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ABSTRACT. Let A be a table algebra with standard basis B, multiplication
u, unit map 7, skew-linear involution *, and degree map §. In this article we
study the possible coalgebra structures (A, A, §) on A for which (A, u,n, A, §)
becomes a Hopf algebra with respect to some antipode. We show that such
Hopf algebra structures are not always available for noncommutative table
algebras. On the other hand, commutative table algebras will always have
a Hopf algebra structure induced from an algebra-isomorphic group algebra.
To illustrate our approach, we derive Hopf algebra comultiplications on table

algebras of dimension 2 and 3.
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1. Introduction

A bialgebra (A, p,m, A, §) is both an associative algebra and a coassociative coal-
gebra A over a commutative ring K with multiplication p : A ® A — A, unit
map 1 : K — A, comultiplication A : A - A® A, and counit 6 : A — K, that
satisfies extra compatibility conditions that A : A -+ A® A and § are algebra ho-
momorphisms and § o g = idg. For non-experts, the algebra condition on (A, u,n)
is

po (id®mn) =po(n®id) =id
as maps on A® K ~ K ® A ~ A, and the coalgebra condition on (4, A,J) is

obtained by reversing arrows:
(id®J)o A= (0R®id) oA =1id.

An algebra anti-automorphism S : A — A of a bialgebra (A, u,n, A, ) is called

an antipode when

nod=po(S®id)oA=po(id®S8)oA.
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A Hopf algebra is a bialgebra with antipode. Hopf algebras are a class of bialgebras
that includes group algebras, since it is well-known that a group algebra KG of a
group G over K becomes a Hopf algebra over K when we define comultiplication
by A(g) = g ® g and counit by 6(g) = 1, and the antipode by S(g) = g1, for all
ge€aqG.

In the case where the base field is the field of complex numbers C (which we will
assume from now on), table algebras are associative algebras that also generalize
group algebras. (For an extensive history on the evolution and scope of this and
similar notions, we refer the reader to Blau’s survey article [1].) A table algebra of
finite rank r is an r-dimensional associative algebra A with skew-linear involution
* whose distinguished basis B = {1 = by, b1,...,b._1} satisfies the following three

properties:

TA1: The structure constants relative to B are nonnegative real numbers. We
denote these by i for 4,5,k € {0,1,...,r — 1}, where b;jb; = >, Aijibs, for all
b, bj € B.

TA2: B* = B; in particular, b = by = 1 is the multiplicative identity of the algebra,
and for all b; € B there is a unique i* € {0,1,...,7 — 1} such that (b;)* = b;«.

TA3: For alli € {0,1,...,7 — 1}, b;« is the unique pseudo-inverse of b;; this means
forall 4,5 € {0,1,...,r =1}, Aijjo >0 <= j=14* and foralli € {0,1,...,r — 1},

Aii=0 = Aixi0-

The complex group algebra CG of a finite group G is a table algebra with distin-
guished basis G. Its skew-linear involution is given by (ag)* = ag=!, for all g € G,

a € C, and the pseudo-inverse of g € G is its group inverse g~!.

The adjacency
algebras of association schemes are another important example of table algebras, in
which the roles of involution and pseudo-inverse are played by conjugate transpose
and transpose, respectively. Note that table algebras, being finite-dimensional alge-
bras with involution over C, are always semisimple algebras. For further overview
of the theory of table algebras, see Blau’s survey [1].

As is customary we will write by for the multiplicative identity of a table alge-
bra, so the unit map of a table algebra is given by n(a) = abg, for o € C, and
multiplication p is as defined by property TA1. Since table algebras are a class of
associative algebras that includes group algebras, and group algebras become Hopf

algebras in a natural way, it makes sense to ask:

