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Abstract

The purpose of this paper is to provide the complete classifications of the second fundamen-
tal form inequality for a warped product pointwise semi-slant submanifold in a Kaehler
manifold which was obtained by Sahin [Th. 5.2, Warped product pointwise semi-slant
submanifold of Kaehler manifold, Port. Math. 2013] in terms of intrinsic and extrinsic
invariants. In this paper, we give some conditions that are not addressed or considered in
the cited paper mentioned above. Finally, we provide necessary and sufficient conditions
that satisfy inequalities’ equalities.
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1. Introduction

Let N1 and Ny are two Riemannian manifolds with their Riemannian metrics g; and
go, respectively and let f be a smooth function defined on N;. Then a warped product
manifold M = N X N3 is a product manifold Ny x Nj furnished by a Riemannian metric
g = g1+ g2 [5,18]. In this case, the smooth function f is a warping function of a warped
product manifold. The concept of warped product manifolds is widely used in differential
geometry, and many applications of such a warped product manifold are found in numer-
ous situations such as the theory of general relativity [18].

A submanifold M of a Kaehler manifold is said to be a CR-warped product of the form
Nr xy N, if it is a warped product of a holomorphic submanifold N7 and a totally real
submanifold N;. Moreover, Chen [7] claimed that a warped product CR-submanifold
of the form N, x; N of a Kaehler manifold is trivial. In contrast, he also proved the
existence of a CR-warped product of the form N7 x; N| in a Kaehler manifold and the
following relation was established:
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Theorem 1.1 ([7]). Let M = Npx N be a CR-warped product submanifold in a Kaehler
manifold M. Then
(i) The second fundamental form h satisfies the following inequality

[|h]]* > 2no||V In £ (1.1)
where V(In f) is the gradient of In f on Np and ny = dim N .

(ii) If the equality holds in (1.1), then Nr is totally geodesic in M and N, is a totally
umbilical submanifold in M. Moreover, M is a minimal submanifold ofM

In a more general case, Papaghiuc [13] initiated a new class of submanifolds, called a
semi-slant submanifold, an extension of CR-~submanifold and slant submanifolds. Follow-
ing the definition of a semi-slant submanifold in a Kaehler manifold, Sahin [14] proved the
following result:

Theorem 1.2 ([14]). A warped product semi-slant submanifold M = Np x; Ny of a
Kaehler manifold is trivial where Nt is a holomorphic submanifold and Ny is a slant
submanifold.

By reversing the two factors Np and Ny of a warped product submanifold, he proved
the following result:

Theorem 1.3 ([14]). A semi-slant warped product submanifold of type M = Ny x ¢ Ny of
a Kaehler manifold is trivial.

From Theorem 1.2 and Theorem 1.3, it is seen that a warped product semi-slant sub-
manifold is failed to generalize a CR-warped product submanifold of a Kaehler manifold in
the sense of Papaghiuc [13]. Therefore, the class of pointwise slant submanifolds becomes
fruitful in Riemannian geometry. A pointwise slant submanifold of almost Hermitian man-
ifolds first appeared in [10] and later characterized by Chen-Garay in [9]. Recently, Sahin
[15] discovered the class of pointwise semi-slant submanifold in a Kaehler manifold and
discussed associated warped products. He proved the nonexistence of a warped product
pointwise semi-slant submanifold as follows:

Theorem 1.4 ([15]). There exists no pointwise semi-slant warped product submanifold of
the form M = Ng x ¢ N7 in a Kaehler manifold such that Ny is a proper pointwise slant
submanifold and Nt is a holomorphic submanifold.

By reversing the two factors Ny and Ny, the following theorem for the existence of a
warped product pointwise semi-slant submanifold in a Kaehler manifold was proved by
Sahin [15].

Theorem 1.5 ([15]). Let M be a non-trivial warped product pointwise semi-slant subman-
ifold of the form Nt X7 Ny in a Kaehler manifold. Then
(i) The second fundamental form h satisfies the following inequality

||R] |2 > 2n2(csc? 0 + cot? ) ||V (In £)|[? (1.2)

where Nt is a holomorphic submanifold of dimension ny1 and Ny is a proper point-
wise slant submanifold of dimension no.

