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ABSTRACT

In this paper, we describe (linear) Weingarten affine translation surfaces of first kind in the
isotropic 3-space. In addition, we obtain such surfaces that satisfy certain equations in terms of
the position vector and the Laplace operator.
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1. Introduction

It is well-known that a translation surface in a Euclidean 3-space R? formed by translating two curves lying
in orthogonal planes is the graph of a function z (z,y) = f (z) + g (y) for the standard coordinate system of R?.
One of the famous minimal surfaces of R? is the Scherk’s translation surface which is the graph of ([26])

1

z (z,y) :EIO

cos (cx)
cos (cy)

, ce R*:=R-{0}.

The recent results relating to such surfaces in R* and R} (Minkowskian 3-space) of constant Gaussian and
mean curvature were well-structured in [17]. In order for their generalizations in various ambient spaces, see
[4,5,7,12, 14,20, 21, 25, 28, 29].

In 2013, Liu and Yu [15] defined the affine translation surfaces in R? as the graph of the function

z(z,y)=f(z) +g(y+ax), aeR”

and described the minimal affine translation surfaces (so-called affine Scherk surface) given in explicit form

1 cos (C\/l —|—a2x)
z(x,y) = —log | ————=-1, a,c € R™.
c cos (¢y + ax])

Those are indeed the translation surfaces whose the translating curves lie in non-orthogonal planes. Then, Liu
and Jung [16] obtained the affine translation surfaces in R? of arbitrary constant mean curvature. Further, Yang
and Fu [30] classified these surfaces in an affine 3-space of constant mean and Gaussian curvature.

In the isotropic 3-space I® that is one of real-Cayley-Klein spaces, up to the absolute figure, there exist three
different types of translation surfaces formed by translating two curves lying in orthogonal planes (see [19, 27]):

Type 1 Two translating curves lie in the isotropic planes z = 0 and y = 0,
z(z,y) = (@) +9();
Type 2 one translating curve lies in the non-isotropic plane z = 0 and another one in the isotropic plane z = 0,

y(z,2) = [(2)+9(2);
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Affine Translation Surfaces

Type 3 two translating curves lie in the non-isotropic planesy — z = rand y + z =,

202) =5 (1 (557) +9 (F5)).

where z,y, z are the standart coordinates in I*. A surface of one type cannot be carried into that of another type
by the isometries of I?. Such surfaces of constant isotropic Gaussian and mean curvature were obtained in [19]
as well as Weingarten ones. In addition, the translation surfaces of Type 1 in I? that satisfy the condition

AI’IITZ' = \Niri, \; € R, 1 =1,2,3,

were presented in [13], where 7; is the coordinate function of the position vector and AL/! the Laplace operator
with respect to the first and second fundamental forms, respectively. This condition is natural, being related to
the so-called submanifolds of finite type, introduced by B.-Y. Chen in the late 1970’s (see [8, 9, 11]). More details
for isotropic counterparts of translation surfaces can be found in [2, 3, 6].

In this paper, we investigate the translation surfaces in I? formed by translating of two curves lying in
the isotropic planes, not necessary orthogonal. We call such surfaces affine translation surfaces of first kind and
classify ones of Weingarten type. Morever, we describe the affine translation surfaces of first kind that satisfy
the condition AT Ty, = \r;.

2. Preliminaries

The isotropic 3-space I? is defined from the projective 3-space P (R?*) with an absolute figure consisting of
a plane w and two complex-conjugate straight lines f1, f> in w (see [1, 10, 18], [22]-[24]). Denote the projective
coordinates by (X : X3 : Xo: X3) in P (R3). Then the absolute plane w is given by X, = 0 and the absolute lines
f1, f2by Xo = X1 +iXs = 0, Xo = X7 — iX3 = 0. The intersection point F'(0 : 0 : 0 : 1) of these two lines is called

the absolute point. The group of motions of I* is a six-parameter group given in the affine coordinates = = %,

Y= %7Z: %/XO#O/bY
' = ay + xcos¢ — ysin ¢,
(mayaz) — (x/’y/’z/) : y' = as + wsin g + ycos ¢,

Z =az+asx +asy + z,

where ay, ..., a5, ¢ € R. The metric of I? is induced by the absolute figure, i.e. ds? = dz? + dy?. In the affine model
of I, the lines in z—direction correspond to isotropic lines. The plane containing an isotropic line is said to be
isotropic. Other planes are non-isotropic.

