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ABSTRACT. A golden Riemannian structure (J, g) on a Riemannian manifold is given by a tensor field J of type
(1, 1) satisfying the golden section relation J> = J + I, and a pure Riemannian metric g, that is a metric satisfy-
ing g(JX,Y) = g(X,JY). We investigate some fundamental properties of the induced structure on submanifolds
immersed in golden Riemannian manifolds. We obtain effective relations for some induced structures on submani-
folds of codimension 2. We also construct an example on submanifold of a golden Riemannian manifold.
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1. INTRODUCTION

The theory of submanifolds is an interesting topic in the study of differential geometry. It has the origin in the study
of geometry of plane curves and surfaces initiated by Fermat. Since then, it has been evolving in different directions
of differential geometry and mechanics, especially. It is still an active research field playing an important role in
the development of modern differential geometry. Ahmad M et. al. ( [1-3, 8]) studied submanifolds of almost r-para-
contact Riemannian manifold endowed with semi-symmetric and quater symmetric connections. Hretcanu [14] studied
submanifolds of almost product Riemannian manifolds. CR-submanifolds of LP-Sasakian manifolds were studied by
Ahmad, Ozgur and Haseeb [18].

Crasmareanu and Hretcanu [6] constructed the golden structure on a differentiable Riemannian manifold (M, g) as
a particular case of polynomial structure [12] based on golden ratio. Gezer et. al [10] investigated the integrability
conditions of golden Riemannian structures. The Golden structure was also studied in [5,9, 11,17, 19]. Hretcanu
and Crasmareanu [15] also defined metallic structure as a generalization of golden structure. Blaga and Hretcanu
[16] studied submanifolds of metallic manifolds. Hretcanu and Crasmareanu [7] studied some properties of invariant
submanifolds in a Riemannian manifold with golden structure. Poyraz and Erol [19] studied the hypersurface of a
Golden Riemannian manifold. Hretcanu [13] studied submanifolds of Riemannian manifold with golden structure.
Bahadur and Uddin [4] studied slant submanifolds of golden Riemannian manifolds.

Motivated by above studies in this paper, we study submanifold of a golden Riemannian manifold.The paper is
organized as follows:

In section 2, we define golden Riemannian manifolds.
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In section 3, we establish several properties of induced structure (P, g, £, u, a) on the submanifold immersed in golden
Riemannian manifold. In last section, we construct an example of golden Riemannian structure on Euclidean space
and its submanifolds.

2. GoLDEN RIEMANNIAN MANIFOLDS
In this section, we give a brief information of golden Riemannian manifolds.

Definition 2.1. [6] Let (M, g) be a Riemannian manifold. A golden structure on (M, g) is a non-null tensor J of type
(1,1) which satisfies the equation

JF=J+1, 2.1
where [ is the identity transformation. We say that the metric g is J-compatible if
(X, Y) = g(X,JY) 2.2)

for all X,Y vector fields on M. If we substitute JX into X in (2.2), then we have
gUX,JY) = g(UX,Y) + g(X. Y).
The Riemannian metric (2.2) is called J-compatible and (M, J, g) is called a Golden Riemannian manifold.

Proposition 2.2. [6] A golden structure on the manifold M has the power
J'=F,J+ F,1 2.3)

for any integer n, where (F,) is the Fibonacci sequence.
Using an explicit expression for the Fibonacci sequence namely the Binet’s formula
JT-a-=-Jy
Foo 200"

V5

we obtain a new form for the equality (2.3) as

no__ A\ n—-1 _ _ -1
P A () il ) S

V5 V5

The straight forward computations yield:

Proposition 2.3. [6] (i) The eigen values of a golden structure J are the golden ratio ¢ and 1 — ¢.
(ii) A golden structure J is an isomorphism on the tangent space T M of the manifold M for every x € M.
(iii) It follows that J is invertible and its inverse J = J~! satisfies

52 =—¢+ 1.
3. PROPERTIES OF INDUCED STRUCTURE ON SUBMANIFOLDS IN GOLDEN RIEMANNIAN MANIFOLDS

Let us consider that M is an n-dimensional submanifold of codimension r, isometrically immersed in an (n + r)-
dimensional golden Riemannian manifold (M, g, J)withn,r € N.

We denote by T, M the tangent space of M in a point x € M and by T;- M the normal space of M in x. Let i be the
differential of the immersion i : M — M. The induced Riemannian metric g on M is given by g(X,Y) = g(iX, iY) for
every X,Y € y(M).

We consider a local orthonormal basis Ny, N,, ..., N, of the normal space T;-M. We assume that the indices «, 3,y
run over the range 1,2, ..., 7.