(ii) If the equality in (1.2) holds, then Nt is totally geodesic in M and Ny is a totally
umbilical submanifold in M. Moreover, M is a minimal submanifold ofM

It is noticed that Theorem 1.5 is a generalization of Theorem 1.1 if the pointwise slant

function 6 becomes globally constant and substitute § = % in (1.2). Therefore, a warped

product pointwise semi-slant submanifold N7 x y Ny of a Kaehler manifold is generalized
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to a CR-warped product submanifold of the form N7 x; N;. A Nash embedding theorem
[12] implies that every warped product manifold Ny x ¢ N is isometrically embedded as a
Riemannian submanifold in a Fuclidean space. Based on Nash theorem and utilizing the
Codazzi equation, the following theorem is proved by Chen [8].

Theorem 1.6. Let ¢ : M = Np xy N| — M (4c) be isometrically immersed from

a CR-warped product submanifold N7 Xy N, into a complex space form M(Zlc) with a
holomorphic constant curvature 4c. Then the following inequality is satisfied

1811 = 2n2(/[V (In £)[]* + A(In f) + 4n1n) (1.3)

where n1 = dimg¢ Np anqvng = dim N . If the equality holds in (1.3), thg@ Nr is a totally
geodesic submanifold in M and Ni is a totally umbilical submanifold in M (4c). Moreover,
M is a minimal submanifold of M (4c).

Utilizing the Gauss equation instead of the Codazzi equation from the different tech-
niques that used in [16,17], Ali et al.[4] proved a significant theorem for a warped product
pointwise semi-slant submanifold, which isometrically immersed into a Kaehler manifold.

Theorem 1.7 ([4]). Let ¢ : M = Np x5 Ny — M be an isometrically immersed from

a warped product pointwise semi-slant submanifold N1 Xy Ng into a Kaehler manifold M.
Then the second fundamental form h satisfies the following:

||h|? > 2 (?(TM”) — F(T'Nr) — F(TNp) + na||V(In £)||* — naA(In f)) (1.4)
where T(TM) =37, ; K(ei A ej) and ng = dim Ny. The equality holds in (1.4) if and only
if Nt is a totally geodesic submanifold in M and Ny is a totally umbilical submanifold in
M. Moreover, M is a minimal submanifold of M.

The following theorem is an immediate consequence of Theorem 1.7.

Theorem 1.8 ([4]). Let ¢ : M = Ny xy Ng — M(c) be an isometrically immersed from
a warped product pointwise semi-slant submanifold N7 X ¢ Ny into a complex space form

M(c) with a holomorphic constant curvature c. The following inequality is satisfied
nic
P = 20V ) - An )+ ) (1)

where n1 = dime Np and ng = dim Ny. The equality holds in (1.5) if and only if Np is
a totally geodesic submanifold in M and Ny is a totally umbilical submanifold in M(c).
Moreover, M is a minimal submanifold of M(c).

Because of Theorems 1.1 and 1.5, a fundamental question arises regarding the converse
parts of the second statements in Theorems 1.1 and 1.5, which have not been considered
before, i.e.,

Fundamental Question: What can we conclude from the converse part of the state-
ment (i) of Theorems 1.1 and 1.5, for a CR-warped product submanifold and a warped
product pointwise semi-slant submanifold in an arbitrary Kaehler manifold, respectively?
Under what condition are these equalities satisfied in Theorems 1.1 and 1.5%