Is there a way to define a counit §, comultiplication A, and antipode S on a table

algebra (A, u,n) so that (A, p,n, A, ) becomes a Hopf algebra with antipode S?
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The main results of this article show that the answer to this question is NO for
some noncommutative table algebras, but YES for all commutative table algebras.
Since fusion rule algebras can be characterized as commutative table algebras after
a basis renormalization (see [1]), the answer is also YES for fusion rule algebras.
The negative answer is a consequence of the existence of noncommutative table
algebras of dimensions 5 and 7, combined with the fact that Hopf algebras of prime
dimension must be isomorphic to group algebras. Since commutative table algebras
of dimension r are algebra isomorphic to the group algebra of any abelian group of
order r, for each distinct isomorphism type of these groups there will be a distinct
Hopf algebra structure on the table algebra. To Hopf algebraists, the possible
comultiplications on commutative semisimple algebras are well-known to be the
coalgebra structures for duals of group algebras. We offer a self-contained proof
of this fact that also produces the values of the comultiplication on the basis of
primitive idempotents. By interpolating between the character tables of the table
algebra and the group we can produce formulas for the values of the Hopf algebra
comultiplication map on elements of B for the most natural choices of counits. We
will apply this approach to give explicit Hopf algebra comultiplications for table

algebras in dimensions 2 and 3.

2. Choosing the counit and antipode of a table algebra

Let A be a table algebra with distinguished basis B. Since each distinguished
basis element b; can be realized as a nonnegative matrix in its regular representation,
there is a unique algebra homomorphism § : CB — C called the degree map for
which 6(b;) > 0 for all b € B [1]. Since ¢ is an algebra homomorphism, it is
compatible with g, and §(bg) = 1 implies d(n(z)) = z, for all z € C, so it is also
compatible with our unit map. In the case B is a finite group the degree map is
the augmentation map, which is the counit for the usual Hopf algebra structure on
the group algebra. So the degree map of the table algebra is a good candidate for
the counit.

In choosing the degree map for the counit, we can scale the distinguished ba-
sis elements by positive constants to arrange that our renormalized basis satisfies
0(b;) = Aiixo, for all b; € B (see [1]). We call such a table algebra basis standard,
and from now on assume our table algebra bases to be standard ones.

When A is a table algebra, it has a natural involution * that is skew-linear
relative to its defining basis B. This means the conjugate involution * given by
(ab;)* = @by = aby for all a € C and b; € B will be linear relative to the basis B
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of A. In the case of group algebras % corresponds to the linear map that restricts
to inversion on the group basis, which gives the antipode for the Hopf algebra
structure on the group algebra. So * is one candidate for our antipode. However,

the next example shows it will not always be the correct one.

Remark 2.1. For group algebras CG of finite groups G, it is in fact the case that
any representation of degree one can be the counit of a Hopf algebra structure
on CG. When x € Irr(G) is a nontrivial representation x : G — C*, then it is
straightforward to show that the set G, = {gy := x(9)7'g : ¢ € G} is a group,
isomorphic to G, that will be another group basis of CG. As a representation
of the algebra CG, x restricts to the trivial character of Gy. For the antipode
of CG, we need to consider a different involution ¥ of CG, which is given by
(agy)™ = (Ggy)* = agy!, for all a € C and g, € Gy. So we can define a new Hopf
algebra comultiplication on CG by setting A, (gy) = gy ® gy, and this Hopf algebra

structure on CG has counit y and antipode *.

It remains to find good candidates for the comultiplication map A that will
make (A, p,n,A,d) into a Hopf algebra with respect to some suitable antipode.
There is, however, no obvious candidate for A. One table algebra comultiplication
given by A(b;) = ﬁ(bi ® b;), for all b; € B was considered earlier by Hanaki
in [2] in the case where the table algebra arises from an association scheme. He
observed it does not produce a Hopf algebra. While this A is coassociative, it is not
an algebra homomorphism, so it will not produce a bialgebra structure. Hanaki’s
motivation for considering bialgebra structures that extend the algebra structure
of a table algebra is that the tensor product of two representations of A becomes
a representation of A on pre-composing with algebra homomorphism A. So even if
we cannot find a Hopf algebra structure extending the table algebra structure, it

would still be useful to find a bialgebra structure.

