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We will show the exponential growth of solutions with positive initial energy.

. 1
e | e — Autyy — div (\VM\GQVM) —Au+ [g(t—s)Auds+ |u | uy = fi (u,v),
0

. 1
[ve ) vie — Avy fdiv<|Vv\B_2Vv> —Av+ [h(t—s)Avds+ v, | v = fo (u,v).
0

1. Introduction
In this work we consider the following coupled system of viscoelastic wave equations:
. t
e’ e — Augy — div (|Vu|°‘72 Vu> —Au+ [g(t—s)Auds+ |u: " Lus = fi (u,v), (x,1) € Q% (0,T),
0

A 1
[ve|! vir — Avy — div (\Vv|ﬁ_2Vv> —Av+ [h(t—s)Avds+ v " v = fo(uv), (x,1) € Q% (0,T),
0

u(x,t) =v(x,t) =0, (x,1) €eQx(0,T),
u(x,0) =ug (x), ur(x,0) =u(x), xEQ,
v(x,0) =vg (x), v (x,0)=vi(x), xeQ,

(1.1)

where Q is a bounded domain in R" (n = 1,2,3) with smooth boundary dQ, the constants j >0, ¢ >2, 8 >2 m>1,r > 1. Here, fi (u,v)

and f> (u,v) are nonlinear functions defined as

Fi () = alu+ v 2P () + blulP ulvP 2
£ () = alu+vPP (g v) 4 b v]P v |ufP

in which the constants a > 0, b > 0, and p satisfies

p>—1, n=1,2,
—-1<p<1, n=3.

Let

OF (u,v)

S1 (M,V) = E )

IF W) g fy () =
du

(1.2)

(1.3)
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where

F(u,v) = [a|u+v|2(p+2) (u+v) +2b|uv\p+2} .

1
2(p+2)

There are two positive constants cg, c¢; such that
<o (|u|2(r+2) + |V|2(r+2)> < 2(r+2)F (M7V) < (|u|2(r+2) + |v|2(r+2)> )

As a special case, for @ = § = 2, the system (1.1) becomes the following system

. '
e wyy — Aug — Au+ [ g (t —s) Auds + \ut|m71 ur = f1 (u,v),
A N (1.4)
[vel! Vit — Avig — Av+ [h(t —s) Avds + |Vt|r_l v = fa(u,v).

0

Liu [1] proved decay of the solutions for system (1.4) under some appropriate functions f| and f;. Later, Said-Houari [2] studied exponential
growth of the solutions for system (1.4). When j = 0 and without the Auy;, Avy; terms, the system (1.4) has been investigated by some
authors and results concerning local and global existence, blow up, decay of the solutions were obtained [3, 4, 5, 6, 7, 8]. Hao et al. [9]
considered global nonexistence of the solution of (1.1), with negative initial energy.

Motivated by the above papers, in this work we prove the exponential growth of solutions for the problem (1.1), with positive initial energy.
This work is organized as follows: In section 2, we present some lemmas and notations needed later of this paper. In section 3, exponential
growth of the solution is proved.

2. Preliminaries
In this part, we give some assumptions and lemmas which will be used throughout this paper. Let [|.|| and [|. |, denote the usual L2 (Q) norm

and L? (Q) norm, respectively.
Now, we make the following assumptions on the C'-nonnegative and nonincreasing relaxation functions g and / :

l—/g(s)ds:l>0, 1—/h(s)ds:k>0 @.1)
and Vs >0
g'(5) <0, i (s) <o0. 2.2)

Let us define

t t
10 =10 = (1= [g()ds | 17+ [ 1= [nes)as | ov? 23)
0 0
1 1
—2(p+2)/F(u,v)dx+(govu+hovv)+akug+ﬁuvv\|g,
a
| / 1 .
1O =) =5 1= [eas | 1vul>+ 5 (1= [nGs)ds | 9P 24
0 0
: 1 [ B
—/F(u,v)dx+7(goVu+hon)+—||Vu||a+—||Vv||
2 a B B
Q
and
_ 1 j+2 j+2) 1 2 2
E() = g (Il 41 l73) + 5 (19 + 19 )
1 / 1 ;
+3 lf/g(s)ds ul?+ 5 lf/h(s)ds Nk
0 0
1
/F uv)dx+ = (goVu+hon) —Ivullg+ ﬁnwnﬁ 2.5)
where

0ov) ()= [06=7) [l -y (o) dar.
0

Q
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Lemma 2.1. E () is a nonincreasing function fort > 0 and

1
E' (1) = = (Iluellptd + vl td) + 5 ¢/ o Vit W 0Vv)

2
1
=5 (@ 1vulP +n ()1 9v]?)
<0. (2.6)

Proof. Multiplying the first and second equation of (1.1) by u; and vy, respectively, integrating over Q x [0,7], then adding them together
and integrating by parts, we obtain (2.6). O

3. Exponential growth of solutions

In this part, we are going to consider the exponential growth of the solution for the problem (1.1).
Firstly, we give following two lemmas.