In this paper, we shall modify the inequalities Theorems 1.5 and 1.1 by using the
method of Theorem 1.7. We find necessary and sufficient conditions whose equalities of
the inequalities (1.1) and (1.2) are satisfied. These reconstructions can be extended to
all the inequalities of the second fundamental form in almost Hermitian manifolds. Now
using Theorem 1.7, we modify the inequality in Theorem 1.5 of [15] as follows:
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Theorem 1.9. Let ¢ : M = Np xy N9 — M be an isometrically immersed from a

warped product pointwise semi-slant submanifold N7 X Ny into a Kaehler manifold M.
Then the second fundamental form h satisfies the following inequality

||R]2 > 2n2(csc? 0 + cot? 0) ||V (In £)|[? (1.6)
where ng = dim Ny. The equality sign holds in (1.6) ifind only if Ny, Ny, M are totally
geodesic, totally umbilical, minimal submanifolds in M, respectively with the following
equality

F(TM) = 7(TNg) + 7(TNp) + 2nz cot? 0|V (In f)||> + n2 A(In f). (1.7)
Remark 1.10. Similarly, Theorem 1.1 is also a special case of Theorem 1.4 as follows: if
we choose 0§ = 5 with globally a constant function 6, then cot?0 =0, and csc?f = 1. In
the same way, taking account of Theorem 1.9, we modify the inequality (1.1) of Theorem
1.1 as follows:
Theorem 1.11. Let M = Np xy N| — M be an isometrically immersed from a CR-
warped product submanifold into a Kaehler manifold M. Then
(i) the second fundamental form h satisfies
[|R[1? > 2no[|V In f|? (1.8)

where V(In f) is the gradient of In f on Np and ne = dim N,

(ii) the equality holds in (1.8) if and only if Ny, N1, M are totally geodesic, totally
umbilical, minimal submanifolds in M, respectively and also satisfies

T(TM) =7(TNr) + 7(TNg) + n2A(In f) (1.9)
where A is the Laplacian on Ny.

Remark 1.12. The above theorems can be considered as modified versions of Chen-type
inequalities for the second fundamental form of a warped product pointwise semi-slant
submanifold (see [2,4,11,16] for more detail).

Now, we obtain the next result as an interesting application of Theorem 1.9 if M (c) is
a complex space form with holomorphic constant sectional curvature c.

Theorem 1.13. Let ¢ : M = Ny Xy Ng — M(c) be an isometrically immersed from
a warped product pointwise semi-slant submanifold N7 Xy Ny into a complex space form

M(c). Then the following inequality holds
||R]|2 > 2n2(csc? 0 + cot? 0) ||V (In £)|[? (1.10)

where ng = dim Ny. The equality holds in (1.10) ifﬁnd only if Np, Ny, M are totally
geodesic, totally umbilical, minimal submanifolds in M, respectively and satisfies
2cot20||V(In f)||2 + A(ln f) = % (1.11)
where ¢ is a holomorphic constant sectional curvature.
Similarly, the following result is a consequence of Theorem 1.7.

Theorem 1.14. Let ¢ : M = Nr xy Ny — M be an isometrically immersed from a

warped product pointwise semi-slant submanifold Nt Xy Ny into a Kaehler manifold M
such that N is a compact base without boundary. If the following equality holds

/NTX{M} <Hh(®,@6)\y?)dv = /NTX{M} (%(TM) — F(TNy) — %(TN9)>dV (1.12)

then one of the statements is true for M :
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(i) A warped product pointwise semi-slant submanifold N7 x ¢ Ny in a Kaehler mani-
fold M is a CR-warped product.

(ii) A non-trivial warped product pointwise semi-slant submanifold Ny x5 Ny in a
Kaehler manifold M is a simply Riemannian product of Ny and Ny.

Similar results shall be presented as corollaries.

2. Preliminaries

Let (M, g) be an almost Hermitian manifold. This means [19] that M admits a tensor
field J of type (1,1) on M such that, VX, Y € I'(T M), we have

J2 =1, g(X,Y)=g(JX,JY). (2.1)

An almost Hermitian manifold M is called Kéhler manifold if (VxJ)Y = 0, VX,Y €
[(TM), where V is the Levi-Civita connection on M.