Let M? be a surface immersed in I*. We call the surface M? admissible if it has no isotropic tangent planes.
Such a surface can get the form

T:DgRg _>H37 (xvy)'_> (7"1 (xay)vTQ (xay)vrfi ($,y))

The components E, F, G of the first fundamental form I of M? can be calculated via the metric induced from
I3. Denote the Laplace operator of M? with respect to I by A’. Then it is defined as

I _L 2 Gd)l_F(by _2 F¢»L_E¢y :%
M)‘m{ax( i > ay< Nl >}¢ or’ @1

where ¢ is a smooth function on M? and W = EG — F?. The unit normal vector field of M? is completely
isotropic, i.e. (0,0, 1). Morever, the components of the second fundamental form I7 are

o det (ryg, 7o, Ty) det (ray, 7z, 7y) o det (ryy, 2, 7y)

L= , M= , N = , 2.2
v a4 v 22)
where g, = %, etc. The relative curvature (so-called the isotropic curvature or isotropic Gaussian curvature) and
the isotropic mean curvature are respectively defined by
LN — M? EN —-2FM + LG
K=———, 6 H= i (2.3)
EG — F? 2(EG — F?)
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Assume that nowhere M? has parabolic points, i.e. K # 0. Then the Laplace operator with respect to I is

given by
o, 1 0 [ Noy, — Mo, Moy, — Loy,
nes \/W{3I< Vel ) 31/( Vel )} 9

for a smooth function ¢ on M? and w = det (I1).
In particular; if M? is a graph surface in I? of a smooth function z = z(z,y), then the metric on M? induced
from I® is given by dz? + dy?. Thus its Laplacian turns to

8?2 82
I _
A A (2.5)

Further, the matrix of second fundamental form I7 of M? corresponds to the Hessian matrix H (z), i.e.,

L M\  (Z2zz Zay
M N)  \zuy 2y/)’

Accordingly, the formulas in (2.3) reduce to

K =det(H(2), H= w (2.6)
3. Weingarten affine translation surfaces
Let M? be the graph surface in I? of the function z (z,y) = f (u) + g (v), where
u=ax + by, v=-cx+dy. (3.1)

If ad — be # 0, we call the surface M? an affine translation surface of first kind in I? and the pair (u, v) affine parameter
coordinates. Especially; if the matrix of coefficients in (3.1) is orthogonal, then such a surface reduces to the
translation surface of Type 1 in I*. Henceforth, let us fix some notations as below:

of _ df i / @7 dg ;99
or  “du af’ f’ax “dv Cg’@yidg’

and so on. By (2.6), the relative curvature K and the isotropic mean curvature H of M? turn to
K = (ad —bc)® f"g" and 2H = (a® + b%) f" + (> + d?) ¢ (3.2)

Now we can state the following result to describe the Weingarten affine translation surfaces of first kind in
I? that satisfy the condition
K.H,— K,H, =0, (3.3)

where the subscript means the partial derivative.
Theorem 3.1. Let M? be a Weingarten affine translation surface of first kind in I3. Then one of the following occurs:
(i) M? is the graph of

2, a (a2 + bz)

z(z,y) = cqu” + B V% 4+ cou+ c3v + ¢y, €1,y ey ER;