For every X € T, M the vector fields J(iX) and J(N,) can be decomposed in tangential and normal components as
follows:

J(X0) = i(POO) + ) ta(X)N, 3.1)
a=1
J(No) = (€a)+ ) aupNp, (3.2)
B=1

where P is a (1, 1) tensor field on M, & € &(M), u, are 1 — forms on M and (aqg), is an r X r matrix of smooth real
functions on M.
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Proposition 3.1. [7] The structure ), = (P, g, Uq, &y, (Qap)y) induced on the submanifold M by the golden Riemannian
structure (g, J) on M satisfies the following equalities:

PA(X) = PO+ X = ) ua(X)éo,

a

o (POXO) = a(X) = ) dapttg(X),
B
Aop = Apas

ug(&a) = ap + Gap = Z oy,
Y

PEs) = €0 — ) Gupép,
B
o(X) = g(X, &),
g(PX,Y) = g(X, PY),
2(PX, PY) = g(X, PY) + 8(X, V) + ), ta(Xta(¥)

a

for every X, Y € x(M), where 6,3 is the Kronecker delta.

Definition 3.2. A submanifold M in a manifold M endowed with structural tensor field J (i.e J is a tensor field on M)
is called invariant with respect to J if J(T,) C T,(M) for every x € M.

Remark 3.3. The induced structure Y, = (P, g, Uy, &as (dap)r) O the submanifold M by the golden Riemannian structure
(g, J) is invariant if and only if u, = 0 (equivalently &, = 0) for every a € (1, ..., 7).
The Gauss and Weingarten formula are

ViY =V.¥ + Z ho(X, Y)N,, (3.3)
a=0
VxN, = =AX + ViN,. (3.4)
If {Ny,...,N,} and {Ni, ..., N7} are two local orthogonal basis on a normal space T, then the decomposition of N/, in

the basis {Ny, ..., N,} is the following
N, = Y RN,
y=1

for any @ € {1, ..., r}, where (kl)isanrxr orthogonal matrix and we have

W, = > Ky, = > kg and aly = ) Kk,
Y Y Y

Thus, if &1, &, ..., & are linearly independent vector fields, then fi s f&, ...,&/. are also linearly independent.
We know that a,z is symmetric in @ and 3, under a suitable transformation, we can find that a,z can be reduced to a/,, =
AoOqp, Where A, (a € {1, .., r} are eigen values of the matrix (a,3), and in this case we have ul’g(fa) = Oap(1 + Ay — Ao Ap)
and from this we obtain «/,(£,) = (1 + A, — A2).

Remark 3.4. If M is a non-invariant n-dimensional submanifold of codimension r, immersed in a golden Riemannian
manifold (M, g, J) so that the tangent vector fields &, &5, ...., & are linearly independent, then from Proposition 3.1 we
obtain

2 2
IealP = 1+ o — Y 2,

Y

Z AayQypg = Qag.

Y

and, for a # 8, we have
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For the normal connection V)*(Na, we have the decomposition

VAN = > lag(X)Ng
B=1
for every X € y(M).

Therefore, we obtain an r X r matrix (los(X)), of 1 — form on M. From g(Ny, Ng) = .5, We get

8(V5, Np) + g(Na, VxNg) = 0
which is equivalent with
2O lay(XINy, Np) + BNas ) Igy(XONy) = 0
Y Y

for any X € y(M). Thus, we obtain
laﬁ = _lBa
for any o, € {1, ..r}.

3.5)

Theorem 3.5. Let M is an n-dimensional submanifold of codimension r in a golden Riemannian manifold with struc-
ture (M, g, J). If the structure J is parallel with respect to the Levi - Civita connection V defined on g, then the induced

structure (P, g, uq, &q, (Aop)r) induced on M by the structure J has the following properties:

(VxP)(Y) = D [8(AuX, )y + ua(Y)A,X],

a

(Vxta)(¥V) = 3" Up(X, V)age = 4p(Vlap(X)] = ho(X, PY),
B
Viéa = —PAX) + ) auphpX + ) lop(X)és,
B B

X(aa/ﬁ) = _MQ(ABX) - MB(AQX) + Z[lay(x)ayﬁ + lﬁy(X)aays]
Y
forany X € y(M).

Proof. Using (3.1) and VJ = 0, we obtain
JVxY) = Vx(PY) + Vx > ()N,
@

J(Vx¥) = VxPY + ) [ua(V)VxNo + NoVx (ta(¥))].

Using (3.3) and (3.4), we obtain

JIVXY + " ha(X, Y)Ng]1 = Vx(PY) + D" ho(X, PY)No+
a=1 a=1

Z[MQ(Y)(—AO,X + VEN,) + No(Vxua(Y) + Z hg(X, u(Y))Ng).
a p=1
Using (3.1), (3.2) and (3.5), we obtain

2 ho (X, Y)é:a + 2 ho(X,Y) 2 (laﬁNﬁ
a=1 a=1 B=1

= (VxP)¥) + " ho(X, PNy = 3" (V)AL X+

a=1 a

Dt LpCON + > (Vxtta) (V)N
B a

a

Comparing tangential and normal components, we obtain (3.6) and (3.7).