Let M be isometrically immersed into an almost Hermitian manifold M with the
induced metric g. If V and V' are the induced Riemannian connections on the tan-
gent bundle TM and the normal bundle TM of M, respectively. Then the Gauss and
Weingarten equations are given as ViV = ViV + h(U,V) and VuN = —ANU + VJU'N,
respectively, for every U,V € T(TM) and N € T(T+M), where h and Ay are the
second fundamental form and the shape operator, respectively. They are related by
g(h(U,V),N) = g(AnU,V), where g denotes the Riemannian metric on M as well as
the metric induced on M.

Now for any U € I'(TM) and N € I'(T+M), we put JU = TU + FU, and JN =
tN+ fN, where TU(tN) and FU(fN) are tangential and normal components of JU(JN),
respectively. If T' is identically zero, then a submanifold M is a totally real submanifold.
The Gauss equation for a submanifold M is defined as follows:

R(X,Y,Z,W) =R(X,Y, Z,W) + g(h(X, Z), (Y, W))
for any X,Y,Z, W € I'(TM), where R and R are the curvature tensors on M and M ,

respectively. Similarly, let M (4c) be a complex space form with a constant holomorphic
sectional curvature 4c. Then the curvature tensor R of M (4c) is expressed as follows:

R(X,Y)Z = e(g(X, 2)Y = g(Y, 2)X + g(X,JZ2)JY
—g(Y,JZ)X +29(X,JY)JZ). (2.3)
The mean curvature vector H for an orthonormal frame {e1,es, ...,e,} of tangent space

TM on M is defined by

H = —1t —1 En (2.4)
= —tr .
- ace( n 2 ez,ez

where n = dimM . In addition, we set

hiy = g(h(eisej)er), and |[[|* = Z g(h(ei, €;), h(ei, €5)). (2.5)

i,5=1
If J preserves any tangent space of M, i.e., J(IT,M) C T, M, for each z € M, then M
is called holomorphic submanifold. Similarly, if J maps any tangent space of M into
normal space, that is J(T,M) C T+M, for each point € M, then M is a totally real
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submanifold. Except for the holomorphic and totally real submanifolds, other important
classes of submanifolds of a Kaehler manifold, determined by the behavior of the tangent
bundle of a submanifold under the action of a complex structure J, are CR-submanifolds,
slant submanifolds, semi-slant submanifolds, pointwise slant submanifolds and pointwise
semi-slant submanifolds. The complete classification of such submanifolds can be found
in detail [1,3,9,15].

Following Definition 3.1 in [15], let us denote p and g as ranks of complez distribution
DT and pointwise slant distribution DY of pointwise semi-slant submanifold in a Kaehler
manifold M. Then, we have the following remarks:

Remark 2.1. M is an invariant if ¢ = 0 and a pointwise slant if p = 0.

Remark 2.2. If a slant function 6 : M — R is globally constant on M with ¢ = 7, then
M is a CR-submanifold.

Remark 2.3. If a slant function 6 € (0,%), then M is a proper pointwise semi-slant
submanifold.

Remark 2.4. If y is an invariant subspace under J of normal bundle 7-M, then the
normal bundle T+M can be decomposed as T+M = FD? @ p for a pointwise semi-slant
submanifold.

Now, let f be a differential function defined on M. Then the gradient V f is given by

gV, X)=Xf, and V=) elf)e. (2.6)

i=1
Moreover, the Laplacian Af of f is given by

n

Af =3 A(Vee)f —eile(f)} = =D 9(Vegradf,e;). (2.7)
i=1

i=1
Similarly, the Hessian of f is defined as:

Af = —TraceH' = — ZHf(ei, €i) (2.8)
i=1

where H/ denote the Hessian of a function f. In this context, we shall define another
Riemannian intrinsic invariant, called a scalar curvature and it is denoted by 7(7,M™) at
a point p € M™, that is:
FM") = > K(eiAey). (2.9)
1<i<j<n
Similarly, the scalar curvature 7(Ly) for k—plane is given by
L) = Y Ki. (2.10)
1<i<j<n
The compact manifold M without boundary will be considered, i.e., 9M = (). Thus,
we have the following lemma.

Lemma 2.5 (Hopf’s lemma, [6]). Let M be a compact Riemannian manifold and f a
smooth function on M such that Af > 0(Af <0). Then f is a constant function on M.