Lemma 3.1. []0, 11]. Suppose that (1.3) holds. Let (u,v) for n >0

2(p+2 +2 1 1
w503 + 2 v 233 < [a [Vl + 5 197115
p+2
[Vl + B VP
where
= [ 1] (152 4 P2 ol
Q
b= [ vl (2 22 2 )
&
and

Qr ={(x1) : ulx,0)] <1, [v(x,1)] <1}

Qy ={(x,1) : u(x,0)] <1, [v(x,0)] >1}.

Lemma 3.2. []0, 11]. Suppose that (1.3) holds. Let (u,v) be the solution of problem (1.1). Assume further that E (0) < E| and

- 1

1 1
~“|IVupll® + =
o Vol

Then, there exists a constant 0y > 0 such that

B 2
vlf+10)] > o

- 1

T :
w5 9+ 10| > e

1
2(p+2 2
<Hu+v\|2giz; + IIWH;’L) 7 ey,

forallt € (0,T), where

B=nm, gy =B 1 E=(to L )
=1 , U1 — s L1 = ) 2(p+2) 1

Theorem 3.3. Suppose that (1.3) holds. Assume further that
max {j+2,m+1,r+1} <2(p+2),
E(0) < E;

and (2.1), (2.2) hold. There exist constant 'y such that
max{a,B} <y<2(p+2)

and

. 1/@2y)
>t yan

Then, any solution of (1.1) grows exponentially.
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Proof. We define the functional
H(t)=E| —E(r). @3.D
From (2.1), (2.5) and Lemma 3.2, we have
0<H(0)<H()
<E —E(1)
1 i1 i1 1
= £ = s (55 el 23) = 5 (19 197
t 1 t
= [eds |1Vl =5 (1= [n()ds | 9]
0 0
+ [ F ) dn=3 (g0 Vit howo) = — Vulé — 5 [ 9]}
— (g0 oVy) — — _ =
u,v)dx— - (goVu V(xu"‘ﬁvﬁ
1, 1
ndatv g )
=598+ 5 (BT + DS
G p+2) 2(p+2)
<55y a3+ M50 5). (3.2)
Let us define the functional
L(1) :H(t)—O—%/ (\u,|ju,u+|vt|jvtv) dx—e/(Auu;—&-Avvt)dx, (3.3)
T Q
where ¢ is a small positive constants to be determined later.
By differentiating with respect to ¢ and using (3.3) and (1.1), we have
. . 1 ) .
L) :H’(t)+£/ {(|u,|fu,,u+\vt|/v,,v) to (\u;|/+2+|vt\”2)] dx
o J
e (Il +19]2) ~ e [ (ot +vavi ) dx
Q
= H (0 oy (Bl 5 I 3) —e [ (ulanl™ vl )
Q
& (vl + 1Vwil1?) = & (1Vall? +199112) — & (vl + 19911}
I. t
+2£(p+2)/F(u,v)dx+£ /g(s)ds [Vul® + & /h(s)ds |Vv|?
Q 0 0
t
+& /g(t—s) /Vu [Vu(s) — Vu(t)|dxds
0 Q
t
+8/h(t—s) /Vv [Vv(s)— Vv (r)]dxds. (3.4)
0 Q
Using Cauchy-Schwarz and Young’s inequalities, we get
1 1
t t 2 2
/g(t—s)/Vu[Vu(s)—Vu(t)}dxds§/g(t—s) /|Vu(l)|2dx /|Vu(s)—Vu(t)|2dx ds
0 Q 0 Q Q
t
< [ gt =) |Vu ()| |Vu(s) ~ Vulr) | ds
0
/ 1
< [6=9) (219u) a0 + 37 19017 ) s
0
t
<2 [lt=9)|Vuls) - Vu@)Pds+ 57 /g (t9) V(0] 2ds
0
1 t
<agovi)+ o7 | [e)ds | Ivu@l?. (3.5)
0
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Similarly, we obtain

t
/h(t—s)/Vv[Vv(s) v (1)] dxds < A (ho Vv) + /h Vs | Vv ()2 3.6)
: .

