
Hacettepe Journal of
Mathematics & Statistics

Hacet. J. Math. Stat.
Volume 49 (2) (2020), 648 – 675

DOI : 10.15672/hujms.588684

Research Article

Representations and T ∗-extensions of
δ-Bihom-Jordan-Lie algebras

Abdelkader Ben Hassine1,2, Liangyun Chen∗3, Juan Li3
1Department of Mathematics, Faculty of Science and Arts at Belqarn, University of Bisha, Kingdom of

Saudi Arabia
2Faculty of Sciences, University of Sfax, BP 1171, 3000 Sfax, Tunisia

3School of Mathematics and Statistics, Northeast Normal University, Changchun 130024, China

Abstract
The purpose of this article is to study representations of δ-Bihom-Jordan-Lie algebras. In
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1. Introduction
The notion of Jordan-Lie algebras was introduced in [7], which is closely related to both

Lie and Jordan superalgebras. Engel’s theorem of Jordan-Lie algebras was proved, and
some properties of Cartan subalgebras of Jordan-Lie algebras were given in [8].

Recently, the definition of δ-hom-Jordan-Lie algebras were introduced in [10], and their
representations and T ∗-extensions were studied in detail.

A Bihom-algebra is an algebra in such a way that the identities defining the structure
are twisted by two homomorphisms α, β. This class of algebras was introduced from a
categorical approach in [4] as an extension of the class of Hom-algebras. The origin of
Hom-structures can be found in the physics literature around 1900, appearing in the study
of quasi deformations of Lie algebras of vector fields, in particular q-deformations of Witt
and Virasoro algebras in [5]. Since then, many authors have been interested in the study
of Hom-algebras, mainly motivated by their applications in mathematical physics (see
for instance the recent references [1, 6]). The fundamental for getting the basic notions,
motivations, and results on Bihom-algebras is the reference [4].

More applications of the Bihom-Lie algebras, Bihom-algebras, Bihom-Lie superalgebras
and Bihom-Lie admissible superalgebras can be found in [3, 9].

The notion of derivations, representations, and T ∗-extensions of δ-Bihom-Jordan Lie
algebras are not so well developed.
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The paper is organized as follows. In Section 2 we give the definition of δ-Bihom-
Jordan-Lie algebras, and show that the direct sum of two δ-Bihom-Jordan-Lie algebras is
still a δ-Bihom-Jordan-Lie algebra. A linear map between δ-Bihom-Jordan-Lie algebras is
a morphism if and only if its graph is a Bihom subalgebra. In Section 3 we study deriva-
tions of multiplicative δ-Bihom-Jordan-Lie algebras. For any nonnegative integers k and l,
we define αkβl-derivations of multiplicative δ-Bihom-Jordan-Lie algebras. Considering the
direct sum of the space of αkβl-derivations, we prove that it is a Lie algebra. In particular,
any α0β1-derivation gives rise to a derivation extension of the multiplicative δ-hom-Jordan-
Lie algebra (L, [·, ·]L, α, β) (Theorem 3.3). In Section 4 we give the definition of representa-
tions of multiplicative δ-Bihom-Jordan-Lie algebras. We can obtain the semidirect product
multiplicative δ-Bihom-Jordan-Lie algebra (L⊕M, [·, ·]ρ, α+αM , β+βM ) associated to any
representation ρ on M of the multiplicative δ-Bihom-Jordan-Lie algebra (L, [·, ·]L, α, β).
In Section 5 we study trivial representations of multiplicative δ-Bihom-Jordan-Lie alge-
bras. We show that central extensions of a multiplicative δ-Bihom-Jordan-Lie algebra are
controlled by the second cohomology with coefficients in the trivial representation. In
Section 6 we study the adjoint representation of a regular δ-Bihom-Jordan-Lie algebra
(L, [·, ·]L, α, β). For any integers s, t, we define the αsβt-derivations. We show that a 1-
cocycle associated to the αsβt-derivation is exactly an αs+2βt−1-derivation of the regular
δ-Bihom-Jordan-Lie algebra (L, [·, ·]L, α, β) in some conditions. We also give the definition
of Bihom-Nijienhuis operators of regular δ-Bihom-Jordan-Lie algebras. We show that the
deformation generated by a Bihom-Nijienhuis operator is trivial. In Section 7 we study
T ∗-extensions of δ-Bihom-Jordan-Lie algebras, show that T ∗-extensions preserve many
properties such as nilpotency, solvability and decomposition in some sense.