Additionally, for a compact orientable Riemannian manifold M without boundary,
the concept of integration on a manifold, the following formula holds

/ AfdV =0 (2.11)
M
where dV' denotes the volume of M [19].
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Lemma 2.6 ([5]). Let M = Ny x s Ny be a warped product manifold. Then we have
(i) VxY € I'(T'Ny)
(i) VzX =VxZ=(XInf)Z
(iif) VW =V ,W — g(Z,W)VIn f
for any X, Y € T(TNy) and Z,W € T'(T'N).
The following remarks are consequences of a warped product submanifold.

Remark 2.7. A warped product manifold M = Ny x; N» is a trivial warped product or
a simply Riemannian product manifold if the warping function f is constant.

Remark 2.8. The base manifold N; is totally geodesic and the fiber Ny is a totally
umbilical submanifold of a warped product manifold M = Ny X7 N».

Similarly, from unit vector fields X and Z are tangent to N1 and N, respectively, we
derive

K(X A Z) = g(R(X, 2)X, Z) = (VxX)In fg(Z, Z) — g(Vx((XIn f)Z), 2)
— (VxX)In f9(Z,2) - g(Vx(XIn f)Z + (X In )V 2, Z)
= (VxX)Infg(Z,Z) — (XIn f)? — X(X In f). (2.12)
Let {e1,...,en} be an orthonormal frame for M, then summing up over the vector fields,

we have

ny n2 ny n2

ZZK(Q Nej) = ZZ ((Veiei) Inf—ei(e;Inf)— (e lnf)2>

i=1j=1 i=1j=1
which implies that

ny ng

>3 K(ei Aej) =na( A f) = [[V(m )]?). (2.13)

i=1j=1

The following equality is proved in [8] for an arbitrary warped product submanifold

iiK(ei Nej) = "2 (2.14)
i=1j=1 f
Combining (2.13) and (2.14), we get
A
= A - 9 P (2.15)

3. Non-trivial warped product pointwise semi-slant of type N x ¢ Ny

Before proceeding to the modification case, we recall the following result which was
proved by Sahin [15]:

Lemma 3.1 ([15]). Let M = Nr x ¢ Ny be a warped product pointwise semi-slant subman-

ifold in a Kaehler manifold M such that Ny and Ny are holomorphic and pointwise slant
submanifolds of M, respectively. Then the following results are satisfied:

g(WMX,Z),FTW) = — (JXIn f)g(Z,TW) — (X In f) cos® 8g(Z, W) (3.1)
g(h(Z,JX), FW) =(X In f)g(Z,W) — (JX In f)g(Z, TW)
g(h(X,Y),FZ) =0
for any X,Y € I'(T'Nr) and Z,W € T'(T'Ny).
Theorem 3.2 ([4]). Let ¢ : M = Np x5 Ny — M be an isometrically immersed from

a warped product pointwise semi-slant submanifold N1 Xy Ny into a Kaehler manifold M.
Then Nt is a g-minimal submanifold of M.
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4. Proofs of main results

In this section we give the proof of theorems that we proposed in the introduction
and then improve the equality case in Theorem 1.7. First, we prove the following result
for later use:

Lemma 4.1. Let ¢ be a D-minimal isometric immersion fromNa warped product pointwise
semi-slant submanifold Nt X Ny into a Kaehler manifold M. Then Ny is a p-totally
geodesic submanifold.