(it) M? is the graph of either

z(z,y) = f(u) + carv? + covtcs, 7 #0, c1,c0,c3 €R

or
z(z,y) =g (v) + cu® + cou+c3, ¢ #0, c1,c,c3 €R,

where (u,v) is the affine parameter coordinates given by (3.1).
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Proof. 1t follows from (3.2) and (3.3) that

[(a2 + b2) f// _ (02 + d2) g//] f///g/// —0. (34)

To solve (3.4) , we have several cases:

Case (a) (a®+1?) f” = (* +d?) g". Then we derive

2, G (a2 + b2)

_ 2
z(z,y) = aqu” + ) v° + cou + c3v + ¢y, C1,...,c4 € R,

which gives the statement (i) of the theorem.

Case (b) (a? +b?) f” # (¢ + d?) g". Then, by (3.4), the surface has the form either

2(z,9) =g () + cru® + cou+c3, g #0

or
Z(I7y) = f(u) —i_C4IU2 + c5v +06a .fNI 3& 07 C1,..,C6 € R.

This implies the second statement of the theorem. Therefore the proof is completed.

O
Now we intend to find the linear Weingarten affine translation surfaces of first kind in I? that satisfy
aK +pH =7, o, 8,7 € R, (o, ,7) # (0,0,0). (3.5)
Without lose of generality, we may assume « # 0 in (3.5) and thus it can be rewritten as
K +2mogH = ng, 2mg = g, ng = %. (3.6)

Hence the following result can be given.

Theorem 3.2. Let M? be a linear Weingarten affine translation surface of first kind in I* that satisfies (3.6). Then we
have:

(i) M? is the graph o
grap
2 (z,y) = cru® + cov® + csu + cqv + cs, ¢, ..., c5 € R,

(ii) M? is the graph of either

mo (a? + b2
z(x,y) = f( )—0(72)1124-0104-62, " #0, 1,2 €R
2 (ad — bc)
or .
mg (¢ + d
z2(z,y) =g @w) — 0(7)u2+01u+02, g" #0, c1,c0 €R,

2 (ad — be)?
where (u,v) is the affine parameter coordinates given by (3.1).

Proof. Substituting (3.2) in (3.6) gives
(ad —bc)? f"g" +mg (a® + %) £ +mo (¢ +d?) g" = no. (3.7)

After taking derivative of (3.7) with respect to u and v, we deduce f"’¢" = 0. If both "’ and ¢"" are zero then
we easily obtain the first statement of the theorem. Otherwise, we have the second statement of the theorem.
This proves the theorem. O

Example 3.1. Consider the affine translation surface of first kind in I* with

z(m,y)zcos(x—y)+(x+y)2, —%Sx,yf%.

This surface plotted as in Fig. 1 satisfies the conditions to be Weingarten and linear Weingarten.
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4. Affine translation surfaces satisfying A"/7r; = \;r;

This section is devoted to classify the affine translation surfaces of first kind in I* that satisfy the conditions
ALy = N1y, A € R. For this, we get a local parameterization on such a surface as follows:

r(z,y) = (r1(z,y), 2 (2,9), 73 (2,9))
= (:cyy,;(ax + byﬁ +g (Cx?:i- dy)). (4.1)

Thus we first give the following result.

Theorem 4.1. Let M? be an affine translation surface of first kind in I® that satisfies Nr; = \yr;. Then it is the graph
of one of the following functions:

(1) ()\17 >\27 )‘3) = (07 07 0)/
5 (a2 + b2)

z (7, y) = cu” — WUZ + c3U + C4v + C5;

(ii) (M1, A2, Ag) = (0,0, > 0),

2X2u - 2>\ z U 2)\2” - 2>\ z v
z(x,y) = creV «® 2 " fcge VB2 T 4o cgeV FHdt T Lo gye Vo Frat T

(iii) (/\17 Ao, )\3) = (0,0, A< 0),

z2(z,y) = c1c08 (1 / azf@u) + ¢g sin <\/a2+>\b2“) -+ ¢3 cOS (‘/c?ﬁizv)
: [ —x
+C4sm< Mv) ,

where (u,v) is the affine parameter coordinates given by (3.1) and cq, ..., c5 € R.