2. Definitions and proprieties of δ-Bihom-Jordan-Lie algebras
Definition 2.1 ([7]). A δ-Jordan Lie algebra is a couple (L, [·, ·]L) consisting of a vector
space L and a bilinear map (bracket) [·, ·]L : L× L → L satisfying

[x, y] = −δ[y, x], δ = ±1,
[x, [y, z]] + [y, [z, x]] + [z, [x, y]] = 0, ∀x, y, z ∈ L.

Definition 2.2 ([10]). A δ-hom-Jordan Lie algebra is a triple (L, [·, ·]L, α) consisting of a
vector space L, a bilinear map (bracket) [·, ·]L : L ⊗ L → L and a linear map α : L → L
satisfying

[x, y] = −δ[y, x], δ = ±1,
[α(x), [y, z]] + [α(y), [z, x]] + [α(z), [x, y]] = 0, ∀x, y, z ∈ L.

Especially, for δ = 1 one has a hom-Lie algebra and for δ = −1 a hom-Jordan Lie algebra.

Definition 2.3 ([3]). A Bihom-Lie algebra is a 4-tuple (L, [·, ·]L, α, β) consisting of vector
space L, a bilinear map [·, ·] : L×L → L and two homomorphisms α, β : L → L such that
for all elements x, y, z ∈ L we have

α ◦ β = β ◦ α,
[β(x), α(y)] = −[β(y), α(x)],
[β2(x), [β(y), α(z)]] + [β2(y), [β(z), α(x)]] + [β2(z), [β(x), α(y)]] = 0

(Bihom-Jacobi equation).

Definition 2.4. A δ-Bihom-Jordan Lie algebra is a 4-tuple (L, [·, ·]L, α, β) consisting of
a vector space L, a bilinear map (bracket) [·, ·]L : L ⊗ L → L and two linear maps
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α, β : L → L satisfying

α ◦ β = β ◦ α, (2.1)
[β(x), α(y)] = −δ[β(y), α(x)], δ = ±1, (2.2)
[β2(x), [β(y), α(z)]]+[β2(y), [β(z), α(x)]]+[β2(z), [β(x), α(y)]]=0,∀x, y, z ∈ L.(2.3)

Especially, for δ = 1 one has a Bihom-Lie algebra and for δ = −1 a Bihom-Jordan Lie
algebra.

Definition 2.5. 1) A δ-Bihom-Jordan Lie algebra (L, [·, ·]L, α, β) is multiplicative if
α and β are algebra morphisms, i.e., for any x, y ∈ L, we have

α([x, y]L) = [α(x), α(y)]L and β([x, y]L) = [β(x), β(y)]L.

2) A δ-Bihom-Jordan Lie algebra (L, [·, ·]L, α, β) is regular if α and β are algebra
automorphisms.

3) A subvector space η ∈ L is a Bihom subalgebra of (L, [·, ·]L, α, β) if α(η) ∈ η,
β(η) ∈ η and

[x, y]L ∈ η, ∀x, y ∈ η.

4) A subvector space η ∈ L is a Bihom ideal of (L, [·, ·]L, α, β) if α(η) ∈ η, β(η) ∈ η
and

[x, y]L ∈ η, ∀x ∈ η, y ∈ L.

Definition 2.6. A δ-Bihom associative algebra is a triple (L,α, β) consisting of a vector
space L, a bilinear map on L, and two linear commuting maps α, β : L → L satisfying

α(x)(yz) = δ(xy)β(z), ∀x, y, z ∈ L. (2.4)

Proposition 2.7. Let (L,α, β) be a multiplicative δ-Bihom associative algebra. Define a
bilinear map (bracket) [·, ·]L : L× L → L satisfying

[x, y]L = xy − δα−1(β(y))β−1(α(x)),∀x, y ∈ L. (2.5)
Then (L, [·, ·]L, α, β) is a δ-Bihom-Jordan-Lie algebra.

Proof. First we check that the bracket product [·, ·] is compatible with the structure maps
α and β. For any x, y ∈ L, we have

[α(x), α(y)] = α(x)α(y) − δ(α−1β(α(y)))(αβ−1(α(x)))
= α(x)α(y) − δβ(y)(α2β−1(x))
= α([x, y]).

Similarly, one can prove that β([x, y]) = [β(x), β(y)].
And

[β(x), α(y)] = β(x)α(y) − δ(α−1β(α(y)))(αβ−1(β(x)))
= β(x)α(y) − δβ(y)(α(x))
= −δ[β(y), α(x)].