(3.6)

3.7

(3.8)

3.9)
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Using (3.2) and VJ = 0, we obtain

JVx(N) = Vxéo +Vx ) dapNp.
B
Using (3.3), (3.4) and (3.5), we obtain

~P(AX) = D UelAXONa + D lop(X)p + ) lop(X) ) agy Ny =
B B Y

VXé:a + ; ho(X, é:uz)Na + ; X(aaﬁ)Nﬁ - ; aﬂﬂAﬁX + ; Aop ; l,B)’(X)NY'

Thus, identifying the tangential part and respectively the normal part in the last equality, we obtain (3.8) and (3.9).
O

Definition 3.6. If we have the equality Np(X, Y)-2 3, duy(X, Y)¢, = Oforany X, Y € y(M), then the (P, g, Uy, &os (Aap)r)
induced structure on submanifold M in a golden Riemannian manifold (M, 2, J) is said to be normal.

Remark 3.7. The compatibility condition VJ = 0, where V is Levi-Civita connection with respect to the metric g
implies the integrability of the structure J which is equivalent with the vanishing of the Nijenhuis torsion tensor field
of J:

Ny(X,Y) = [JX,JY] + J*[X, Y] - JLJX, Y] - J[X, JY].
For this assumption, we must have the next general lemma:

Lemma 3.8. We suppose that we have golden structure J on a manifold M and linear connection D with the torsion
T. If Ny is Nijenhuis torsion tensor field of J, then we obtain

Ny(X,Y) = (Dyx)Y) = (Dyy NX) - T[IX, JY] - JT(X,Y)-
TX,Y)+JDy)X)+ J(TUX,Y)) - J(DxH)(Y)+T(X,JY).
Proof. From the definition of the torsion T follows that

[X,Y] =DxY-DyX-T(X,Y) (3.10)
and from this we get
[JX,JY]=DyxJY —DyyJX - T(UX,JY), 3.11)
[JX,Y] = D,xY — DyJX - T(JX,Y) (3.12)
and
[X,JY]=DxJY - DX -T(X,JY). (3.13)

Using relations (DxJ)(Y) = DxJY — J(DxY) and (2.1) and replacing the relations (3.10), (3.11), (3.12) and (3.13) in
the formula of Nijenhuis tensor field of J, we obtain
Ny(X,Y) = DyxJY — DyyJX — T(JX,JY) + (J + D[X, Y]-
J[D;jxY —DyJX —-T(UX,Y)] - J[DxJY — DjyX — T(X,JY)]
Ny(X,Y) = (Dyx DY) + J(DyxY) = (Dyy N(X) = J(DyyX) = T[IX, JY ]+
J(DxY)—J(DyX) - JT(X,Y)+ DxY - DyX - T(X,Y) - J(D;xY)+
J(DyH(X) + J(DyX)) + J(DyyX)+ T(X,JY)

Ny(X,Y) = (Dyx)Y) = (Dyy NX) = T(IX,JY) - JT(X,Y)-

TX,Y)+ J(DyHX)+ J(TUX,Y)) = J(DxH)Y)+T(X,JY).
Proposition 3.9. Let M be a submanifold of codimension r in a golden Riemannian manifold (M, g, J). If the induced

structure (P, g, Uy, &y, (aop)r) on M is normal and the normal connection V+ on M vanishes identically (i.e. lop = 0),
then we obtain the equality

D8 E)(PAG = AgPYY) = ) gV, £)(PA — AuP)(X)

forany X, Y € y(M).
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Proof. From the definition 3.6, we have

Np(X.Y) =2 ) dua (X, Y)é, =0

for any X, Y € y(M). Then we have
D 8K EN(PAG = AuP) = " 2(Y,£)(PA, = AgP)(X)

+ > 180X, £)lap(X) = &Y, Ep)lp(V)1Eq = 0
af

for any X, Y € y(M).
Also, given that normal connection V* of M vanishes identically (i.e. [,5 = 0), we obtain

D8 E)(PA, = APYY) = " &Y, 0)(PA, — AuP)(X).

O

Proposition 3.10. Under the assumption of last result, Proposition 3.9 does not depend on the choice of a basis in the
normal space T (M) for any x € M.

Proof. If {N} is another basis in T (M), then we have
Nj, = " OupNo, (3.14)
B

where (Oqp), is an orthogonal matrix.
From the condition VxN/, = 0, we obtain

ﬁxN(; = Z 0(,/36)(N,3 + Z vaaﬁNﬁ
B B

D X(Oup)No =0 (3.15)
B

forany X € M.
{Ng} is linearly independent set, then
Oyp = constant.
On the other hand,
VxN, = -A/ X

a

and
VN, = > Vx(Oup)Ng = ) OupAgX. (3.16)
B B

Thus, from the relations (3.14), (3.15) and (3.16), we obtain

—AX = va(oafa’)Nﬁ - Z OapOpa>
3 B

AX = Z OupAsX.
B

Therefore, we have
JN) = ina + ) dlpNy.
B
Using (3.14), we obtain
JIN) =i, + " dgOpy N, (3.17)
By
Using equality (3.2) and (3.14), we get
JIND) = Oapts+ D" OupatgyNy. (3.18)
B B v
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From (3.17) and (3.18), we obtain
€= Oupts (3.19)
B

