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1. Introduction

Let R be an associative ring. Writing R = R; + Ry, we mean that R; and Ry
are subrings of R and, for every r € R, there exist r; € Ry and ry € Ry such that
r=1ry+ro.

Many authors studied problems and relationships among properties of Ry, Rs
and R (see [4], [5], [7], [8], [10], [11], [12], [13]). For instance, the question “is R nil
provided that R? = 0 and R, is nil?” is equivalent to the famous Kéthe’s nil ideal
problem (see [14], [15] and [16]). Let us mention three other open problems in this
area.

Suppose that Ry and Rs are rings satisfying a polynomial identity. Does R
satisfies a polynomial identity ([1])? The answer to this problem is known in several
particular cases (cf. [3], [7], [8], [9], [10], [11], [12], [13]), and a full positive answer
in [12].

It is known [14] that if both Ry and Ry are nilpotent rings, then so is R. It is also
known that there exists a function f(n,m) such that if R} = 0 and R}* = 0, then
Rf(mm) — 0. However the best such a function is still unknown. It is conjectured
that f(m,n) =mn.

For the last problem, suppose that R; is nil and Ry is reduced (it has no nonzero
nilpotent elements). Is R; an ideal of R? The answer to this question is known to

be “yes” in many particular cases [13], but in general, is still unknown.
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We remark that a general method of constructing rings which are sums of two
subrings was invited by Kelarev [6]. As we mentioned before, all these problems,
on their substantial parts, concern due structure of rings which are sums of two
subrings. This is particularly clear for the question 3. Note that it also concerns
questions first and second. Namely, if R is a semiprime ring which satisfies a
polynomial identity, then the ring of Ore extension of R is isomorphic to a direct sum
of matrix rings over division rings. Thus, when studying whether of R = Ry + Ra,
and each R; satisfies a polynomial identity implies R satisfies such an identity
in the case of semiprime R to study the structure of subrings of matrix rings of
two subrings. Here, we also note that, Bokut [2] proved that every algebra over
a field can be embedded into a simple algebra which is a sum of three nilpotent
subalgebras. In view of these two facts, we will a general method of constructing
2 and 3 dimensional algebras over a field F' which are sums of to subalgebras
with respect to the isomorphisms. This general method may give us to describe

semiprime rings (even finite dimensional algebras) as a sum of two subrings.

2. Some general results

Suppose that F is a field and R is a finite dimensional (non-unitary) associative

F-algebra. Put A := F x R and define binary operation + and - on A by the rule

(fi,71) + (f2,m2) = (f1 + fa, 71 +72)
and
(fi,r1) - (fasre) = (f1 - fa, fira + fory +1172),

where f1, fo € F and 71,72 € R. It is easy to say that A is an F-vector space and

we may identify elements r € R with elements (0,r) in A.

Proposition 2.1. A is a finite dimensional F-algebra with a unit and R is a two
sided ideal of A such that dimp(A/R) =1. Moreover, A/R > F.

Proof. Since A is a vector space over F, it is easy to see that

f(avb) :(f,0)~(a,b)
= (fa, fb)
= (avb)'(fvo)y

which shows that (1,0) is a unit.
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For each (f;,r;) € A, we get

(fr,r)[(f2;sr2)(f3,m3)] = (f1,71)(faf3, fars + fara + 1rar3)
= (fifafs, fifars + fifara + firers + fafsri + forirs
+f3r1re + r17rer3)
= (fifo, fira + far1 +1r17m2)(f3,73)
= [(f1,r1)(f2,r2)](f3,73)-

Similarly

(fi,r)[(fo + fasra+713)] = (fifa+ fifs, fire + firs + fory + fary +rirg +7173)
= (f1,71)(f2,m2) + (f1,71)(f3,73)

and

[(f2 + f3,m2 +73)](f1,71) = (f2,m2) (f1,71) + (f3.73) (f1,71)-
Clearly, R is F-subspace of A such that dimp(A) = dimp(R) + 1 and

(f,m)(0,s) =(0,fs+rs)
(0,8)(f,r) =(0,8f + sr)

for every (f,r) € A and s € R. Hence R is a two-sided ideal of A. Finally,
A/R=F. O

For an algebra R, the symbol R* denotes R with an identity adjoined.

