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ABSTRACT

The theory of null scrolls is still a developing subject. In this paper, the aim is to generalize the
null scrolls by developing a method. For this, it is constructed the null scrolls along lightlike
submanifolds in R ", Several geometric objects of the defined null scrolls are investigated. The
proposed theory is strengthened with examples.
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1. Introduction

It is known that, a ruled surface is generated by a base curve and a non-zero director vector field. Also, the
ruled surfaces are classified in five different kinds according to the casual characters of the base curve and the
director vector field in a semi- Riemannian manifold. If both of them are null, then the ruled surface is called a
null scroll [8, 10].

In the semi-Riemannian geometry, the theory of lightlike submanifolds plays an important role. It takes a
special place not only in Geometry but also in Physics. In [1], the authors extended the theory of null scrolls
by defining n-dimensional generalized null scrolls in RT. However, in the present construction method, it
is considered the lightlike submanifolds in order to extend the theory to the higher dimensions and arbitrary
indexes. For this, a lightlike normal vector field in the transversal vector bundle is defined by using the bases of
RadT M, ltr(TM) and S(TM+1). It is described by the sum of a timelike unit normal vector field and a spacelike
unit normal vector field from the unit spherical bundle. Then the null scroll is defined in two cases depending
on the casual characters of the vector fields in the basis of S(TM*) by,

Yar(u, 0,t) = X (u) + t(n” +n%)(u), t €R

where X (U) = M is the lightlike submanifold, v = (u1, ..., um), 8 = (61, ...,0,_2). Obviously, a more general
description of the null scrolls is given in this study. Moreover, the conditions for being flat and the relation
between the second fundamental forms of the lightlike submanifold and corresponding null scroll, are given.
The theory is strengthened with some examples.

2. Preliminaries

In this section, the basic properties of the theory of lightlike submanifolds are mentioned (see [3,4]). Let M be
a m + n dimensional semi-Riemannian manifold and g be the metric with constant index defined on M. When
M is a m dimensional submanifold in A, for every p € M, consider a subspace

T,M* = {v, € T,M : g (v, wp) =0, Yw, € T,M}.
Then the radical distribution is defined by,
RadT,M = T,M NT,M~* # {0}, Vp € M.
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If the rank of RadT'M is r > 0, then M is called a r-lightlike submanifold.
The complement vector bundle to RadT'M in TM is S(T'M) which is called a screen distribution. Clearly,
S(TM), is a non-degenerate for g. Hence, one can write the following decomposition,

TM = RadTM ®oy S(TM).

RadTM = TM NTM~+ where TM+ = UMT,,ML.
pe

Theorem 2.1. Let (M, g, S(TM), S(TM™)) be a r-lightlike submanifold in M. If U is a coordinate neighborhood of M
and {&;} (i =1, ...,r) is a basis of RadT M. Then, there exist smooth sections { N;} where the following equations hold:

g (&, Ni) = by
Q(NZ,NJ) = 0, Z,_] = 1,...,7’

ltr(TM) = Span{N,} is called lightlike transversal vector bundle.
The following decomposition is also satisfied;

TM |y=TM & tr(TM)
where tr(TM) = ltr(TM) & S(TM™). In this case, a quasi-ortonormal basis of M along M is
{1, &y N1y oo, Ny X1,y ooy, Xy, Wepr, oo, Wa b

where {i,...,& } is a lightlike basis of RadT'M, {Ni,...,N,} is a basis of itr(T'M), {X,41,...,Xm} and
{W,41,..., W, } are the orthogonal basis of S(TM) and S(TM~) respectively.
Then, it can be written
VxY = VxY +h(X,Y)

VxV =-AyX + ViV

where V is the Levi-Civita connection on M, VxY and V%V are the linear connections on M and tr(TM)
respectively. Note that V is a torsion free induced linear connection. Also, Ay X and h(X,Y’) are the shape
operator and second fundamental form on M, respectively.

L and S are the projections of tr(T'M) on ltr(TM) and S(TM~) respectively where S(TM*) # {0}. In this
case, h! and h* are the lightlike and screen second fundamental forms respectively defined by

W(X,Y) = L(h(X,Y)) and h*(X,Y) = S(h(X,Y))

R(X,Y)=h(X,Y)+h*(X,Y).