D @pOs = > > Oapagy.
By By

On the basis {N7, ...., N/}, the condition of Proposition 3.10 becomes

D 8N PA, - ALPYY) = Y g(Y.E,)(PAY, - A PYX).

and

From (3.16) and (3.19), we get
D 8(X, 0uptB)(POuyAy = OuyAyPYY) = 3 2(Y, Oupip)(POuyAy = OayAyP)(X)

= Z O4504y[8(X, Ep)(PA, — A, P)Y) — g(Y, &3)(PA, — AyP)] = 0.
From the orthogonality of the matrix (Ogp), it follows that

Z[g(xa é:a)(PAa - AU/P)(Y) - g(Y, é:(t)(PAa - A(IP)(X)] =0.

Therefore, the Proposition 3.9 does not depend on the choice of a basis in the normal space T;-(M) forany x € M. O

Lemma 3.11. Let M be a submanifold in a golden Riemannian manifold (M, 8. J). Let (P, g,uq,&q,(aop),) be the
induced structure on M. Then

g((PAa - A(,P)(X), Y)
on M is skew-symmetric for any X, Y € y(M).

Proof.
g(PAX — A,PX,Y) = g(PAX,Y) — g(A,PX,Y)
8(PAX — AL PX,Y) = g(X, Ao PY) — g(PA,Y. X)
8(PAX —AoPX,Y) = —g((PA, — Ao P)(Y), X).
So, g((PA, — A P)(X), Y) is skew-symmetric. O

Proposition 3.12. Let M be a submanifold of codimension r (r > 2) in a golden Riemannian manifold (M,g,J) and
structure J is parallel to Levi-Civita connection v defined on M with (P, g, Ua» &y, (aop)r) induced structure on M by J.
If the normal connection VN vanishes identically on the normal bundle T*(M) (i.e. l,z = 0,) then the tangent vector
fields (€1, &, ..., &) are linearly independent if and only if the determinant of the matrix (I, + A — A%) does not vanish
in any x € M, ( where I, is the r X r identity matrix ).

Proof. Letky,..., k. be the real number with the properties that
kl'fl + szg + ...+ krfr =0 (320)

in any point x € M.
From the equality (3.6), we obtain

g(é:(t’ gﬁ) = M,B(Ea) = 6(1,3 + aop — Z AayQyp. (3.21)
Y

Multiplying the equality (3.20) by &, { for any @ € (1,2...,7) } and using the equality (3.21), we obtain
ki(1+ay - Zyawayl) + ky(app — 27 Cllyayz) + ... + k. (ay, — Zyalyay,.) =0
kl(azl - Zy 6127(172) + kz(l + ay — Zy azyayz) + ... + k,(aZ, - Zy aryay,) =0
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This linear system of equations has the unique solution k; = k; = ......... = k, = 0 if and only if it does not have
a vanishing determinant. Furthermore, the determinant of the linear system of equations is the determinant of the

following matrix

ai app di3..... ay ang aip..... ayy any aip..... ayy

dz; dpy  djrs..... ary az  dn..... ary azy  dn..... asy
L+ . . ... -

ayl ay ap..... Ay arl a)..... ayr ayl am..... ayr

that is determinant of the matrix

O

Lemma 3.13. Let M be an n-dimensional submanifold of co-dimension 2 in a golden Riemannian manifold (M, g, J)
, with the normal induced structure (P, g,uq, &y, (aop)) and structure J is parallel to Levi-Civita connection V. If the

normal connection V* vanishes identically (i.e. l,z) then the following equation is hold good

g(Y,&1)(PAy — A1 P)(X) + g(Y, £2)(PA; — A2 X)(X) + g((PA; — AP1)(X), Y)&,

+2((PA; — A,P)X,Y) = 0
for any X, Y € y(M).
Proof. By virtue of Lemma 3.11 we obtain
(X, E1)(PA; — A\ P)(Y) + g(X, £2)(PAy — A2 P)(Y)
= g(Y,£1)(PA; — A P)(X) + g(Y, £2)(PA; — Ay P)(X)

for any X, Y € y(M).
Multiplying by Z € y(M) we have

8(X,£1)g((PA; — A1 P)(Y), Z) + g(X, £2)8((PA; — A2 P)(Y), Z)