Theorem 2.2. If R does not contain a unit, then it is an ideal of finite dimensional
F-algebra A such that dimp(A) = dimp(R)+1, i.e. there exists a complete orthog-
onal set of primitive idempotents eq, ..., €y such that e € A\ R, €1,...,em € R,
R = A(1 —ep)A and dimp(egA/egJ(A)) = 1.

Proof. The first part follows from Proposition 2.1. The rest of the claim follows
from [17, Proposition VIII.4.1], since every orthogonal set of idempotents of R +
J(A)/J(A) can be lifted to an orthogonal set of idempotents of R. O

Remark 2.3. Fix A from Theorem 2.2 if R does not contain a unit and put
A = R otherwise. We know that there exists a complete orthogonal set of primitive
idempotents eg, ..., e, of A such that eq,... e, € R and dimp(egA/egJ(A)) =1
if A# R. Then m < dimp R.

Proof. Obviously, m < dimg R < dimpg A and, moreover, m # dimg R if R = A.
Let R # A. If egA is simple, then 1 — eg € R is a unit of R, a contradiction. Thus
dimp(egA) > 1, hence m < dimp R. ]
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3. Two structure theorems

The following observation is easy.

Lemma 3.1. If0# Ry and 0 # Ry are proper subalgebras of the algebra R over a
field F' and dimp R = 2, then dimp Ry = 1 = dimp Rs.

Assume that dimp R = 2 such that R is a sum of subalgebras Ry and Rs. By
Lemma 3.1, we may assume that dimp Ry = 1 = dimp Ry. Let Ry = Fe and
Ry =Ff, wheree? =ec€ Rand f2=f € R,ore? =0or f2=0if Ry = F° or
Ry = F° where FO denotes F' with zero multiplication. Then we have the following
cases on Ry (or Ry).

* If R% =0, then R; = F°. Hence we have either Ry = F® or Ry =@ F.
** If R?2 # 0, then Ry = F. Hence we have either Ry =2 F? or Ry = F.
Case 1. Let R?2 =0, Ry = F" and Ry, = F. For a € Ry and 3 € Ry, write

of = ac+ BY. (1)

Note that, in this case, 2 = 0 = f2. Multiplying the equation (1) by f on the
right, we get aef = 0 which implies «a =0 or ef = 0. If a = 0, we get ef = Bf.
Thus Bef = 0. It follows ef = 0. Similarly, we obtain that fe = 0. Now it is
enough to take R = F* x F° e = (1,0) and f = (0,1).

Case 2. Let R? # 0, Ry = F and Ry = F. Then, for a € Ry and 8 € Ry, we
get again the equation (1). Multiplying the equation (1) by e on the left, we get

ef = ae + Bef. (2)

Now, 0 = S(ef — f) implies either § = 0 or ef = f. If 5 = 0, then, by equation
(1), ef = ae. Since ae = ef = ef? = aef = a’e, we get either a = 1 or a = 0. By
equation (1), if 8 =0 and o = 0, then we have ef =0 and so fe =0, if 5 =0 and
a =1 then ef = e. Therefore ef € {0,e, f}.

By similar reasoning as above we can obtain that fe € {0,e, f}. Assume that
ef = 0. Multiplying the equation (3) by f on the right, we have 81 f = 0. So
51 = 0. Consequently 0 = efe = e which implies a; = 0. Hence fe = 0. We can
take R =F x F and e = (1,0), f = (0,1).

Let ef = f = fe. So e is an identity element of R. Therefore e — f and f are
orthogonal idempotents of R. Consequently R = F x F' and we can take e = (1,1)
and f = (0,1). The case where ef = e = fe can be treated analogously.
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. F F 10
In the case where ef = f and fe = e, consider R = (0 0) , where e = <0 >

0
11
and f = (0 0).

F 0 1 0
Analogously, if ef = e and fe = f, let R = (F O>7 where e = <O ) and

()
10

Case 3. Let R? # 0, Ry = F and Ry = F°. Multiplying the equation (1) by f
on the right, we get 0 = aef which implies either a = 0 or ef = 0.