3. Null Scrolls Along Lightlike Submanifolds

Let X(U) = M be a m dimensional r — lightlike submanifold in R**" where n > 2 and v < m. {&,...,& }
is taken as the basis of Rad(T'M). Then, it is considered that S(TM™) is spanned by the vector fields
{W,41, ..., W, } . The pseudo orthonormal basis of S(T'M)* along M is,

{517 ceey 67‘7 Nla sy N’r7 W’r+17 Wn}
where {Ny, ..., N,.} is a basis of ltr(TM). Since S(T M=) is a non-degenerate subspace, two cases arise:

Case 1 Let all the vector fields {W, 1, ..., W, } be spacelike (timelike). Then, without loss of generality, choose a

unit timelike (spacelike) vector field n” (u) = |21?EZ§ i 21]1:;122;”
181 1Vy

take following orthogonal unit spacelike (timelike) vector fields

where a1,b; € R. On the other hand,

B akfk(u) + kak(u)
Up—1(u) = laxr&r (u) + b Nk (u)]|
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where ai,bp € R and k=2,..,r. Then, one gets a non degenerate subspace W, =
Span{Uy(p), ..., Ur—1(p), Wr41(p), ..., Wn(p)} in S(T'M), at p = X (u). Therefore, a spacelike (timelike) unit
pseudo sphere is,

Spt={veW,: (vv) =1}.

Hence, there exists a pseudo spherical bundle S"~! = UMS" ! over M. A unit spacelike vector field
pe

n¥(u) € S"~! can be written by means of pseudo spherical parameters §; where j = 1,...,n — 2. It is clear
that (n®,n”) = 0. The vector fields n” (u) = n* (u) are lightlike. n™ + n® is taken as a lightlike transversal
normal vector field along M.

Definition 3.1. The hypersurface
Y]\/I qn— 1 xR — R7n+n

defined by
Yas(u,0,t) = X (u) + t(n” +n%)(u), t €R

is called a null scroll along M where u = (u1, ..., um), 8 = (61, ..., On—2).

Case 2 Now let {W,;1,...W,} be spacelike and {W,41, ..., W, } be timelike vector fields. Then, without loss of
generality, choose some orthogonal timelike vector fields as;

- (u) _ a1§1 (u) + b1 Ny (u)
lla1€i(u) + by N1 (u)l]

na(u) = az82(u) + ba No(u)
T Jlasga(w) + baNa(u)]

aﬂfu (’U,) + blLNM (u)
llauéu(u) + by Ny (u)||

where a1, ...,a,, b1, ...,b, € U211d, p < r. Similarly, take the following orthogonal spacelike vector fields;

nu(u) =

Uy (u) = 1€ (w) + b1 Ny (u
||a’/1,+1§/1.+1(u +b;L+1N;L+1 U

(

(

Us(u) = Apt28ut2(U
||au+2§u+2 u) +buy2 N,

) )
) (u)
)+ bu+2Nut2 (u)
) +2(u)

Ol

o (1) + 5,3, 1)
Urfu( ) Harér(u)errNr(u)H

where a1, ...,ar,b,41, ..., b, € R. Then, one gets non degenerate subspaces as follows;
W, = Span {n1(p), ..., 1, (p), Wes1(p), ... Wa(p)}

= Spa’n {Ul (p)u ceey UT*M(p)7 Wr+l(p)7 sy Ws(p)} .
Also, the unit pseudo spheres Sy and H; in W72 and W} respectively, are defined by

z{vEWI?:(v,v):l}

{v € W : = —1}
where s=s—p—-1, d=n—s+p—1 Hence there exist pseudo spherical bundles S° = UMS‘ and
pe
H” = U Hfover M. A unit spacelike vector field n°(u) € S° and a unit timelike vector field n” (u) € H”

pEM
can be written by means of pseudo spherical parameters v; and ¢, respectively where j =1,...,¢ — 1,
I=1,...,9 — 1.1tis clear that, (n®,n™") = 0. The vector fields n” (u) + n* (u) are lightlike. n”+ n* is taken
as a lightlike transversal normal vector field along M.
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Definition 3.2. The hypersurface
Yar: 8" x R — RV

defined by
Yar(u, ¢, ,1) = X (u) + t(n” +n)(u), t € R

is called a null scroll along M where u = (u1, ..., um), ¢ = (P1, ..c; Po—1), ¥ = (Y1, ..., Yc—1) and ¥ + ¢ = n.