= g(Y.£1)g((PA; — A1P)(X), Z) + g(Y, £2)8((PA2 — A2 P)(X), Z)

forany X, Y, Z € y(M).
Inverting Y by Z in the last equality we obtain

8(X,£1)8((PA1 = A1 P)Z,Y) + 8(X, £2)8((PAy = A2 P)Z,Y)
=8(Z,£1)8((PA; = A1P)X.Y) + 8(Z,£2)8((PA2 — A2 P)(X), Y).
Adding equalities (3.23) and (3.24) we obtain
8(X,£1)8(PA; — A1P)Z,Y) + 8(X, £2)8((PA2 — A2 P)Z,Y)
+8(X,£1)8((PA| — A1P)Y, Z) + 8(X, £2)8((PA; — A, P)Y, Z)
= g(Y.£1)g(PA| — A1 P)X, Z) + g(Y,£)8((PA; — A2 P)X, Z)
+8(Z,£1)8((PA| — A1P)X, Y) + 8(Z, £)8((PA; — A2 P)X, Y).
By property of skew-symmetry, we obtain
88X, E)((PA; — A1P)(X), Z2) + (g(Y, £2)(PA2 — A, P)(X), Z)
+8((PA1 — PAX, Y)&61) + g(PA2 — A, P)X, Y)E1,2) = 0
for any Z € y(M). Thus we obtain equality (3.22) .

(3.22)

(3.23)

(3.24)
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Lemma 3.14. Let M be an n-dimensional submanifold of codimension 2 in a golden Riemannian manifold (M, g, J),
with the normal induced structure (P, g, Uy, &,, (aqop),) and structure J is parallel to Levi - Civita connection V+ vanishes
identically (i.e., log = 0) and o # 0, then the following equations are good

(PA1 — A1P)é =0,
(PA; - A2P)&, = 0,
(PA1 —A1P)é =0,
(PA; — A2P)é; = 0.
Proof. With X =Y = £ in equality (3.22)
81, £1)(PAL = A1 P)(&1) + g(£1,£2)(PAy — A2 P)(&1)
+8((PA1 — A1 P)(&1), &1) + 8((PA2 — A2 P)(&1), §1)62 = 0.
Using g(£1,&1) =a+0 #0,8&,£) =0
8((PAy = A1P)é1,&1) = —g((PA) — A P)61, &)
8((PA; = A1P)§1,62) =0
(PA| —A1P) =0.
With X = Y = &, in equality (3.22), we obtain
8(&2,£2)(PA1 — A1P)és + 8(61, £2)(PA2 — A2 P)é,
+8((PA| — A1 P)é1,£2)61 + 8((PA2 — Ao P)é1,61)62 = 0.
Using that g(&,&) = b+ 0 # 0, g(&1,&) =0,
(PAy —AyP)é, = 0.
If we put X = ¢; and Y = &, in equality (3.22), we obtain
8(&2,E1)(PAL — A1 P)§1 + 8(£2,6)(PA2 — Ay P
+8((PA1 — A1P)61,62)62 + 8((PA; — A2 P)§1,£2)é = 0.
Using that g(&,,&,) = b+ 0 # 0, g(é1,&) = 0, we obtain
(PA; — AyP)é = 0.
Again X = & and Y = £, we obtain
8(€1,E1)(PAL — A1 P)6y + 8(£2,6)(PA2 — A2 P)é,
+8((PA| — A1P)&2,£1)61 + g((PA2 — Ao P)é3, £1)62 = 0.
Using that g(£1,&1) = a+ o # 0, g(é1,&) = 0, we obtain
(PA; —A1P)é = 0.
m]

Proposition 3.15. Let M be an n-dimensional submanifold of codimension 2 in a golden Riemannian manifold
(M, g, J), with the normal induced structure (P, g, uq, &y, (aqp)r) and structure J is parallel to Levi - Civita connec-
tion V* vanishes identically (i.e., l,g = 0) and o # 0, and trace A = 0. Then P commutes with the Weingartan operator
Ay (@ € {1,2)), thus the following relations take place

(D)(PA; - A P)X) =0, (3.25)

(I)(PA; — A2 P)(X) =0 (3.26)
VX € y(M)
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Proof.
8((PAq — Ao P), &p) = 8(PAX, &p) — 8((AaP)X, &)
8((PAy — AeP)X, &p) = —[8(PA.Ep, X) — 8((AaP)ép, X)
8((PAy — AeP)X, &p) = —8((PAy — Ao P)ép, X)),
where a 8 € {1, 2}, from the last Lemma
(PA, — A P)ég =0
for any a 8 € {1, 2}.
8((PA; — A1 P)X, &p) = —g((PA — A1 P)ép, X)
(PA; —A1P)X =0.
Similarly
(PA; —AP)X =0

for any e 8 € {1, 2}.