3. Cases of non-existence

Let A be a table algebra with standard basis B and degree map §. A simple
strategy to find a comultiplication A that makes (A, u,n, A, d) into a bialgebra is
to produce an algebra isomorphism of A with a known bialgebra H, and borrow
the necessary coalgebra structure from H. If, in addition, this H is a Hopf algebra,
then its antipode will also induce one on A. Since our table algebras are semisimple
algebras, we can focus on finite-dimensional Hopf algebras that are semisimple as
algebras. These are known to be isomorphic as Hopf algebras to group algebras or

their duals in the following cases:
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(i) H is commutative (as this implies it is cocommutative and cosemisimple) [6]
(see also the general prime and prime-square dimension cases treated in [7] and [4]);

(ii) H has dimension divisible by two distinct primes [5].

In the next section we will show that when table algebras are algebra isomorphic
to group algebras, our table algebra will have a Hopf algebra structure whose counit
is our degree map 4.

On the other hand, we know from results of Masuoka in [4] and [5] that the
smallest dimension for which there are noncommutative semisimple Hopf algebras
not isomorphic to group algebras is 8 (see [6, pg. 528-529]). Since noncommutative
table algebras of dimension 5 and 7 have been shown to exist in [3], we can conclude

these table algebras cannot possess a Hopf algebra structure at all.

Theorem 3.1. Noncommutative table algebras exist for which there is no possible

Hopf algebra comultiplication.

Remark 3.2. Noncommutative table algebras of dimension 5 are not realized as
the adjacency algebras of association schemes, but there are noncommutative ta-
ble algebras of dimension 7 that are realized as adjacency algebras of association

schemes, the smallest of which occurs for an association scheme of order 12.

Remark 3.3. The results of [3] are given in the slightly more general setting of
reality-based algebras with a positive degree map. These are semisimple algebras
with a distinguished basis satisfying most of the table algebra axioms (TA1)-(TA3)
except the real strucuture constants \;;; are allowed to be negative when £ # 0
or j # i*, and the positive degree map is an extra assumption. All of the results
of this article apply immediately in this more general setting. In particular our
results below for commutative table algebras generalize immediately to commuta-
tive reality based algebras with positive degree map, which are commonly known

as C-algebras.

4. Hopf algebra structures induced by group algebra isomorphism

Theorem 4.1. Let A be an r-dimensional table algebra with degree map 6. If A
is algebra isomorphic to a group algebra CG for a finite group G of order r, then
the algebra structure of A can be extended to a Hopf algebra structure on A whose

counit 18 9.

Proof. Let (A, u,n) be the algebra structure on A. Suppose © : A — CG is an
algebra isomorphism. Then x := § 0 ©~! is a degree one representation, so as

in Remark 2.1 we can adjust the group basis of CG if necessary to arrange that
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coalgebra structure on CG has comultiplication given by Ag(g) = g ® g, for all
g € G, counit Y, and antipode S(g) = g~ 1, for all g € G. We can then see that A
has the Hopf algebra structure whose bialgebra is (A, 1,7, (@71 ® 0~ 1) o A0 O, )
and whose antipode is @71 0 S0 O. O

Remark 4.2. In the case of commutative table algebras of dimension r, the calcu-
lation of A in Theorem 4.1 can done by interpolating between the character tables
of the table algebra and the group.

Let N be the character table of the abelian group G and let E = {e,, : x €
Irr(G)} be the basis of primitive idempotents for CG. Then the formula g =
> X(g)ey for all g € G tells us that N is the change of basis matrix from the basis
E to the basis G.