Whether or not it belongs to the Case 1 or Case 2, the null scroll along M is denoted by M. The tangent space
TpM ata point P € M is spanned by the following vector fields;

Yo, (u,0,t) = X, (u) + ¢ (nT +ns)uv (u),i=1,...,m

i

Yo, (u,0,1) :t<n3j) (u), 7=1,...,n—2
Yi(u,0,t) = (nT +ns) (u).

Note that, it is taken 6 = (61, ...,0n—2) = (1, oy P91, V1, ..., Y1) if M belongs to the Case 2. Therefore, Y; is
null and Yj, are non-null vector fields. Y,,, are spacelike, timelike or null vector fields.

Let Y, be non-null vector fields and Y,,, be null vector fields wherea =1, ...,gand = ¢ + 1, ..., m. Take a; =
ULy ooy Gy = Upny A1 = 01, ooy Gn—2 = On—2, @min—1 =t for the easement of the calculations. The induced

- m+n—1
pseudo Riemannian metric which is the first fundamental form on M, is defined by ds*> = Y~ g;;da;da;
ij=1
where §;; = (Ya,, Ya,). The matrix form of g;; is,
(e 0 .. O 0 0 0 0 0 0 0 i
0 & ... O 0 0 0 0 0 0 0
0 0 Eq 0 0 0 0 0 0 0
+2 m +1
0 0 0 q(ll )\g+1 Agh1 0 0 0 )\ananl
0 0 0 AT 0 A, 0 0 0 AT
0 0 0 AGFl a2 0 0 .0 0 AL
0 0 0 0 0 0 Em4l .- 0 0 0
0 0 0 0 0 0 0 €ms2 0 0 0
0 0 .. 0 0 0 0 0 e 0 Emanos 0
1 2 m
L 0 0 0 NFL LN AL 0 w0 0 0 |

where ¢;, = +1 and A} = 0 or 1 depending on the null vector fields.
Now consider a normal vector field V € NpM along M. Then the second fundamental form of M is,

hij = (~=Vy, V,Y,)),i,j=1,...m+n—1

where V is the induced connection on M.

Theorem 3.1. A null scroll along a r-lightlike submanifold is flat.

Theorem 3.2. A null scroll along a r -lightlike submanifold is Ricci-flat.

Proposition 3.1. Let M be a null scroll along a r — lightlike submanifold M. Then, the Weingarten formulas on M are,

m+n—1

@YaiVZ - Z ﬁgYaj,i: 1,..m+n—1
j=1

where Il = hi,g" and §* = (gi;) "
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Theorem 3.3. For a null scroll along a r — lightlike submanifold, the following equations hold;

ny = Rahiees,
th = h;h?&lc%
hihg = 0

wherei,j=m+1,...m+n—2,a,0=1,...,q.

Theorem 3.4. Let hi; and h; be the lightlike and screen second fundamental forms of a r — lightlike submanifold M
respectively. Then, they are related to the second fundamental form of the corresponding null scroll by following equation:

r

;lij = ch

=1

n
+ > d

s=r+1

m-—=r
hij+t Y (nkhly + nihiy + tmkm‘khfm)}
k=1

k=1

m—r
e+t (njehiy +nichi; + tmkmkhik)]

wherei,j =1,...,mand c;,ds,n;;, € R.

Corollary 3.1. Ifall the null vector fields in the pseudo-frame of the tangent space at every point on the null scroll M are
orthogonal, then M is totally umbilical.

Theorem 3.5. A null scroll along a r-lightlike submanifold is totally geodesic iff;

7kNE
Z hz >‘(m+n—1) =0
k=q+1

wherei=1,..m+n—-1,7=m+1,..m+n—-1,a=1,...,q,8=q+1,..,m.

Corollary 3.2. Let M be a totally geodesic r — lightlike submanifold. Then, the vector fields Yy, (i =1,...,m) are
asymptotic directions of the corresponding null scroll M.

4. Examples

Example 4.1. Take the following null curve as the lightlike submanifold M,

o(s) = (; sinh (2s) % cosh (25) s) .