In the following we assume that M is an n-dimensional submanifold of codimension 2 in golden Riemannian man-
ifold (M, g, J) with induced structure (P, g, Uy, &y, (Gap)2) on M (a, B € {1,2}). We suppose that the normal connection
vanishes identically, thus (/,3 = 0). In these conditions, the relations of Proposition 3.1 have the following forms:

P’X = P(X) + X — u;(X)é] — up(X)és, 3.27)

and
u1 (PX) = uy(X) — ajju1(X) — appua(X),
ur(PX) = us(X) — az1u1(X) — anus(X),

2 2
ul(éjl) =1+ay —aj; —daypp,

ur&) = 1+ an — aly — ay,
(&) = uz(&1) = ax —ax(an +an),
P(&)) = & —ané —ané,
P(&) = & — ané) — and,
g(PX,PY)=g(X,PY)+ g X,Y) + u1(X)u; (Y) + up(X)u(Y)

for any X, Y € xy(M). We denote by A = ( anedi )

a; an
Furthermore, from Theorem 3.5 under the assumption that the normal connection V* vanishes identically (i.e. lop)s
we obtain

(VxP)(Y) = g(A1 X, )& + g(A2X, V)& + g(Y.€DAIX + g(Y, £2)AxX,
(Vxu)(Y) = —g(A1X, PY) + ang(A1 X, Y) + a» (A2 X, Y),
(Vxu)(Y) = —g(A2X, PY) + aing(A1 X, Y) + ang(A:X, Y),

Vxé1 = —P(A1X) + anA1X + aipAxX,
Vx& = —P(A2X) + a21A1 X + anArX,
X(ar) = —2u1(A1X),

X(az) = —2uz(A2X).
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Remark 3.16. A simplifier assumption for these relations is a;; + ax» = 0. Thus, trace A = 0. Under this assumption,

if we denote ay; = —axn = a dajy = ax; = band 1 — a® — b? = o, from the relations , we easily see that
i) =ux(&) =a+ o0 & g&1,861) =8&,6)=a+o,
ui(&2) = ua(§1) = b,
u(PX) = (1 — a)uy (X) — bua(X),
uw(PX) = (1 — @)ux(X) — buy(X),
and
P(&) = (1 -a)é - bs,
P(&) = (1 — a)6 — bé,.

(3.28)
(3.29)

Proposition 3.17. Let M ba a submanifold of codimension 2 in a golden Riemannian manifold (M, 3, J) and structure
J is parallel to Levi - Civita connection V defined on M with the normal induced structure (P, g, Uy, €q, (Aop)2). If the
normal connection V* vanishes identically, that is lop = 0, trace A = 0 and o # 0, then the following relations occurs

(a+0)A1&1 + bALE = (61,606 + (€1, )8,
(a+ A&y + DA€ = hi(é1,E)é1 + hi(62, 66,
(a + )AL + bAE> = ha(&1,E1)é1 + ha(é1, 62,
(a + 0)Axés + bAYE) = ha(&1, E)é1 + ha(€2, 62)én.
Proof. Using (3.25) and applying P it follows that
P?A|X = PAPX
for any X € y(M).
Using the equality (3.27) and if we put X = & and X = &, respectively, we obtain
P(A1E) + Ay — ui(A))é — ua(A161)ér = PALPE.
Using equality (3.28), we get
(2= P)Ai&1 + (P = DaA& + (P = DDA = hi(§1,61)6 + (&1, £)é.
Now,
P(A162) + A1&r — u1(A1£2)é1 — ua(A162)62 = PALPE,.
Using (3.29), we obtain
A1 — A1bé) — Araés + A6 — PAY(&E — D& — a&r) = (61, 6)E1 + hi (&, £)é.
We replace X — PX in the equality (3.25), so
PA,PX = A, P*X.
Using equality (3.27) and if we put X = &) and X = &, respectively, we get

PA P& = A PE + A€y — u1(E1)A1E — up(E1)A6.
Using (3.28), we obtain
PA (&1 — a&é1 — b&) = A1(§) — a&y — b&E) + Arér — u1(ED)A1E1 — ua(€1)AE,
(P -2+ O’)A]f] + (2 - P)aA]fl + (2 - P)bA]fz =0
and
PA1PAE, = A1PE + A1y — u1(£)A1€E) — up(€2)A 162,
Using (3.29), we obtain
PA (1 — a)ér — b&1) = A((1 — a)é — bEy) + A1ér — DA€ — (a + 0)A &,
(P-2+0)A1& + (2 —-P)Ajaé + (2 - P)bAE =0.
Adding the relations (3.34) and (3.36), we obtain (3.30).
Adding (3.35) and ( 3.37), we obtain (3.31).

(3.30)
(3.31)
(3.32)
(3.33)

(3.34)

(3.35)

(3.36)

(3.37)
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Applying P in the equality (3.26), it follows that
P?A,X = PA,PX
for any X € y(M) and using in (3.27) and for X = | and X = &, respectively we obtain
(2= P)Axé1 + (P — DaAxgy + (P — DbAE = ha(§1, 6081 + ha(§1,62)62 (3.38)
and
(2= P)Ar%r + (P = DDA + (p — DaAr6s = hy(61,62) + ha(62,62)8,.
We replace X — PX in the equality (3.26), so
PA,PX = A,P*X (3.39)
and using equality (3.27) and if we put X = & and X = &, we obtain
(P—-2+4+0)A2¢1 + (2 - P)aAré + (2 — P)bA6, =0 (3.40)
and
(P =2+ 0)A26 + (2 - P)aAré + (2 — P)bAE, = 0. 3.41)
Adding (3.38) and (3.40), we obtain (3.32).
Adding the relation (3.39) and (3.41), we obtain (3.33). m|

Theorem 3.18. Let M be a submanifold of a golden Riemannian manifold M and structure J is parallel to Levi-Civita
connection V defined on M (i.e VJ = 0). If &, (@ = 1,2,3,,,,r) are linearly independent, T.(P) = constant and M is

totally umbilical, then M is totally geodesic.