On the other hand, if P is the character table (first eigenmatrix) of the commu-
tative table algebra A with respect to the basis B, then the primitive idempotent
formula ()

m. ;
= Z E(b:) bi

indicates that the change of basis matrix from E to the standard basis B is the

matrix M obtained by dividing each column of P by the degree of the corresponding
element b; and multiplying each row of P by the multiplicity of the corresponding
character x € Irr(A). The composition of these change of basis matrices realizes

a x-algebra isomorphism between A and CG because the elements of E are -

*

X
map and augmentation map both correspond to the first rows of P and N, so they

invariant; i.e. e ey for all e, € E [1, Proposition 2.9]. Furthermore, the degree
are identified and so the counit is preserved. Using the change of basis matrix
MN~! allows us to write elements of B in terms of the basis G, then calculate
the value of the comultiplication using Ag, and the inverse change of basis NM !
allows us to write the elements of G in terms of the basis B. So this gives an explicit
formula for a Hopf algebra comultiplication that comes directly from the entries of
MN~! and NM~'. This technique will be used in the next section to generate

explicit Hopf algebra comultiplication formulas for table algebras of small rank.

5. Values of Hopf algebra comultiplications on primitive idempotents

Experts familiar with the theory of finite-dimensional Hopf algebras are aware
that finite-dimensional commutative semisimple Hopf algebras are cocommutative
and cosemisimple, and thus isomorphic to group algebras or their duals. These
results are normally established using properties of integrals and the convolution

algebra. In this section we give a self-contained proof of this that has the side-benefit
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of producing a useful formula for the values of the Hopf algebra comultiplication
on the basis of primitive idempotents. The proof given here is due to the referee of

an earlier version of this article, it has the benefit of showing S? = 1.

Theorem 5.1. Let A be a commutative semisimple algebra over C, and let E be
its basis of primitive idempotents {e, : x € Irr(A)}. Suppose the algebra structure
on A extends to a Hopf algebra structure (A, pu,n, A, 0) with antipode S. Then there

is an abelian group structure on Irr(A) such that for all e, in E,

Aley) = Z ey ® eg.
PrO=x
Proof. Since the antipode S is an anti-automorphism of A, S acts as a permutation
on the set E. Let S(ey) = eg(y) for all x € Irr(A). Also, A: A - A® A
is an algebra homomorphism, so A(e,) is an idempotent of A ® A. Since A is
a finite-dimensional commutative semisimple algebra over an algebraically closed
field, there is a subset C, of Irr(A) x Irr(A) (possibly empty) such that

Aley) = D (eo®ey).

(0,9)€Cx

Now,
11=A1)= > Ale)= Y. > (e®ey)
x€Irr(A) x€lIrr(A) (0,9)eCy

so every (0, ¢) € Irr(A) x Irr(A) is an element of C, for some x € Irr(A). Since
1®1 =2 gerrr(a) 2perrr(a)(€o @ ep), it follows that for every 6, ¢ € Irr(A), there
is a unique x € Irr(A) such that (6,¢) € C,. Therefore, setting 0 x ¢ = x iff
(0,9) € Cy, for all 0, ¢ € Irr(A) gives a well-defined binary operation on Irr(A).

We have that the counit § € Irr(A) satisfies the condition that (1 ® d) o A is
equal to the natural isomorphism (1®1)7!: A — A® C. So whenever x x§ = 1),

we have

@ 1=(190)AC) = 3 (r@dles)= 3 (co@1)
(0,6)€Cy 0:(0,6)€Cy,
This implies that (8,0) € Cy iff 8 = ¢. Since (x,d) € Cy we also have x = 1.
Therefore, for each x € I'rr(A) we have x xd = x. Similarly we can show dxy = x,
and so d is a x-identity in Irr(A).
Finally,

Sxola =n(x(es)) = n(S@1A(es) = > es@es= >  es).
(0,0)€Cs (0,5(0))€Cs
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so Cs = {(0,5(0)) : 0 € Irr(A)}. Therefore, for all § € Irr(A), we have 0x5(0) = 4.
So for all 8 € Irr(A), S(0) is a right inverse for 0, and we can similarly show it will
be a left inverse. It follows then that S? is the identity permutation on Irr(A), and
hence S? acts as the identity operation on A.

Finally, from coassociativity we have (1® A)o A = (A® 1) ® A, applied to e,
for x € Irr(A) this gives

YD (ca®eg@eg)= Y D (ca®eg@ey).
Oxp=x axpf=0 axp=x Brp=1)

Now, eq ® eg ® e4 appears on the left when (o x 8) x ¢ = x, and it appears on the
right when ax(8x¢) = x. Since this holds for every x € Irr(A),  is an associative
operation on Irr(A). Therefore, x is a group operation.