The Cartan frame along « is,
L = (cosh (2s) ,sinh (2s),1)

1 1. 1
N = (2 cosh (2s), 3 sinh (2s), —2>

W = (sinh (2s), cosh (2s),0).

L+ N 3 3 1 .
Choose nT = = cosh (2s), ——= sinh (2s) , —= | and n° = W. Therefore, the vector field
i = (s oo 09 g s @)
nt + W = <3 cosh (2s) + sinh (2s) 3 sinh (2s) + cosh (2s) 1>
22 "2V2 "2v2

is a lightlike transversal normal vector field along « (s). Hence, the null scroll along « (s) is;

Y(s,t) =a(s)+t(n" +W).
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Figure 2. Null scroll Y (s, t)

Example 4.2. In R}, take a lightlike submanifold M = X (z1, z2) as,

T3 = COSX1, T4 = SiNx1,T5 = To.

Then RadTM = TM = Span {¢1,&} and TM+ = Span {&, W, Wa} where,
&1 =02+ 05
&9 = 01 —sinx105 + cosx10,
W1 = —sinxlal + 83
Way = cosx101 + Os.

Therefore, ltrTM = Span {Ny, N2} where

Ny = 1 [—82 + 85] and N, = % [—61 — sin 103 + cos 1‘184] .

2
Since {W;, W5} are spacelike, it is the Case 1. Now, choose the unit timelike vector field
T &1+ Ny 3 1
n' = =— O — 0,
& +Ml~ 2v2 7 2v2
Then, the vector field
&+ No 1 3 . 3
U= = o1 — sinx103 + ——= cosx10
la+ N~ 2v2 0 22 T Ty
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is spacelike and the subspace W), = Span {U, W1, W>},, where p = X (u). One can take a spacelike unit vector

field n° € S* ! as

n® = cos 01U + sin 01 cos 0 W7 + sin 61 sin 65 Ws.

Then n” + n® is a lightlike transversal normal vector field and
Y (x1,x2,01, 0z, t) = X(x1,22) + 1 (nT + ns) (l‘l, x2)
is a null scroll along M.

Example 4.3. In R}*, take a lightlike submanifold M = X (x) as,

T1 = X14
T2 = —T13
I3 = T12

z7=1/1— (x5)°.

X = (95173327953,304, $5,$67$87$9,$107$11) .

Then, TM = Span {Zl, Z27 Zg, Z4, Z5, Zﬁ, Z77 Zg, Zg, ZlO} where

where

Zy =01+ 0w
Zy =0 — O3
Z3 =03 + 012
Zy = 04
Zs = 05
Zg = Og
Z7 = —xg07 + 1708
Zg = 0y
Zg = o
Z10 = 0n

and
RadT M = Span {Zl, ZQ, Z3}

S(TM*) = Span {W = x70; + x30s}
1 1 1
ltT’(TM) = Span {Nl = 5 [7(3'1 + 814} ,NQ = 5 [732 - 813] ,Ng == 5 [*83 + 812]} .

Now, choose the timelike unit normal and spacelike vector fields as,

Z, - N 3 1

T 1 1
1Z— N 2v2 ' oy
Zy + Ny 1 3

U = = Oy — )

YT Z+ N 2v2 0 2v2 B
75+ N3 1 3

Uy = = 05 + )

2Tz Nl T 2v2 0 T 2R

Not that, (U1, Us) = 0, (U, W) = (Uz, W) = 0. Therefore, it can be written that
n® = cos 61Uy + sin 6y cos 02Uy + sin 6 sin O, W.

Hence,
Y (x,601,00,8) = [X +t (nT +n%)] (x)

is a null scroll along M.
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5. Conclusion

In this study, the theory of null scrolls is generalized with the proposed method. The method provides
defining null scrolls in the higher dimensions and arbitrary indexes. Also, with the help of the base lightlike
submanifold, one can determine the intrinsic objects of the null scrolls. For example, a relation between the
second fundamental forms of the base lightike submanifold and the null scrolls, is given. Moreover, some
geometric properties of the null scrolls, such as the flatness, being totally umbilic and totally geodesic, are
investigated. Lastly, the constructed theory is supported by several examples.
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