Inserting (3.5) and (3.6) into (3.4), we have

» . .
L0 2 H 0+ g (lall} 5+ Il 13) —e [ (ulaad™ vl w)
Q
2 2 2 2
& (VP + 19w l1?) — & (1Vall? +199112) — & (17l + 119911}

+26(p+2) [ Flawdxre | [e)ds | IVl +e | [n(s)as | Vol
Q Q Q

t t
e (goVurhow)+ o | | [e(o)ds | IVal?+ | [n()ds | 1992 37
0 0

By the definition of E (¢) and (3.1), we obtain

j+2 i+2\ , 1 2 2
[F@myar=HO B+ — (a3 + l13) + 5 (19ul?+ 19w
Q

+2
1 t
+3 lf/g(s)ds |Vl ? +f /h Vs | |V
0
1 1
+§(goVu+hon)+a||Vu||g+E||Vv||B. (3.8)

Substituting (3.8) into (3.7), we get

1 _ _
L0z 8 0+e (15 ) (a3 l3) —e [ (ulal™ vl ) s
Q

+e 1+g) (||Vu,H2+||VVzH2)+78H(t)—8'}/E1+8 (p+2)- /F u,v)

@_1)_(5_1+f Zg ds]wwz
e (z_l)-(f-wf ds]

s(%’—a)(govwhonH( 1)||Vu||a+e( 1)||Vv||g. (3.9)

By using the Young’s inequality, we get

_ m+l

m+1

9 1 " 1
/ A e W R e
5 m+1
m m
ulpin+ = L H (1) (3.10)
and
1 r+l l r+l 1
2
[l v < 2z 2
Q
r+l | rH
Tl I+ 22 paaOR 3.11)

Since L2(P+2) (Q) < L1 (Q) and L2(P+2) (Q) — L1 (Q), we have

m 1 m+2(’"7+12)
(N3] + 530 ) ™ el < €0 (Il 3] + WS 3)) ™ (3.12)

and

2p+2 2pt2)\ Nag:=)
(Hal3{22) + IS 30) vt < € (3] + vl ss)) (3.13)
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We use the following algebraic inequality
1
ZV§Z+1§(1+;>(Z+a), Vz>0,0<v<1, (3.14)

we obtain, fort > 0,

+
202 R < () + 1203+ 1 0)
(p+2) (p+2)
<d(luly )+ Ivl50D) +H () (3.15)
and
ot
lalso 3 + 55 ) < (lull5tr )+ M50 + H (0)
(p (r+2) (r+2)
<l + VIS +H () (3.16)
ford =1+ 7l

By (3.9)-(3.13),(3.15) and (3.16), we have

mrl el
/ mé " ré, / 1 Y j+2 j+2
Li(1) > (1+m+1+ e )H (f)+€(?+j+72 (HMI‘H]‘-Q-2+||VIH]‘+2>
+1 1
- (Had B ad) (e e
m+ 1 r+1 2(p+ 2(p+2)

51m+1C2d 62r+1c3d
— H
+e (Y ( m+1 + r+1 ®

e (14 1) (IValP+ 1991+ 2o+ 2~ 7 (p+2)) [ F () dx

Q
e (g—l)—(f—l—i-f)/g s| 1Vl
L 0 |
Y
+€<§—7L) (goVu+hoVy)
te (g—l)—(f—l—i-—)/h s| V]2
L 0 |
Y
ve(To) vz e (5 -1) .
By use (3.2) and since
min{z—l, 1—1}>0
o B
and
Y
1-|—2 >0
we obtain
/ / 1 Y j+2 +2
L'(t)=MH (1)+5<m+m (||Mt||j+z+|\vt||j+z)+€(Y*K1)H(I)
+ &Ky (IVull+ 19915 +eKs (11 Vull? +119v]1?)
Y
+e<§—7L) (goVu+hon)+8(l+ )(HW,H + |Vl )
2(p+2)—v(P+2)C
ve( Bl a0 &) (W) wIEe).
where
_omtl rel
mé; " ré, ’
M=1+ + 2
m+1 r+1
K — 5lm+lC2d 5£+1C3d
TS r+1