Now we prove the Bihom-Jacobi condition. For any elements x, y ∈ L, we have

[β2(x), [β(y), α(z)]] =[β2(x), β(y)α(z) − δα−1β(α(z))αβ−1(β(y))]
=[β2(x), β(y)α(z)] − δ[β2(x), β(z)α(y)]

=
(
β2(x)(β(y)α(z)) − δ(α−1(β2(y))β(z))α(β(x))

)
− δ

(
β2(x)(β(z)α(y)) − δ(α−1(β2(z))β(y))α(β(x))

)
.
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Similarly, we have

[β2(y), [β(z), α(x)]] =
(
β2(y)(β(z)α(x)) − δ(α−1(β2(z))β(x))α(β(y))

)
− δ

(
β2(y)(β(x)α(z)) − δ(α−1(β2(x))β(z))α(β(y))

)
.

[β2(z), [β(x), α(y)]] =
(
β2(z)(β(x)α(y)) − δ(α−1(β2(x))β(y))α(β(z))

)
− δ

(
β2(z)(β(y)α(x)) − δ(α−1(β2(y))β(x))α(β(z))

)
.

Note that

β2(x)(β(y)α(z)) = δ(α−1(β2(x))β(y))α(β(z)),
β2(y)(β(x)α(z)) = δ(α−1(β2(y))β(x))α(β(z)),
β2(x)(β(z)α(y)) = δ(α−1(β2(x))β(z))α(β(y)),
β2(y)(β(z)α(x)) = δ(α−1(β2(y))β(z))α(β(x)),
β2(z)(β(x)α(y)) = δ(α−1(β2(z))β(x))α(β(y)),
β2(z)(β(y)α(x)) = δ(α−1(β2(z))β(y))α(β(x)).

Then we obtain [β2(x), [β(y), α(z)]] + [β2(y), [β(z), α(x)]] + [β2(z), [β(x), α(y)]] = 0. �

Proposition 2.8. Given two δ-Bihom-Jordan-Lie algebras (L, [·, ·]L, α1, β1) and (L′, [·, ·]L′ ,
α2, β2), there is a δ-Bihom-Jordan-Lie algebra (L ⊕ L′, [·, ·]L⊕L′ , α1 + α2, β1 + β2), where
the bilinear map [·, ·]L⊕L′ : L⊕ L′ × L⊕ L′ → L⊕ L′ is given by

[u1 + v1, u2 + v2]L⊕L′ = [u1, v1]L + [u2, v2]L′ , ∀u1, u2 ∈ L, v1, v2 ∈ L′,

and the two linear maps α1 + α2, β1 + β2 : L⊕ L′ → L⊕ L′ defined by

(α1 + α2)(u1 + v1) = α1(u1) + α2(v1),
(β1 + β2)(u1 + v1) = β1(u1) + β2(v1).

Proof. For any u1, u2, u3 ∈ L and v1, v2, v3 ∈ L′ we have:

[(β1 + β2)(u1 + v1), (α1 + α2)(u2 + v2)]L⊕L′

= [β1(u1), α1(u2)]L + [β2(v1), α2(v2)]L′ = −δ[β1(u2), α1(u1)]L − δ[β2(v2), α2(v1)]L′

= −δ([β1(u2), α1(u1)]L + [β2(v2), α2(v1)]L′)
= −δ[(β1 + β2)(u2 + v2), (α1 + α2)(u1 + v1)]L⊕L′ .

(α1 + α2) ◦ (β1 + β2)(u1 + v1)
= (α1 + α2)(β1(u1) + β2(v1)) = α1 ◦ β1(u1) + α2 ◦ β2(v1)
= β1 ◦ α1(u1) + β2 ◦ α2(v1)
= (β1 + β2) ◦ (α1 + α2)(u1 + v1).