Proof. Since
VX(aaﬁ) = _ua(ABX) - M,B(AozX) + Z[lay(X)ayﬁ + lﬁy(X)aay]-
Y

Putting a = 3, we have

V(o) = —2u,(AxX) + Z[lay(x)aya + lay(X)aay]-

Y

Since aqp is symmetric and lg is skew-symmetric in @, 3, then 3, dayle,(X) = 0.
Since, T,(P) = constant, we have ), a,, = constant.
Hence,

D ta(Aax) = 0

a

D 8(X,Auks) = 0
D Agka =0,

A, =0.

Since, &, is linearly independent, then

Hence M are totally geodesic.

O

Theorem 3.19. Let M be a submanifold of a golden Riemannian manifold M and J is parallel to Levi-Civita connection
V(i.eVJ =0). Ifé (@ = 1,2,..,r) are linearly independent, }’ (V. ,P)e; = 0 and T,(P) = constant, then M is minimal.

Proof. Since,
(VxP)(Y) = D [8(AuX, Y)éu + ta(Y)AaX],

a

Putting X = Y = e;, we obtain

DV P)ep) = D [A0 D taleej + ) halej e )éal
J @ J

J
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Using (3.8), we obtain
DUV PN = D [Aaka + D halej, e)éa)
J @ J

Since,
T,(P) = constant,

then from Theorem 3.18, we have

D ha(X.€0) = 0.

Therefore,
> 8AaX.£0) =0
then
D Agka =0,
Thus,

Z Z holejre)0E, = 0.
@

Since, &, are linearly independent, then
ha(ej, Ej) =0.
Hence, M is minimal. m]

Lemma 3.20. Let M be a submanifold of a golden Riemannian manifold M. If &, (a = 1,2, ..., r) are linearly indepen-
dent, then we have

T.(P) = =T (aap),

where (r = n).

Lemma 3.21. Let M be a submanifold of a golden Riemannian manifold M. If &, (@ = 1,2, ..., r) are linearly indepen-
dent and VxP = 0, then T (a.p) = constant.

Proof. Let {ey, ey, ..., e,} be an orthogonal basis of T and extended ¢; (j = 1,2, ..n) to local vector field E; which are
covariantly constant at p € M.

Then at p € M,
VXTA(P) = Vx ) g(Pej,e))
J
VXTH(P) = () g(Vx(PE}, Ep)p
J
VXTAP) = ) [(VxP)E; + PVXEj, E}) + g(PE;, VXE))]
J
VXTA(P) = ) (VxP)E,,E))+ ) &(VxE}, PE)) + )" &(VxEj, PE))
J J J
VxT,.(P) = 0.

Then,

T,.(P) = constant.

From Lemma 3.13, we have
T (aqp) = constant.
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Example 3.22. We consider that ambient space is a (2a + b)— dimensional Euclidean space E%*b (a,b € N). Let
J i E?*b 5 F2a%b be an (1, 1) tensor field defined by

J, Lx oyt oy L) = (e L ex eyt Ly L (L= )2, (1= 9)2)
for every point (x', ..,x“,yl, ..,ya,zl, ) e E¥th, where ¢ = ”T‘B and 1-¢ = I_T\FS are roots of the equation X2 = x+1.
On the other hand, for (x!, .., x%,y', ..,y%, 7!, .., 2?) € E>*’_ we have

PO Xy oy 2t ) = @, 622, 82, 3 62 (1= )2 (1 — 6)22)
JE a2 L D)
= (L atyh 2 L)+ e gyl gy (L= ) (1= 9)2)
JSA=J+1
For (x', .., x4y, .,y 2", 2. (0 . p% g, g, !, . rP) € E?**P we have
C/CTRNE SR LS L AT N (- LIS L7 LIS L o )

= (L xy oy 2 LD I L g gt L))
for every (x',.., x%,y', ..y 2L 2D, (phh . ph gl gt L rP) € E24P,
So, the product ) on E?**? is J—compatible.
Therefore, J is a golden structure defined on (E*>**P_(y) and (E?**, (), J)is a golden Riemannian manifold.
In the following issue, we identify iX with X (where X € y(E?**?)). It is obvious that E**** = E¢ x E4 x E” and in
each of spaces E“, E* and E” respectively, we can get a hypersphere