If « = 0, then ef = Bf by equation (1). Now ef = e2f = eef = eff = Bef =
B2f which implies either 3 = 0 or 8 = 1. Clearly, if 3 = 0 then ef = 0 and if
B=1,thenef = f.

Finally, multiplying the equation (3) by f on the right, we get ajef = fef. So
aje = 0 because ef = f or ef = 0. Hence fe = 81f = Bif. It follows that B; = 1
or 81 = 0. Consequently, fe =0 or fe = f.

In the case where ef = fe = 0, we take R = F x F°, where e = (1,0) and

F F 1 0 0 0
=(0,1). Note that if R = ,e= and f = ,thenef =0
=0 (o0 0)e= (o o)mar=(] ) mner

and fe = f.
Finally, let R = (F°)*, e = (1,0) and f = (0,1). Clearly, ef = f = fe.

As a result of above calculations, we have the following observation.

Theorem 3.2. Assume that dimp R = 2 and R = Ry + Rs is a sum of proper

subalgebras Ry and Rs. Then we have the following cases.

(I) If Ry @ F° and Ry = F°, then R = F° x F°.
(I1) If Ry 2 F and Rs 2 F, then one of the following cases holds true:
(1) R=F x F,

F F
2) R= ,
@ n (4 1)
F 0
3) R= .
wn- (7 0)
(IIT) If Ry = F and Ry = FY, then one of the following cases holds true:
(1) R=F x F°,

F F
(2) R= (o 0)’
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F 0
3) R= (F 0>,

(4) R=(F)".
In the next Theorem, we will use the following.

Remark 3.3. Let M be an A-A-bimodule, denote (M) a matrix p(M) = (d;;)
where d;; = dimp(e;Me;). Denote by S a ring of polynomials in two noncommuting
variables x1, x over F. If A = (ay;) is a matrix where ay; € F, 1 < k,l < 2, then
define

2 2 2 2 .3 .3
S(A) = S/<a22561—a11$2, a21$1$2—a12$2$17622561@—&12%27a225€2$1—a21$27$1;$2>7
where ai1,a12,as1, ase # 0. Moreover,
S A _ S 2 2 2 3
( ) = /<171, A21T1T2 — A127271,A22X1X2 — Q12T 5, A22T2T1 — a21x2,3:2>

if ay1 =0,
S(A) = S/(a3, w122, agpwary — ag a3, 3)
if a1 = a2 =0,
S(A) = S/(af, x1m2, wox1, 75)
if a;1 = a12 = a1 = 0. Analogously we define S(A) in the case a;; = age = 0 or

a1 = a1z = ag = 0.

Assume that dimp R = 3 such that R is a sum of subalgebras order of R; and
Rs.

Theorem 3.4. Assume that dimp R = 3 such that R is a sum of subalgebras order
of Ry and Rs.
(I) Let m =0 and R = A. Then one of the following cases holds true:
(a) If J(R) = 0, then R = K, where K is a field of F-dimension 3 and
either R1 = R or Ry = R.
(b) If R/J(R) = F and J*(R) = 0, then R = F[zy,x3]/(23, 2179, 23) and
(1) Ry = R and Ry is an arbitrary subalgebra of R.
(2) Ry 2 Fyx Fy and Ry 2 F.
(3) Ry & Flz]/(2?) and Ry & Fy.
(4) Ry = Flz]/{x?) and Ry = Fy x Fy.
(5) Ry = Ry = Fla]/(x?).
(c) If R/J(R) = F and J*(R) # 0, then R = F[z]/{(z3) and
(6) Ry = R and Ry is an arbitrary subalgebra of R,
(7) Ry =2 aF[x]/(x) and Ry = F,
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(8) Ry = xF[x]/(23), Ry = F[z]/(x?), where Flx]/(z?) = F +
2?F C R.
Furthermore, all the cases in (1) are commutative.

(IT) Let m =1 and R = A. Then one of the following cases holds true:
(a) If J(R) =0, then R= F x G where G is a field of F-dimension 2 and
(1)
(2)
(3)
(

Ry = R and Ry is an arbitrary subalgebra of R,
R 2Gand Ry 2 F,
ngG anng%JFxF.

