7
i=1 i=1
and
Sm _f(s)]_[ds,
. f(s)g(s)ﬁds: 'Hl%l:l/ g(s)ﬁds%—;/ f(s)T(m) (s)lm_[ds~. (2.3)
iI;Il% =1 i (Wi_”i) iI:]l% =1 ﬁ (Wi_”i) I_I;II%' ’ =1
i=1 i=1
By (2.7) and (2.8) we obtain
- m 1 m m 1 . (m) m
n f(s)g(s dsi— 77— m f(s ds; m (s dsi | =— [w ()T (s ds; =
Jin ©) (),-11 T (wi—u:) (.in]yi ()i:1 ) (/’HY ()E ) H(Wiui)'/;n.” ) )g
i=1 i=1

We conclude that (set ds = ﬁlds,-)
=

$)g(s)ds — — $)d5 07 |=— 1 T () + e ()T (5)) a7 | .
E el VR I VR 2 (o) o (s

Therefore we have

Hence it holds

_ 1 S 1 Nd 1
A8) = g [ FW8AT — _(.ﬁ%md )ﬁ ’ (

2 (ﬁ (wi - u,»>)2

- m
Clearly we derive that (|d’s’| := T] |dsi|)
i=1

AfRIE——— [ . B ()]} !d?ll - 29)
2<H |w,-—u,-|> i=1
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1 m m
s | o @I [T |+ [ eI [B 0)][a7]| <
m 7 7%
2 (H |Wi_ui|) L =1 i=1
i=1
1 (m) ’ — / (m) —
_ m n |B d + m m ’B d
- s g S B O[] +lel_ g | fe B )]
2( I01 |wi — ui L i=1 i=1 i=1 i=1
i=1

We have established the following complex multivariate Griiss type inequality:

Theorem 2.7. Let f,g and all as in Theorem 2.2. Then

1 1 1
- Ji T©8)a7 5 o (54T | o gd7i |-
I v = °57 11 (=) \/ 117 11— \'fi
1 m m
. ; /H (F6)48" () +8 ()AL (9) ¥ || <
2 (H (w; —u,)) i
i=1
1 - i
I | o B 1071 ) el | S |7 0107

m 2
2<H |W,’—I/li|) =1 i=1
i=1

The corresponding L,, Griiss inequality follows:

Theorem 2.8. Let f,g and all as in Theorem 2.2 and p,q > 1 such that % + % = 1. Then

1 1 1
; o FG)g6)dy - o (6T | o gd7 |-
Hl (wi —u;) :I:]IYI Hl (wi —u;) igly‘ Hl (Wi —u;) IIJ}%
= 1= 1=
1 ;
- | e (F0A 0 +e AP @) a7 || <
2 (Hl(wi—ul)> =1 _
e [ (B el (B9
m 2 pIw 8 gy pInll T gty
2 T |wi — wil i=1 i=1 i=1 i=1
i=1
Proof. Use of (2.9) and Holder inequality.
The corrsponding L; Griiss inequality follows:
Theorem 2.9. Let f,g and all as in Theorem 2.2. Then
1 _ 1 - 1 N
mi/;l f)gE)ds — 5| [n f()dS | /m g(s)ds | -
IT (wi —u;) il;ll% E(Wi—ui) iI:]1Yl [Il(wi_”i) il:_[1%

i=1
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1 (m) (m) <
- 3 | Jn, F()Ag" (s)+8(s)A " (s))d's || <
2 ([I](wi—u,)> ="
i
s [ (B el e B
m 2 LI % o 117 LITw I e Ty
2 H |Wi _ M[| i=1 i=1 i=1 i=1
=1
Proof. By (2.9) 0
Corollary 2.10. Let f,g and all as in Theorem 2.1. Then
1 . 1 _ 1
. L W8T PIOTE Jy g0 | -
I_Il (Wz I/tl) 1:1% III (Wi_ z) 1:1% I]l (W,-M,) ,:1%
i= i= i=
1
3 o (FOAY @ +e04P ) a7 || <
2 ([I](wi—u,)> =
i
1 3 3
s (W | [ BT el s | [ B )17
m o [1% \ /1% oIy \JIn!
2 H|Wi_ui| i=1 i=1 i=1 i=1
=1
Proof. By Theorem 2.7 for m = 3. O
Corollary 2.11. Let f,g and all as in Theorem 2.1 andp,q>1:%+%:1 Then
1 o 1 - 1
. L FW8)dT— PIOTE Jo g0 | -
I (wi—u;) "2 " I (wi—u) \"&" I (wi—u;) \"5"
i=1 i=1 i=1
1
3 o (F0AY @ +a0P ) a7 || <
2<H (w,-—u,)> =t J
i=1
1 3 3
s (U1 B s el o |8
3 p Il % .11 % pIL Y ¢ 11 %
2 H |Wi_ui| i=1 i=1 i=1 i=1
=1
Proof. By Theorem 2.8 for m = 3. O
Corollary 2.12. Let f,g and all as in Theorem 2.1. Then
1 o 1 - 1
. L P8 L AT | 5 Jo g0 | -
Hl (Wi - ui) ,:1% I1 (W,’ - I/ti) ,:1% I_Il (Wi - Mi) 1:1%
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1
; ) /fn (£&AF () +8(5)A7 (9))d7 || <
i
1 3) (3)
—z [ (B0 s el [
2 (H |Wi—ui|) =N =K =k T
i=1
Proof. By Theorem 2.9 for m = 3. O
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