—mnd Y 1Y _
Kzfmln{a I,B 1}
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and

K3:(g—1>—<g—l+—)max /g / s)ds
Choose &1, 8, appropriate such that

(2(p+2)—y(p+2)C
2(p+2)

Then, we can find positive constants b and b, such that

=y—K1 >0, by =

+1 j+2
ek (1Vull g+ 191+ (1 1) (Ivul 2+ 19012

1 Y +2 +2
vz i ve (4 L5 ) (i3 +Iwl)

(p+2) (p+2)
ebiH (1) +eba (|lull 50 75) + VIS0 1)) = 0.

Because of H' () > 0, there exists constants 7 > 0 such that

& j+2 j+2
L (6) > RCH () + el 13+ el 263+ 19l + (Vv

(p+2)

(p+2)
0 IV >0

2 2 2
Va7 + (Ve |7 + [lully (p+2)

where K = min{&‘b],&‘ (JJ%I + F%) €Ky, € (1 + %) ,&‘bz} .
On the other hand, we can choose € smaller so that
L(0) =H(O)+8/(u0u1 Fvovi)dx > 0.
Q

Furthermore, we have
L(t)>L(0), t>0.

Next we estimate L (¢) . Using Young’s inequality, we obtain

+2

7
i1 2 D’ )
[l | < u ull2 4 7'u w2, vy > 0.
Q

Next, using the embedding L2(P+2) (Q) < L/*2 (Q), the estimate (3.20) becomes

j+1 j+2
[t | < € (Il )+l 3)
Q

(p+2) 2
< (M) ™ i3

Since 2(p+2) > j+2and H (t) > H (0), use the inequality (3.14), we have

; 1
[t < | (14 i) (133 +# ) + )
Q

l .
<C {(1 + Tm) (Hu\lggﬁg +H(z)) + ||”t||§i§ .

Similarly, we have

. 1 .
+1 2(p+2) Jj+2
Q/Vt'j vdx| < C Kl +7H(O)) (||v|\2(p+2) +H(t)> +”"ij+2} )

By Green identity and Holder’s inequality, we get

f/u,Audx= /VuVuldx

Q
1
2
/(Vu)2 dx /(Vul)zdx
Q Q
IVul[ | V][

IN

—K;>0and M > 0.

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)
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similarly

f/v,Avdx < V9| [V (3.24)
Q

Next, using the embedding L% (Q) < L? (Q) and LP (Q) — L2 (Q) the estimate (3.23) and (3.24) becomes

{ [Vul [ Vaae | < C[Vutll g [[Vae ]|, (3.25)

IVVIHIVvell < ClIVvlig [IVvell.

By Young’s inequality (3.25), we get

¥l 1Vl < 5 (19l + 172]?)

I9vl 19wl < 5 (1912 + 19w R) (3.26)
Since & >2, B > 2 and H (t) > H (0), the inequality (3.14) yields

IVullg, = (IVull
o) (vl )
< (”T) (IVull&+H (1)) (3.27)

and

w3 = (19v1g)?

< (14 37157) (19157 )
1
<

< (1 + Tm) (||vv\|g +H(t)> . (3.28)

Combining (3.20)-(3.28), we have

€ : .
j+1 /(|uz\1mu+\v;|-/v,v) dxfs/(Auut+Avv,)dx
Q Q

+2 +2 2 2
< (H (0)+ 1753 4+ el 23+ Va4 195 + [V | + [ V|

2(p+2) )

+2)
AR I e

2
+ HM||2(p+2

Thus, we obtain

j+2 j+2 2 2
L(t) < C*(H (1) + 1133+ Ive 123 + 9l &+ 19V + 119 | + (Ve |

(P+2) 2(p+2)

AEER Y e} (3.29)

+ el
A combination of (3.17) and (3.29) yields
L(t) <C*L'(t) forallt >0, (3.30)
where C* is a some positive constants. Integrating the differential inequality (3.30) between 0 and ¢ gives the following estimate for L(z),
L(r) >L(0)e/C".
This completes the proof. O

4. Conclusion

In this paper, we obtained a exponential growth of solutions for a nonlinear coupled viscoelastic wave equations with nonlinear damping
terms. This improves and extends many results in the literature such as (Houari [2], Pigkin [5]).
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