(b) If J(R) # 0, then R

1

F F .
(O F> and we have one of the following

cases.
(4) Ry = R and Ry is an arbitrary subalgebra of R,
(5) R1 = F2 and R2 = Fo,

F F
(6) Ry = and Ry 2 F,
0 O

[ = an =r,
1 2

0 F
(8) Ry = F? and Ry & ,
0 F

F F
(9) R1 2 F? and Ry = ,
0 0

F F 0 F
(10) Rl = and R2 = .
0 0 0 F

(III) Let m =2 and R=A. Then R= F x F' x F whenever m = 2 and so we
have one of the following cases.
(a) Ry = R and Ry is an arbitrary (semisimple) subalgebra of R,
(b) Ri2F x F and Ry 2 F,
(¢) MER,XF xF.
(IV) Letm =0 and R # A. If J*(R) =0, then R = F3, and so Ry = FF and
Ry 2 F} for k,1 < 3. We have one of the following cases.
(a) If JA(R) =0, then R= F§, and so Ry = F¥ and Ry = F} for k,1 < 3.
(b) If J*(R) #0, J3(R) = 0 and dimp(J(R)/J*(R)) > dimp(J?(R)/J3(R)),
then R = {x1,22}S(A) and
(1) Ry = R and Ry is an arbitrary subalgebra of R,
(2) Ry =2 aF[x]/{(z3) and Ry = Fy,
(3) Ry = FZ and Ry & Fy,
(4) By = Ry = oF[a]/(s%),
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(5) Ry = xF[x]/{(z3) and Ry = FZ,
(6) Ry = F2 and Ry = F2.
(¢) If J3(R) # 0, then R = Ry = xF[x]/(xz*) and Rs is an arbitrary
(chain) subalgebra of R.
(V) Let m =1 and R # A. Then A/J(R) & F X G where G is a field and

dimp(G) < 2. Let G = F. We have one of the following cases.
1 0
(a) If J*(R) =0 and u(J(R)) = <0 1) , then R = Fy x F[z]/(z?) and
Ry = R and Ry is an arbitrary subalgebra of R,
Ry & Flz]/{2?) and Ry & Fy,
ngF()XF CLTLdRQgFQ,
Ry = Flz]/{2?) and Ry = F§,
Ry = Flz]/(2?) and Ry = Fy x F.

(=l

0
0 1
(b) Isz(R)—Otmdu(J(R))—<0 1>,thenRN 0 a c||abceF
0

and
(6) R1 = R and Ry is an arbitrary subalgebra of R,
(7) Ry = J(R) = F2 and Ry = F,

F 0
(8) Ry = <F O) and Ry = Fy,
(9) Ry = Flz]/(2®) and Ry = Fy,
(10) Ry = J(R) & F§ and Ry = Flz]/(x?),
) F 0

~ F¢ and Ry & ,
F 0

(12) Ry = (? 8) and Ry = Flx]/(z?).

0 0 O
0 0
(c) IfJQ(R):0andu(J(R))=<1 1>,th6nR% 0 a 0|]|abceF
b c a

In fact, this case is antiisomorphic to the case (b) (i.e. it has the struc-
ture of R°P).

F 0 F
1 0
(d) If J*(R) =0 and u(J(R)) = <1 O>7 then R= |10 0 F | and
0 0 O
R

(13) Ry = R and Ry is an arbitrary subalgebra of R,
(14) Ry 2 F§ and Ry & F,
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15 li = an ]i ~ ] 5
1 F 2 0

(16) R 2 F x Fy and Ry = Fo,
(17) Ry = J(R) = F2 and Ry = F x Fy,

F 0
(18) Ry = J(R) = F? and Ry = ( ),

F 0
(19) Ry = (F 0) and Ry 2 F X Fy.
F 0
F 0 0
(e) If JA(R) =0 and u(J(R)) = <1 1), then R=10 0 0
00 F F 0
a b 0
(f) If JA(R) = 0 and p(J(R)) = <(1) ;), then R = (O 0 cl||abceF