Proof. It is easy to compute from (2.5) and (4.1) that

Ay =Ary =0 (4.2)
and
Alrg=(a®+0%) [+ (F+d*) g". (4.3)
Assuming ANy = Ny, i=1,2,3,in (4.2) and (4.3) yields Ay = Ay =0 and
(@®+0*) f"+ (P +d®) g =A(f+9), A=A (4.4)

If A =0in (4.4), then we derive
f(u) = ciu® + cou + c3

and s s
cp(a”+0b
g ()= _1(6(2—1—(12))U2 +c4v +cs, C1,...,c5 € R,
which proves the statement (i) of the theorem. If \ # 0 then (4.4) can be rewritten as

(a®+0*) f" =N =p=—(+d*)¢g"+ g, neR. (4.5)

In the case A > 0, by solving (4.5) we obtain

)
—
=
|
Q
w
]
»
ol
Y
o
)
ﬁ
ISH
¥
<
N——
+
o
N
]
»
ol
|
[0}
|
ﬁ
IS
|
<
N——
+
>I=

where ¢y, ..., c4 € R. This gives the statement (ii) of the theorem. Otherwise, i.e. A < 0, then we derive

f (u) = ¢; cos (,/ﬁu) + g sin (”ﬁﬁlﬂ“) —
g (v) = c3cos (\/ 02:_):12 v) + cg8in (\/ 02:_):12 v) +

for ¢y, ..., c4 € R. This completes the proof.

>E >=

O
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Example 4.1. Take the affine translation surface of first kind in I with
z(z,y) =cos(z+y)+sin(zr—y), —7<z,y<m.
Then it holds Alr; = \;r; for A = X\ = 0, A3 = —2 and can be plotted as in Fig. 2.

Next, we consider the affine translation surface of first kind in I® that satisfies A/'r; = \;7;, A; € R. Then its
Laplace operator with respect to the second fundamental form /7 has the form

attg = G0 (bou +ad,) (7" o + (dow —c,) 1 (6"
(79) "

+ (ad—bc)? [(2ab¢wy - b2¢9393 - a2¢yy) I+ (QCd(b:vy - d2¢a:a: - Cz(lsyy) g//]

(4.6)

for a smooth function ¢ and f”¢"” # 0. Hence we have the following result.

Theorem 4.2. Let M? be an affine translation surface of first kind in 13 that satisfies NTr; = \;r;. Then it is the graph
of one of the following functions:

(1) (>\1 # 07 )\2 7é 070)/

1 1
T y*z

z(z,y) =1In +c1, 1 ER;

(il) (A #0,1,0),
+c, €1 € R,

z(z,y) =In ’(uv)i

where (u,v) is the affine parameter coordinates given by (3.1).

Proof. Let us assume that Alr; = \;r;, \; € R. Then, from (4.1) and (4.6) , we state the following system:

d(j://)Q - b(gg”)g = 2(ad — be) Az, 4.7)

_ C(]{“)2 + a(j’? = 2 (ad — be) Aoy, (4.8)

f/l/fl g///g/
+

(f"? (9"

To solve above system, by considering ad — bc # 0, we distinguish two cases based on the constants «a, b, ¢, d:

—4=2\5(f+g). (4.9)

Case (a) Two of a, b, ¢, d are zero. Without loss of generality we may assume that b = ¢ = 0 and @ = d = 1. Then the
equations (4.7) and (4.8) reduce to

f///
and
g///
= P 4.11)

If \; = Ay = 0, then we obtain a contradiction from (4.9) due to the fact that f, g are non-constant functions.
Thereby we need to consider the remaining cases:

Case (a.1) A\, =0,i.e. f”” = 0. Then substituting (4.10) and (4.11) into (4.9) implies A3 = 0 and