We now have that the coalgebra structure of (A, A, ) is the dual of the group
algebra C[Irr(A)] for the group (Irr(A),*). Since this has the same dimension as
A, the group (Irr(A),*) must be abelian. This proves the theorem. O

Remark 5.2. The coalgebra structure on A = CFE is determined up to coalgebra
isomorphism by the isomorphism type of the group (Irr(A),x). If two of these
comultiplications defined on the same basis set £ produce isomorphic coalgebra
structures, then there would be a permutation P of E for which
A(Pex) = (P@P) D (ey @ ey)
hd=x
for all x € G. But P induces a permutation o on G satisfying
Aleo) = Y (aw) ® €o(9))
ho=x

for all x € G, so the two corresponding group multiplication tables would have to
be permutation isomorphic. But this implies the two groups would be isomorphic.
So the group algebras of two nonisomorphic abelian groups of order r are never

isomorphic as Hopf algebras.

6. Table algebras of dimensions 2 and 3

In this section we apply the character table approach indicated in Remark 4.2
to produce explicit formulas for Hopf algebra comultiplications for table algebras
of ranks 2 and 3. Since these are prime dimension, these Hopf algebra structures

will be unique up to isomorphism.

Example 6.1. Let B = {1 = by, b1} be the standard basis for a table algebra A of

dimension 2. Since the involution must fix the multiplicative identity, it also sends



EXTENDING TABLE ALGEBRAS TO HOPF ALGEBRAS 21

b1 to by. Let 6 : A — C be the degree map of our table algebra. If k is the positive
real number for which §(b;) = k, then the assumption B is a standard basis implies
8(b1) = A110 = k. Since § is a C-linear map for which 6(b?) = 6(b1)?, we must have

p(by ®@by) = b? = kbg + (k — 1)by.

As by is the multiplicative identity, this completely determines the multiplication
map u and the unit map n of A. Our antipode * is the identity map on A in this
case, because * fixes by and hence also b;.

To use our approach, we will generate *-algebra isomorphisms between A and

CC5 using their character tables. The character table of CCy relative to the group

1 1
basis Cy is N = ) 1 and N is precisely the change of basis matrix from the

basis of primitive idempotents E to the group basis Cs.
On the other hand, the character table of the 2-dimensional table algebra deter-

mined by the parameter k relative to its standard basis B is

‘bo b1 ‘mx

The last column gives the multiplicity of the irreducible character. To obtain the
change of basis matrix that converts from coefficients in the basis of primitive idem-
potents E of CB to the table algebra basis B, we divide the columns corresponding
to the elements b; € B by the degree d(b;), and the row corresponding to each
X € Irr(A) by the multiplicity m,. So the change of basis matrix form E to B is

1 1
k-1
The change of basis matrix from the basis Cy to B is thus M N !, and from B to

Cy is NM—.

Therefore, the element g = es — ey, = %bo + k%_lbl is an element with g2 = by

11 o It 1
M = , and its inverse is M~ = ——
| k+1

for which {bg, g} ~ Cs is a group basis for A. Note that §(g) = 1 and ¢g* = g, so
the induced Hopf algebra structure on A has counit § and antipode *.

Let A be the Hopf algebra comultiplication on the group algebra C(g) with
A(by) = by and A(g) = g ® g. We wish to compute a formula for A(b;) in terms

of the basis of elementary tensors b;; := b; ® b; for b;, b; € B. Since our change of
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basis matrices also tell us by = 251by + £ g, we can compute

A(by) B A(bo) + 51 A(g)
= Zlhy®by) + £l (g®9)
= k;(bo 0y bO) i[( k+1b0 + k+1b1) (k+1b0 + kil bl)]
1—k k+1)(2)(1—k 2)(2)(k+1
= [AF+ g(kﬁ)] + & )k:(+)1() 9 [bor + bio] + ;Ekﬁ% Y1y
k(k—1 1—-k 2
- A(bl) %boo‘i’ k+1[b01+b10] k—l—lbll.