Proof. Let us assume that the second fundamental forms of M and M are denoted by h*
and h respectively. Then we define the following

WZ, W)+ h*(Z,W) = h(Z,W) (4.1)

for any vector fields Z, W € I'(T'Ny). From above equation and Remark 2.8, we conclude
that Ny is a totally umbilical submanifold in M due to a totally umbilical submanifold in
M. By using Lemma 2.6 (iii), Eq. (4.1) can be written as:

WZ,W) =g(Z,W)(§ + V(n f)) (4.2)

where § is a vector field tangent to 7'M and normal to T'Ny. Considering {e],--- , ey } as
an orthonormal frame for a pointwise slant submanifold Ng. Then by taking summation
in (4.2) over the vector fields of Ny, we get

Zhl,j (E+V(lnf)) Zg e;,e;) (4.3)

i,7=1 3,j=1

The left hand side of the above equation identically vanishes due to the D?-minimality of
@. Thus (4.3) gives

n2(§+ V(n f)) =0
which implies that Ny is a nonempty and has the following
£=—-V(nf). (4.4)

Inserting (4.4) into (4.2), then we get h(Z, W) = 0 for every Z, W € I'(T'Ny). This means
that Ny is a p-totally geodesic.
O

The following lemma is derived from Lemma 4.1

Lemma 4.2. Let ¢ : M = N7 Xy Ng — M be an isometrically immersed from a warped

product pointwise semi-slant submanifold N7 X Ny into a Kaehler manifold M. Then the
mized second fundamental form satisfies

|h(D, D)2 = { (TM)4ns||V(In £)||> = F(TNr) — 7(TNg) — noA(In f)} (4.5)

where T(TM) =37, K(ei A e;j) and ny = dim Ny.

Proof. Assuming the equality in the inequality (1.4), we have

2(%(TM) — #TNr) — ?(TNg)) + 2n0]|V In £]|2 = ||A][> + 2naA(In f).
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Using the definition of the distributions D and D?, the above equation can be expressed
as:

2(?(TM) — 7(TNr) — ?(TNa)) +2n2||V In f1J?

= ||(D, D)||* + ||n(D?, D?)||* + 2||n(D, D%)||*
+ 2n2A(In f). (4.6)

According to the orthonormal frame of D and DY, the following equality is obtained by
using (2.5) and (4.6)

2(7—(TM) —7(TNr) — ?(TNg)) + 2ns||V In £

2m  2di 2m  2d2
=3 3 glileiey)en)’ + 30 3 g(hlef e5).e0)”
r=14,j=1 r=14,j=1
2m 2d; 2ds
+2> 3> g(h(ese€) T)2+2n2A(lnf). (4.7)
r=11i=1j=1

However, the equality in (1.4) implies that Np is a totally geodesic submanifold in M2m
which means that h(e;,e;) = 0 for any 1 <4,5 < 2d;y. Also, Ny is totally umbilical and it
can be written as h(ej,e¥) = g(ef,eX)H for any 1 < t, s < 2dy. Moreover, M assumed to
be a minimal submanifold of M , then mean curvature vector H of M is equal to zero, i.e.,
H =0, and hence h(e;,e%) =0 for every 1 < ¢, s < 2ds. Applying the proceeding facts in
(4.7), we get

2 <%(TM) —7(TNr) — ?(TN9)> + 2ny||VIn f[?

2m 2d; 2da
=23 "> g(h(eie 7))+ 2n2A(In f). (4.8)
r=11=1j=1
This implies (4.5). O

Proof of Theorem 1.9

The first case (i) was proved by Sahin in [15]. Now, we shall prove (ii). Considering
(4.5), we have

|R(D, D)2 + npA(In f) = F(TM) + no||[V(n f)||? — 7(TNy) — 7(TNp). (4.9)

Let dim Ny = n; = 2d; and dim Ny = no = 2ds, and Ny and Np are integral manifolds of
the pointwise slant distribution D and the holomorphic distribution D, respectively. Then
we choose {ej,ea,...,€eq,,€d,+1 = Je1,...,e2q, = Jeq, } and {ead, +1 = €}, .., €2d,+dy =
622, €2d; +dot1 = 622“ =secOTe],...,en tny, = €, = S€C 9Te§2} to be orthonormal frames
of TMr and T My, respectively. Also, the orthonormal frames for the normal subbundles
FDY and p are {ent1 = €1 = cscOFe], ... entd, = €4, = cSCOF€], enidyr1 = Ciyt1 =
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cscOsecOFTel, ... ent2a, = €24, = cscOsecOFTey } and {eny2dy41;---,C2m}, respec-
tively. Then (4.9) along the components of FDY and u can be expressed
7(TM) +na||V(In f)|*~F(T'Ny) = 7(TNg) — n2A(In f)
2dy 2d1 2ds