2
g(y)=—Iny+c, 1 €R.
A2

However, this is not a solution of (4.11) and gives a contradiction.
Case (a.2) Ay =0, ie. ¢ = 0. Hence we can similarly obtain that A3 = 0 and

2
fx)=—Inz+cy, 1 €R,
A1

which gives a contradiction by considering it into (4.10).
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Case (a.3) A\ \; # 0. By substituting (4.10) and (4.11) into (4.9) we deduce
Maf 4 dayg =2 =23 (f +9). (4.12)

Case (a.3.1) If A3 = 0, then (4.12) reduces to
Mz f 4+ dayg' = 2. (4.13)

By solving (4.13) we find

f(x):)\ilnercl and g (v) = 5lnerCQ, c1,c0 € R, £ € R". (4.14)

1 2

Substituting (4.14) into (4.10) and (4.11) yields & = 1. This proves the first statement of the
theorem.
Case (a.3.2) If \3 # 0in (4.12) then we can rewrite it as

Maf —Xsf —=2=p=—Xyg + A3g, p € R. (4.15)
After solving (4.15) , we conclude

24+ A3

flz)=- N + ¢zt (4.16)

and

-
A3

However, these are not solutions of (4.10) and (4.11), respectively. Indeed, by considering (4.16)

and (4.17) into (4.10) and (4.11), we conclude A3 = 0 which implies that this case is not possible.

Case (b) At most one of a, b, ¢, d is zero. Suppose that A\; = 0in (4.7). It follows from (4.7) that

Ae
gy) =1 + e, e €R. 4.17)

" "
L 9and 49 eR, (4.18)

(o d gt b
where we may assume that b # 0 # d since at most one of a, b, ¢, d can vanish. If ¢; = 0, then we derive a
contradiction from (4.9) due to f”¢” # 0. Otherwise, considering (4.18) into (4.8) yields £ = 2)\yy, which
is no possible since y is an independent variable. This implies that A\; must be non-zero and it can be
similarly shown that A\, must be non-zero. Hence from (4.7) and (4.8) we can write

f///
()’
and »
= =2 (Aicx + Aody) . (4.20)
(9")

Compatibility condition in (4.19) or (4.20) gives A\; = Ay. Put A; = Ay = A. By substituting (4.19) and (4.20)
into (4.9) we deduce
Auf' + g =2 =X3(f+9), (4.21)
where (u,v) is the affine parameter coordinates given by (3.1).
Case (b.1) If A3 = 0, then (4.21) reduces to

Auf' + g’ = 2. (4.22)
By solving (4.22) we find
_ ¢ _2-¢ .
fu)= Xlnqucl and g (v) = 3 Inv+ ¢, c1,c0 € R, £ € R, (4.23)
Substituting (4.23) into (4.19) and (4.20) yields £ = 1. This proves the second statement of the

theorem.
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Case (b.2) If A5 # 0in (4.11), then we can rewrite it as
Muf' —A3f —2=p=—-Xvg + X\3g, p €R. (4.24)

After solving (4.24) , we deduce

2 A
Flu)=—2EE o (4.25)
A3
and
1 As
g(v) = )\— +ev™, e ER (4.26)
3

Considering (4.25) and (4.26) into (4.19) and (4.20), respectively, we find A3 = 0, however this is a
contradiction.

O
Example 4.2. Given the affine translation surface of first kind in I* as follows
z(x,y)=In2zx+y)+n(z—vy),(z,y) € [3,5] x[1,2].

Then it holds Alr; = A\;r; for (A1, A2, A3) = (1,1,0) and we plot it as in Fig. 3.

Figure 1. A (linear) Weingarten affine translation surface of first kind.

Figure 2. An affine translation surface of first kind with Ary = Xiri, (A1, A2, A3) = (0,0,2).
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Figure 3. An affine translation surface of first kind with Ay, = Xiriy (A1, A2, A3) = (1,1,0).
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