Example 6.2. The Hopf algebra structure of a triangle. When k is a positive
integer larger than 1, the adjacency algebra of a complete graph on k+ 1 vertices is
the table algebra of dimension 2 in Example 6.1 determined by the parameter k. If
we let by be the (k+1) x (k+ 1) identity matrix and b, be the adjacency matrix of
the complete graph on k£ + 1 vertices, then the formula in Example 6.1 defines the
Hopf algebra structure of a complete graph on k + 1 vertices. Its comultiplication
takes values in the space (k + 1)? x (k 4+ 1)%.-matrices spanned by the b;;’s, where
b;j = b; ® b;. For example, when b; is the adjacency matrix of a triangle (the case

k = 2), then the Hopf algebra structure is determined by the 9 x 9 matrix

1
A(by) = 3(2500 — bor — b1o + 2b11).

Example 6.3. Nonreal table algebras of dimension 3. Suppose A is a 3-dimensional
nonreal table algebra with standard basis B = {bg, b1, b2}, with b = by. The
table algebra conditions imply that there is a unique w > 0 such that biby =
(2u + 1)bg + uby + ubg, and b? = uby + (u + 1)ba. So 8(b1) = 6(b2) = 2u + 1.

For G = C3 the character table is

11 1
N=1|1 ¢ ¢,
1 ¢ <

for a primitive cube root of unity (. We again view N as the change of basis matrix
from the basis of primitive idempotents F to the basis G. It is important for our
approach that the first row of N corresponds to the trivial character, the ordering
of the second and third columns is reversed it results in a permutation of some of
our structure constants for the Hopf algebra comultiplication.

The character table of the 3-dimensional nonreal table algebra determined by

the parameter v can be calculated from the eigenvalues of the regular matrices of
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{bo, b1, b2}:
‘ bo bl bT ‘ My
611 2u+1 2u+1 1
o1 I(-1+v=3—4du) i(-1-V=3—4u)|2u+1
¢l 1 L-1-v=3—du) L(-1+v=3—4u)|2u+1

To obtain the change of basis matrix M that changes the basis from E to B, we
multiply each row by the multiplicity of the corresponding irreducible character

and divide each column by the degree of the corresponding element. So

1 1 1
M= |2u+1 3(-1+v=3—4u) 3(-1-+=3—4u)
2u+1 $(-1—v-3—4u) i(-1++/-3—4u)

Again it is important here that the first row of M corresponds to the degree map.
Now we use the change of basis matrices MN ! and NM~! to express b; = ae +
Bg+~vg~! and g = rbg + sby +tby, where a, 3, are the entries in the second row of
MN~! and r,s,t are the entries in the second row of NM~'. From these we can

obtain a formula for A(b;):

A1) =ale®e)+B8geg)+1(g @9
= abgo + B[(rbo + sby + tba) ® (rbg + sby + tba)]
+ Y[(Fbo + tby + 5b2) ® (Tby + by + 5ba)]
= (o + Br? + 47%)boo + (Brs + y7t)bo1 + (Brt + v7'5)bo2
+ (Bsr 4+ ytr)bio + (Bs* + vE2)b11 + (Bst + 7t5)b12
+ (Btr + 57 )bao + (Bts + v5t)ba1 + (Bt + v5%)baa.

Our formula for A(by) comes from the calculations of

1 0 0

-1 _ | 2u (3+4u)—+/9+12u (34+4u)++/9+12u
MN— = 3 6 6
2u  (3+4uw)+v9+12u  (3+4u)—9F12u
3 6 6

and
1 0 0
NM-1 = | =2u V3(vV9F12u—(3+4u))  V3(vV9F+12u+(3+4u))
— | 3+4u 2(3+4u)/3+4u 2(34+4u)v/3+4u
—2u  VB(V9F12u+(34+4u))  V3(V9F12u—(3+4u))
3+4u 2(3+4u)/3+4u 2(3+4u)/3+4u