0 0 a

and
R,

<

(20) Ry = R and Rz is an arbitrary subalgebra o
(21) Ry &2 F} and Ry & F,

F 0

(22) Rl = (F 0) and R2 = Fo,
F F

(23) Rl = 0 0 and R2 = FQ,

F F
(24) Ry = J(R) & F§ and Ry & (O 0),

F 0

F 0 F F
(26) Ry = and Ry .
F 0 0 0

(¢) If dimp G = 2, then J(R) is not a G-module, hence R = G x Fy and
(27) Ry = R and Ry is an arbitrary subalgebra of R,
(28) Ry = G and Ry = Fy,
(29) Ry 2 G and Ry = F X Fy.
(h) If J>(R) #0, then R~ F x (zF[x]/{(z®)) and
(30) Ry = R and Ry is an arbitrary subalgebra of R,
(31) Ry &2 aF[z]/(23) and Ry & F,
(32) Ry =2 zF[x]/(x®) and Ry = F x Fy.

F 0
(25) Ry = J(R) = F? and Ry = ( ),
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(VI) Let m = 2 and R # A. Then A/J(R) = F3 and we have one of the
following cases.
(a) R F? x Fy and

(1) Ry = R and Ry is an arbitrary subalgebra of R,

(2) Ry = F? and Ry & Fy,

(3) Ri 2 F x Fyand Ry 2 F,

(4) Ry = F? and Ry = F x Fy.

(b) R F x <§ 0) and

(5) Ry = R and Ry is an arbitrary subalgebra of R,
()ngFz CLTLdRQgFo,
F 0

7) Ry = and Ry =2 F,
) B (F 0) ?
()R12F><F0andR2§F,
()ngFQ CLTLdRQgFXFO,

)

F 0
(10 R1§F2 anng%’ 5
F 0

F 0
(11) R1 = and RQ = Fo.
F 0

(¢) R=®F x (g F) and

Ry = R and Ry is an arbitrary subalgebra of R,
Rl ng andR2 gFo,

)
)
F F
) Ry = and Ry =2 F,
0 O
15) Ry & F x Fy and Ry = F,
) Ry 2 F? and Ry = F x Fy,
)

~ D2 o F F
Ry 2 F¢ and Ry = ,
0 O

F F
(18) Ry = (0 0) and Ry = F x Fy.

Proof. We can suppose without loss of generality that dimg(R;) > dimg(Rs).
(I) Let m = 0and R = A. Thenm = 0, Ris alocal algebra and either R/J(R) = F
or J(R) =0 and R is a field. Note that the case dimpr(R/J(R)) = 2 is excluded,
since J(R)/J?(R) should be an R/J(R)-vector space and hence 2 | dimp(R).

If J(R) =0, then R is a field and its subfields of F-dimension is either 1 or 3.
Hence either R; = R or Ry = R.
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If R/J(R) = F and J?(R) = 0, then R & Flx1,22]/(2%, 7122, 23). Hence we
have one of the possibilities (1)-(5).

If R/J(R) = F and J?(R) # 0, then J3(R) = 0 and there exists a basis 1, j, j
of Rr, where j € J(R) and j? € J?(R). Hence R = F[z]/(x3). Now we have one
of the possibilities (6)-(8).

(I1) If m = 1, dimp(R/J(R)) > 2 and so dimp(J(R)) < 1.

If J(R) =0, then clearly, R =~ F' x G, where G is a field of F-dimension 2 and
we have one of the possibilities (1)-(3).

If J(R) # 0, then R/J(R) 2 F x F and dimp(J(R)) = 1. As J(R) is an F' x F-

F F F 0
module, we get that R = . Note that R =2 . Hence we have one
0 F F F

of the possibilities (4)-(10).

(III) This is clear.

(IV) We assume that m = 0. Then R = J(R) for a local algebra A of the dimension
4. If J2(R) = 0, then R = F3. So (a) is clear. If J?(R) # 0 and J?(R) = 0, then we
get dimp(J(R)/J?(R)) = 2 and dimg(J?(R)/J3(R)) = 1. Then there exists a basis
{41,742, 73} of R and elements ay; € F, k,l € {1,2} such that ji1,j2 € J(R) \ J*(R),
j3 € JA(R) and jiji = awjz for all k,l € {1,2}. Now it is easy to see that
A = S((ar)) and so we have one of the possibilities (1)-(6).