=233 glhlene).e)’

r=1i=1j5=1
2m 2d; 2d2

+ > S glh(en el e)’. (4.10)

r=n+2ds+1 i=1 j=1
Using Lemma 3.1 in the first term of the right hand side, we easily prove the following
2do 2dq1 2ds

S SN g(h(eised),é)? = na(1+ 2cot?6) ||V (In f)|[. (4.11)

r=14i=1j=1
Utilizing (4.10) and (4.11), we find
219 cot? 0||V(In £)||? + naA(In f)+[|hu (D, D)2
=7(TM) —7(T'Ny) — 7(T'Nyp). (4.12)
On the other hand, considering the equality in (1.2) such as:
||2||> = 2n2(csc? 6 + cot? 0) ||V (In £)]|>. (4.13)

By definition of the squared norm of the second fundamental form along the components
of Ny and Ny, we derive

2m  2dq 2m  2da 9
2na( csc? 0 + cot® 0)||V(In f)||* = Z Z h(ei,e;), er) +Z Z e;,€ej);er)
r=14,j=1 r=11,j=1
2ds 2dy 2da 2
+2> > > g(hlene])
r=1i=1j5=1

2m 2d1 2d2

+2 Z ZZQ (eir€}) )2. (4.14)

r=n+2do+1 i=1 j=1
The implication from (4.11) is that:

2m  2dy 2m  2dso 2d1 2d2
o> Mhrlen eI+ 30 D Mholef, eI +23° > llhulei e)lI* = (4.15)
r=114,j5=1 r=114,j5=1 i=17=1

We easily prove that Ny, Ny and M are totally geodesic, totally umbilical and minimal
submanifolds of M, respectively by the techniques of Sahin [15]. Thus Eq. (4.15) gives

2d1 2d2

1Au(D, D[P =2 > [lhy(es, f)l|* = 0. (4.16)

i=1j=1
Using the above equation in (4.12), we finally get
2ny cot? 0||V(In £)||2 + neA(In f) = F(TM) — 7(TNy) — 7(T Np) (4.17)
which implies (1.7). Thus the first part is proved completely.

Conversely, we assume that N7 Xy Ny is a minimal warped product pointwise semi-
slant submanifold of a Kaehler manifold M such that Nr is totally geodesic and Ny is
totally umbilical in M. Then the following equality holds:

F(TM) = 7(TNr) + 7(TNg) + 2ng cot? ]|V (In £)]|? + n2A(In f). (4.18)
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Inserting (4.18) into (4.12), we obtain
[|hu(D, D12 =0. (4.19)
On the other hand, N7 is a totally geodesic submanifold in both M and M , we find that
||hr (D, D)||* = 0. (4.20)

From the hypothesis of the _previous result in view of Theorem 3.2, it is proved that Np - is
a minimal submanifold of M. Besides M is assumed to be a minimal submanifold of M,
then M is a D?-minimal in M. Thus, in view of Theorem 4.1, we obtained the following:

||hg(DY, DY)||? = 0. (4.21)

Combining (4.20) and (4.21), the equality (ii) holds identically. This completes the proof
of the theorem.

It is noted that a CR-warped product of the form Ny x; N| in a Kaehler manifold
is a special case of a warped product pointwise semi-slant submanifold N7 x y Ny in the
sense of Sahin [15]. Therefore, the following remark is important.

Remark 4.3. If the pointwise slant function # becomes globally constant on M, then

it generalizes to a slant submanifold. For this case, we consider § = 7 in Theorem 4.1

and Theorem 4.2, then both Theorem 4.1 and Theorem 4.2 are generalized the results for
CR-warped products in a Kaehler manifold M. Therefore, the following corollaries hold:

Corollary 4.4. Let ¢ be a D+-minimal isometric immersion from a CR-warped product

submanifold N7 Xy N into a Kaehler manifold M such that N, is a totally umbilical in
M. Then N is a @-totally geodesic submanifold.