The second rows of these matrices determine «, 3,7 and r, s,t. Now we leave it to
the reader to verify the formulas A(by) = boo,

A(bl) = ((4u2 +2u)boo — 2ubo1 4 0bo2 —2ubio + (u+3)b11 —ubi2+0b20 — ub21 +u622),

qu+ 3
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A(bz) = ((4u2 +2u)b00 +0bo1 — 2ubgz +0b1o +ub11 —ubra — 2ubsg —ubs1 + (u+3)b22).

du+ 3

Example 6.4. Real Table Algebras of Dimension 3. Let A be a real table algebra
whose standard basis B = {bg, b1, by} satisfies b = b; for i = 0,1,2. Let d(b1) = k
and 0(by) = ¢ be the degrees of the nonidentity basis elements, and let u,v be
the structure constants determined by b1bs = ub; + vby. Since the degree map is
an algebra homomorphism these parameters satisfy the necessary condition k¢ =

ku + fv. The remaining structure constants are determined by the identities
b2 = kby + (k —u — 1)by + (k — v)ba, and b3 = lbg + (£ — u)by + (£ — v — 1)by.

From the regular matrices of b; and by we can determine the character table of A

relative to B in terms of the parameters k, ¢, u, and v.

1 by by B
51 k ¢ 1
|1 z(v—u—-1)+va) 3((u-v—-1)=Va)| me
v |1 J(v—u-1)=va) F((u—v—-1)+a)|my

where a = (v — u — 1)? + 4v. The multiplicities can be calculated from the or-
thogonality relations, which lead to the equation 1+TM =1+ d’(le)Q + d’(bT?)Z and a
¢

similar one for my,. These reduce to

kO K2+ R

. i HOERC R
? Tkl 9] + ko3

d A I B
T R 02 1 kR

where ¢1 = ¢(b1), g2 = @(b2), Y1 = ¥(b1), and ¥y = (b2) are the corresponding
character table entries.
Therefore, the change of basis matrix from the basis of primitive idempotents F

to B is

my U b

We know A ~ CCj5 as *-algebras. Let N be the character table of C5 given in

the previous example. The change of basis matrix from the basis C3 to our table
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algebra basis B will be

1 0 0
MN™' = | Be(14 204 82) Me(]4 2y dag) Me(]4 S04 f2(2)
TR R) ARG RO B R R
1 0 O
=lar B B,
ay fBa B

and its inverse (obtained using Wolfram Math Alpha®©) is the change of basis matrix
from B to Cj:

1 00
NM=*t=|r s t|,
F 5 t

where
P12 — Poth1 + k(2 — 1h2)C + L(h1 — ¢1)¢3
$1(h2 = £) + P2(k — 1) + il —ahok

U1l — thok + k(ha — O)C + €(k — 1)

s = and

mg (o1 (Y2 — £) + Go(k — V1) + 1l — hok)’

Pk — ol + k(L — $p2)¢ + (1 — k) (3
My (91 (b2 — €) + G2 (k — 1) + 1l — k)

As before we can use MN~! and its inverse to derive a formula for the Hopf

algebra comultiplication that is induced by the Hopf algebra comultiplication on
the group algebra. We have that by = a1bg+ 19+ 81971, by = asbg + Bag+ Bag ™",
g = rby + sby +tby, and g~ = 7by + 5b; +thy. Note that oy and ay are real follows
from by and by being x-invariant. Again the ordering of the last two idempotents in
the basis E is not fixed, but switching the order only interchanges the second and

third rows of these change of basis matrices. We will have

A(by) = a1A(bo) + B1A(g) + S1A(g™1)
=arboo + P1(g®g) + Pilg Tt @gh)
= a1bgo + B1[(rbo + sby + tha) & (rbg + sby + tbs)]
+p1[(Fbo + 5by + thy) @ (7bo + 5by + Tby)]
= (aq + B17? + B172)boo + (Birs + B178)bor + (Bart + B17t)bo2
+ (By57 + B157)b1o + (B15% + B15%)b11 + (Bist + P15t)bia
+ (Butr + Bitr)bag + (Buts + B1t8)bar + (Brt? + B112)bao,
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and the formula for A(by) has the same pattern with as and s replacing oy and 3.
Note that the coefficients of the b;; occurring in A(b1) and A(by) are guaranteed

to be real numbers.