Then, we have (α1 + α2) ◦ (β1 + β2) = (β1 + β2) ◦ (α1 + α2).
By a direct computation, we have

	(u1+v1),(u2+v2),(u3+v3) [(β1 + β2)2(u1 + v1), [(β1 + β2)(u2 + v2), (α1 + α2)(u3 + v3)]L⊕L′ ]L⊕L′

=	(u1+v1),(u2+v2),(u3+v3) [β2
1(u1) + β2

2(v1), [β1(u2), α1(u3)]L + [β2(v2), α2(v3)]L′ ]L⊕L′

=	u1,u2,u3 [β2
1(u1), [β1(u2), α1(u3)]L]L+ 	v1,v2,v3 [β2

1(v1), [β1(v2), α1(v3)]L′ ]L′

= 0,

where 	x,y,z denotes summation over the cyclic permutation on x, y, z. �
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Definition 2.9. Let (L, [·, ·]L, α1, β1) and (L′, [·, ·]L′ , α2, β2) be two δ-Bihom-Jordan-Lie
algebras. A linear map ϕ : L → L′ is said to be a morphism of δ-Bihom-Jordan-Lie
algebras if

ϕ[u, v]L = [ϕ(u), ϕ(v)]L′ , ∀u, v ∈ L, (2.6)
ϕ ◦ α1 = β1 ◦ ϕ, (2.7)
ϕ ◦ α2 = β2 ◦ ϕ. (2.8)

Denote by Gϕ ∈ L⊕ L′ is the graph of a linear map ϕ : L → L′.
Proposition 2.10. A map ϕ : (L, [·, ·]L, α1, β1) → (L′, [·, ·]L′ , α2, β2) is a morphism of
δ-Bihom-Jordan-Lie algebras if and only if the graph Gϕ ∈ L ⊕ L′ is a Bihom subalgebra
of (L⊕ L′, [·, ·]L⊕L′ , α1 + α2, β1 + β2).
Proof. Let ϕ : (L, [·, ·]L, α1, β1) → (L′, [·, ·]L′ , α2, β2) be a morphism of δ-Bihom-Jordan-
Lie algebras, then for any u, v ∈ L, we have

[u+ ϕ(u), v + ϕ(v)]L⊕L′ = [u, v]L + [ϕ(u), ϕ(v)]L′ = [u, v]L + ϕ[u, v]L.
Then the graph Gϕ is closed under the bracket operation [·, ·]L⊕L′ . So, we obtain

(α1 + α2)(u+ ϕ(u)) = α1(u) + α2 ◦ ϕ(u) = α1(u) + ϕ ◦ α2(u),
and

(β1 + β2)(u+ ϕ(u)) = β1(u) + β2 ◦ ϕ(u) = β1(u) + ϕ ◦ β2(u),
which implies that (α1 + α2)(Gϕ) ⊂ Gϕ and (β1 + β2)(Gϕ) ⊂ Gϕ. Then Gϕ is a Bihom
subalgebra of (L⊕ L′, [·, ·]L⊕L′ , α1 + α2, β1 + β2).

Now, suppose that the graph Gϕ ⊂ L⊕L′ is a Bihom subalgebra of (L⊕L′, [·, ·]L⊕L′ , α1+
α2, β1 + β2), then we have

[u+ ϕ(u), v + ϕ(v)]L⊕L′ = [u, v]L + [ϕ(u), ϕ(v)]L′ ∈ Gϕ,

which implies that
[ϕ(u), ϕ(v)]L′ = ϕ[u, v]L.

Furthermore, (α1 + α2)(Gϕ) ⊂ Gϕ and (β1 + β2)(Gϕ) ⊂ Gϕ implies
(α1+α2)(u+ϕ(u)) = α1(u)+α2◦ϕ(u) ∈ Gϕ and (β1+β2)(u+ϕ(u)) = β1(u)+β2◦ϕ(u) ∈ Gϕ.

Which is equivalent to the condition α1 ◦ ϕ(u) = ϕ ◦ β1(u), and α2 ◦ ϕ(u) = ϕ ◦ β2(u) i.e.
α1 ◦ ϕ = ϕ ◦ β1

and α2 ◦ ϕ = ϕ ◦ β2.