§Nr) = {(xl,...,x"},Z(xi)2 =),
i=1

SN (r) =1{0", ...,y“),Z(yi)Z =2,
i=1

S = 1@ 2 Y @) =1
i=1

respectively, where 2 + 12 + r3 = R
We construct the product manifold S~ (r) x S4~!(r) x S®~!(r3). Every point of S4~(r) x $4~1(ry) x $*~1(r3) has
the coordinate (x', .., x%, ¥, ...y%,Z", ... 22) = (X', ¥, 2) (i € {1, .., a}, je{l, .., b}) such that:

a a b
D00+ D @) =R
P P =1

Thus, S*(r) X §97'(r,) x $~1(r3) is a submanifold of codimension 3 in E2*** and §9~'(r1) x S 1(ry) x S"~1(r3)
is a submanifold of codimension 2 in S2**~1(R) and S~ '(r;) x §97(r,) x §*~!(r3) is a hypersurface in §2**~1(R).
Therefore, we have

Safl(rl) X Safl(r2) X Sb*l(r:s) s SZa+b72(r) s S2a+hfl(R) s E211+h
The tangent space in a point (x', .., x4, y',..,3%, 2, ..,z) = (&', /) at the product of spheres S*~!(r) x S 1(r,) x
Sb1(ry) is

Tex', . 2,0,.,0,0,., 08 () @D T0, .. 0,5, .,5,0,.., 05 (r2)

P 10...0,0,..,0.2", .. )" (r3).
A vector (X', .., X%) from Ty, xE® is tangent to §4=1(r)) if and only if we have

a

inXi =0

i=1
and it can be identified by x',..,X%0,..,0,0,..,0) from E2+),
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A vector (Y!,.., Y%) from Ty o E is tangent to §4=1(r,) if and only if we have

Za:yiyi =0
i=1

and it can be identified by (0, .., Y!, .., Y%0,..,0) from E>**P,
A vector (Z', .., Zb) from T(,i__» E” is tangent to S®~'(r3) if and only if we have

Zb: 77'=0
i=1

and it can be identified by (0, ..,0,0, ..,0,Z", .., Z?) from E****. Consequently, for every point (x',y',z/) € S*!(r) x
S (ry) x §P71(r3), we have
XL xa vt L yazh Lz = (XL YL Z0) e Tt x4yt Ly 2 L 2089 () x ST () X S ().

If the above relations are satisfied, we remark that (X, Y?, Z/) is a tangent vector field at § 2a+b=1 and from this it
follows that

Ty on (ST ) X 8471 (r2) X 8771 (r3)) € T yi 2y S 20 (r)

for every point (x',y,z/) € S 1(r)) x §471(ry) x Sb‘l(r3) We consider a local orthonormal basis (Ny, N2, N3) of
T(x, » Z/)(S“ L(r) x S (1) x SP71(r3)) in every point (x',y',z/) € $9~ L) x S () x S 1) given by

|
Ni = ()20,

N2 = E(xl’ylv _Zj)5
1 n i
—X

Ny=—
r3 r

: r—rzly', 0).
From decomposition of J(N,) (« € {1,2,3}) in tangential and normal components at S~ (r;) x %71 (1,) x S?~1(r3),
we obtain
J(No) = & + a1 N1 + ae2N2 + a3 N3,
where a € {1, 2, 3}.
(i) From a.g = (J(N,), Ng) (@, B8 € {1, 2, 3}), we obtain

1
ay =axy = ﬁ((ﬁ”% +¢”§ +1 - ¢)"§),

1
ap = an = 5 (@r +¢r3 = (1= $)r3),
a3 = ay =0 =a3 = ax,

2 2

¢r2 + ¢r1

azz = -5
13

Thus, the matrix A = (aqg)3 is given by

@2+ o3+ (L—)r2) H(pri+eri—(1-¢)2) 0

Yrror-a-od) Ler+eica-od o | 342
0 0 ¢r2+¢r
(i)
R -2r

& = B2 g g 01— 912, (3.43)

R — 2 .
£ =" r3)(¢ By (1 — )2, (3.44)
53 _ (r2¢(] _¢)xi —r1¢(1 _¢)y,’,0). (3.45)

rnr3 ’ rnrs
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(iii) From u,(X) = w(X', Y, Z7) = (X', Y!, Z)), &,), we obtain

= %(qsxfx" Yy + (1= $)Z72)), (3.46)
uy = %(qsxfx" + Yy = (1= $)Z2), (347)
1500 = (Zpxiv — T gyiyi 4 70), (3.48)
r3 1 r
@iv)
PO = (X'~ g 000 + V) = 2 (it = Dpyiy 4 1, g7
rry rn
12 i+ iy + LR gxind - Dgyiyi (1 - 92 - 120 Dz (3.49)
R mnri rn r R

Thus, we have J(T(y)(S“(r1) X S%(ra) x SP71(r3))) € (Teuyy (89 (r1) X S97(r3) x $771(r3)) and we obtain
(P, &q, g, (aqp)) induced structure on (S*'(ry) x S%7'(r2) x S7(r3)) by the golden Riemannian structure (J,()) on
E?*P_which is effectively determined by the relations (3.41), (3.43), (3.44), (3.45), (3.46), (3.47), (3.48) and (3.49).
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