Corollary 4.5. Let ¢ : M = Np xy N| — M be an isometrically immersed from a

CR-warped product submanifold Ny x ¢ N into a Kaehler manifold M. Then the mized
second fundamental is defined by

1D DY = {FTM) +mal| 900 PP = HTN7) = HINL) ~mah(in )| (422)

where T(TM) =37, ; K(ei Aej) and ny = dim N, .

Remark 4.6. The inequalities (1.6) and (1.8) are more efficient than the inequalities ob-
tained in (1.2) and (1.1) by two reasons: First, we discussed the equality cases completely,
which had not been considered in (1.2) and (1.1). Second, taking account of Theorem
1.9 and Theorem 1.11, we directly obtain the relation in terms of a holomorphic constant
sectional curvature ¢ for a complex space forms.

4.1. Applications of Theorem 1.9
Proof of Theorem 1.13

Using the same techniques as the second author used in [4], the following is provided

T(TM) zg{n(n — 1) + 3(ny + ny cos? 9)} (4.23)
7(T'Nr) zg{m(m —1)+3m}, (4.24)
7(T Ny) zg{ng(ng — 1) + 3ns cos? 9}. (4.25)

Putting (4.23), (4.24) and (4.25) in Theorem 1.9, we get proof of our results.

On the other hand, Remark 2.2 and Theorem 1.13 give the following
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Corollary 4.7. Let o : M = Ny xy N| — M(c) be an isometrically immersed from a
CR-warped product submanifold Nt x ¢ Ny into a complex space form M (c). Then

1212 > 2n2[[V (In f)|[? (4.26)

where ng = dim N . The equality holds in (4.26) if and only if Ny, N, M are totally
geodesic, totally umbilical, minimal submanifolds in M, respectively and also satisfies

Al f) = == (4.27)

where ¢ is a holomorphic constant sectional curvature.

4.2. Compactness of the Laplacian operator on warped product pointwise
semi-slant submanifolds of Kaehler manifold

Proof of Theorem 1.14

Taking the integration over the compact pointwise semi-slant warped product sub-
manifold in (4.12) with empty boundary, and making use of (2.11), we get

/Nmm} (||h(D, D")||2>dv :/NTX{M} (?(TM) — 7(T'Ny) — %(TN9)>dV

+ 2y / (cot2 0/ (In f)\|2> av.  (4.28)
NT ><{n2}

If the equality (1.12) is satisfied, then from (4.28) we get the following condition
2cot? ||V In f]|*> = 0.

Therefore, from the above equation, we find two cases such that cot?0 = 0, or ||VIn f||? =
0.

Case I. Let cot?# = 0 which implies that cos = 0. From the classification in [15], we
conclude that Ny turns into a totally real submanifold. This completes the proof of (i) in
Theorem 1.14.

Case II. If ||[VIn f||? = 0, then VInf = 0. Therefore, gradln f = 0 and hence f is
a constant function on Np. From Remark 2.7, we conclude that M is a trivial warped
product pointwise semi-slant submanifold of a Kaehler form M. The second part (ii) of
Theorem 1.14 is completed.

Taking into account (4.23), (4.24) and (4.25), we give the following corollary as a
consequence of Theorem 1.14.

Corollary 4.8. Let ¢ : M = Np x5 Ng — M(c) be an isometrically immersed from
a pointwise semi-slant warped product submanifold N7 X ¢ Ny into a complex space form

M(c) with compact base N7 and suppose that the following equality holds:

/ (|h“(9), 939)||2) dv :/ ("WC)dV. (4.29)
Nrx{na} Nrx{na} \ 4

Then one of the following statements is true for M :

(i) A pointwise semi-slant warped product submanifold N x ¢ Ng is a CR-warped prod-
uct isometrically immersed into a complex space form M(c).

(ii) A non-trivial pointwise semi-slant warped product submanifold Np X Ny into a
complex space form M (c) is a simply Riemannian product of Ny and Ny.
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