The explicit formulas in the 3-dimensional table algebra case are too long to
express concisely here, but become easier in specific cases. We will demonstrate this
with some actual calculations for table algebras corresponding to familiar strongly-

regular graphs.

Example 6.5. The Hopf algebra structure of a rectangle. A rectangle is a strongly-
regular graph on 4 vertices, which means that it generates an association scheme
whose adjacency matrices form a table algebra basis. If by is the 4 x 4 adjacency
matrix of the rectangle, then the parameters of Example 6.4 for this table algebra
are k=1,¢ =2 u=0, and v = 1. Therefore, the character table of CB is

= =
—_
[\
—_

5
¢
¥

and the change of basis matrix from the group basis C3 to the table algebra basis
{bo, b1, b2} is

1 1 1 1 1 1 1 0
MN'=11 1 -1|-z|1 ¢ ¢|=|3 =2¢ =202
2 4 4 2
2 -2 0 1 ¢ ¢ 0 —2¢- §§2  — 2

Using this matrix and its inverse, we have by = fe — 2(g — 2¢%, by = (-3¢ —
3¢%)g + (=53¢ = 5¢*)¢* and g = §C%bo — §C%b1 — 1(2¢ + ()b, and ¢ = {Cby —
3¢by — (¢ + 2¢?)by. From these we can obtain formulas for A(b;) and A(b) as

before:
A(by) = é(?)boo — bo1 — bog — b1 + 3b11 + 3b1a — bag + 3ba1 — ba2)
and
A(bg) = %(—boo + 3bo1 — boz + 3b10 — 9b11 + 3b12 — bag + 3bay + 3ba2).

Example 6.6. The Hopf algebra structure of a pentagon. A pentagon is a strongly

regular graph on 5 vertices whose adjacency matrix generates the real table algebra
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of dimension 3 with parameters k = ¢ = 2 and v = v = 1. Its character table is

1 bl bg my
o1 2 2 1
—1+v5  =1=V5
0|1 2\[ Z\f 2
—1-v6 =145
vl =T 2
Therefore, the change of basis matrices between the bases C3 and B are
1 0 0 1 0 0
MN-Ll— |1 5+V=15 5-v=15| o q NM 1= |=l 3=v=15 3+/=15
3 6 6 5 10 10
1 5—v/—15 5+/-15 -1 34+V/-15 3—/-15
3 6 6 5 10 10

So the unique Hopf algebra structure on the adjacency algebra of a pentagon has

its comultiplication given by

A(br) = %(21700 — bo1 + Oboz — b1g + bi1 + 2b12 + Obag + 2bo1 — 2b22)
and

A(ba) = é(%oo + 0bo1 — boz + 0b1g — 2b11 + 2b12 — bag + 2b21 + bag).
Example 6.7. The Petersen graph is a strongly regular graph whose adjacency
matrix generate the real table algebra of dimension 3 with parameters k = 3, ¢ = 6,

u = 2, and v = 2. Substituting these into our formulas, the character table of this

table algebra is

1 bl bz my
611 3 6 1
o1 =2
v|1 1 =2|5
so our change of basis matrix is
1 1 1
_ 8 2
M=14 -5 3
5 5
> 3 3

From this matrix and the character table N of the group of order 3 we can produce
our formula for the Hopf algebra comultiplication on the adjacency algebra of the

Petersen graph:
1
Aby) = E(5boo — 5bo1 + 3boz — Bb1g + 0b11 + 3b12 + 3b2g + 3b21 — 3ba2)
and

1
A(by) = 1—0(221)00 — 3bo1 — 2bo2 — 3b1g — 3b11 + 3b12 — 2bag + 3bay + 0ba2).
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