If J3(R) # 0, then J*(R) = 0 and dimg(J(R)/J*(R)) = dimp(J?(R)/J3(R))
dimp(J3(R)) = 1 and there is a base {j, 52, %} of R. Hence R = Ry = 2 F[z]/{x%)
and Ry is an arbitrary (chain) subalgebra of R.

(V) Let m =1 and R # A. Then either egJJ(R) # 0 or J(R)eg # 0 and A/J(R) =
F x G where G is a field and dimp(G) < 2. Let G = F. First, moreover, suppose
that J%(R) = 0 and we will discuss cases of u(J(R)), denote {ji,52} a base of
J(R) such that j, € eq, J(R)ep, for a suitable ar and by. Note that either the

first row or the first column is nonzero and jxj; = 0. Hence it remains to express

multiplications e ji and jxe, which follows immediately from the occurrence of j

in eq, Jep, -
1 0 . . . .
If w(J(R)) = (0 1>, then ji € egJ(R)eo, jo € e1J(R)e1, erji = jier = 0 and

e1j2 = jeer = ja. Thus R = Fy x F[z]/(z*) and one of the possibilities (1)-(5)
holds true.
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0 1 . ) . . .
If u(J(R)) = <0 1>7 then j; € egJ(R)ey, j2 € erJ(R)er, e1ji = 0, jier = ji

0 0 b
and ejjo = joey = jo. Hence R & 0 a c|]|ab,ceF 3. Hence one of the
0 0

a
possibilities (6)-(12) holds true.

If If u(J(R)) = (1

0 ) ) ) )
) 0>, then j; € egJ(R)eo, jo € erJ(R)eg, e1j1 = e1jo =

F 0 F
jier = 0 and joe; = jo. Thus R 2 | 0 0 F | and one of the possibilities
0 0 O

(13)-(19) holds true

1 1 . . .
If u(J(R)) = o) then j; € egJ(R)ep and ja € egJ(R)e;. Hence eyj; =

0
F 0 0
joer = jier = 0 and e1jo = jo,and so R= | 0 0 0. Similarly as in (c), we
F F 0

need not to describe Ry and Ry, since the case is antiisomorphic to the case (d).

It u(J(R)) = (?

o

jier = j1 and eyjo = Jjo, which implies that R =2

o O 2

s}

1 . . . .
0>7 then j; € egJ(R)e1, j2 € e1J(R)eg, e1j1 = jee1 =
Hence one of the possibilities (20)-(26) holds true.

0,
b
0 c|l|abeceF ;.
0

The the possibilities (27)-(29) are clear.

Finally assume that J2(R) # 0. Then dimz(J(R)/J*(R)) = dimz(J?(R)) = 1
and there exist a base ji,jo of J(R) such that j? = j, € J2(R). Note that j; €
eoJ (R)eg since j2 # 0 and eqJ(R) # 0. Hence we get R = F x (xF[x]/(z3)) and
the possibilities (30)-(22) are clear.

(VI) Let m = 2 and R # A. Clearly, A/J(R) = F? and either egJ(R) # 0 or
J(R)eg # 0. As a similar calculation in (V), we get that:
If eqJ(R) # 0 then R = F? x Fy and one of the possibilities (1)-(4) holds.

F 0
If either egJ(R)e; # 0 or egJ(R)ez # 0, then R = F' x (F 0> and one of the

possibilities (5)-(11) holds.
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F F
If either e; J(R)eg # 0 or eaJ(R)eg # 0, then R = F' x <0 0) and one of the
possibilities (12)-(18) holds. O

We conclude the paper with the following problems for further studies.

Problem 1. Describe all finite dimensional algebras over a field which are sums of

two subalgebras.

Problem 2. Describe all finite dimensional algebras over a field which are sums of

two nilpotent subalgebras.

Problem 3. Describe all finite dimensional algebras which are sums of two matrix

algebras over a field.
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