Therefore, ϕ is a morphism of δ-Bihom-Jordan-Lie algebras. �
Example 2.11. Let (L, [·, ·]) be a δ-Jordan-Lie algebra and α, β : L → L two commuting
linear maps such that α([x, y]) = [α(x), α(y)] and β([x, y]) = [β(x), β(y)], for all x, y ∈
L. Then (L, [·, ·]L, α, β), where [x, y]L = [α(x), β(y)], is a δ-Bihom-Jordan-Lie algebra.
Moreover, suppose that (L′, [·, ·]) is another δ-Jordan-Lie algebra and α′, β′ : L′ → L′ be
two algebra endomorphisms. If f : L → L′ is a δ-Jordan-Lie algebra homomorphism that
satisfies f ◦ α = α′ ◦ f and f ◦ β = β′ ◦ f , then f : (L, [·, ·]L, α, β) → (L′, [·, ·]L′ , α′, β′) is
also a homomorphism of δ-Bihom-Jordan-Lie algebras.
Proof. It is easy to show that (L, [·, ·]L, α, β) satisfies [β(x), α(y)]L = [αβ(x), βα(y)]) =
αβ([x, y]) = αβ(−δ[y, x]) = −δ[αβ(y), αβ(x)]) = −δ[β(y), α(x)]L, and
[β2(x), [β(y), α(z)]L]L + [β2(y), [β(z), α(x)]L]L + [β2(z), [β(x), α(y)]L]L
= [β2(x), [αβ(y), βα(z)]]L + [β2(y), [αβ(z), βα(x)]]L + [β2(z), [αβ(x), βα(y)]L]L
= [αβ2(x), β[αβ(y), βα(z)]]L + [αβ2(y), β[αβ(z), βα(x)]]L + [αβ2(z), β[αβ(x), βα(y)]L]L
= αβ2([x, [y, z]] + [y, [z, x]] + [z, [x, y]])
= 0.
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Then (L, [·, ·]L, α, β) is a δ-Bihom-Jordan-Lie algebra.
The second assertion follows from
f([x, y]L) = f([α(x), β(y)]) = [f(α(x)), f(β(y))]) = [α(f(x)), β(f(y))] = [f(x), f(y)]L′ .

Then f : (L, [·, ·]L, α, β) → (L′, [·, ·]L′ , α′, β′, ) is also a homomorphism of δ-Bihom-Jordan-
Lie algebras. �
Example 2.12. A three dimensional linear space L has a basis

e1 =

 0 0 1
0 0 0
0 0 0

 , e2 =

 0 1 0
0 0 0
0 0 0

 , e3 =

 0 0 0
0 0 1
0 0 0

 .

Then (L, [·, ·]) is a δ-Jordan-Lie algebra with respect to the product: 0 a b
0 0 c
0 0 0

 ,

 0 a′ b′

0 0 c′

0 0 0

 = δ

 0 0 ac′

0 0 0
0 0 0

 −

 0 0 a′c
0 0 0
0 0 0


If we define two algebra endomorphisms α and β by

α(e1) = δe1, α(e2) = e3, α(e3) = e2,

and
β(e1) = δe1, β(e2) = e3, β(e3) = e2.

Then (L,α⊗ β([·, ·]L) = [α(.), β(.)], α, β) is a δ-Bihom-Jordan-Lie algebra.

3. Derivations of δ-Bihom-Jordan-Lie algebras
In this section, we will study derivations of δ-Bihom-Jordan-Lie algebras. Let (L, [·, ·]L, α,

β) be a multiplicative δ-Bihom-Jordan-Lie algebra. For any nonnegative integers k, l, de-
note by αk the k-times composition of α and βl the l-times composition of β, i.e.

αk = α ◦ · · · ◦ α︸ ︷︷ ︸
(k−times)

, βl = β ◦ · · · ◦ β︸ ︷︷ ︸
(l−times)

.

Since the maps α, β commute, we denote by
αkβl = α ◦ · · · ◦ α︸ ︷︷ ︸

(k−times)

◦β ◦ · · · ◦ β︸ ︷︷ ︸
(l−times)

.

In particular, α0β0 = Id, α1β1 = αβ, α−kβ−l is the inverse of αkβl. If (L, [·, ·]L, α, β) is
a regular δ-Bihom-Jordan-Lie algebra, we denote by α−k the k-times composition of α−1,
the inverse of α.

Definition 3.1. For any nonnegative integers k, l, a linear map D : L → L is called an
αkβl-derivation of the multiplicative δ-Bihom-Jordan-Lie algebra (L, [·, ·]L, α, β), if

[D,α] = 0, i.e. D ◦ α = α ◦D, (3.1)

[D,β] = 0, i.e. D ◦ β = β ◦D, (3.2)
and

D[u, v]L = δk([D(u), αkβl(v)]L + [αkβl(u), D(v)]L),∀u, v ∈ L. (3.3)
For a regular δ-Bihom-Jordan-Lie algebra, α−kβ−l-derivations can be defined similarly.

Note first that if α and β are bijective, the skew-symmetry condition (2.3) implies

[u, v] = −δ[α−1β(v), αβ−1(u)]L, ∀u, v ∈ L. (3.4)
Denote by Derαsβl(L) is the set of αsβl-derivations of the multiplicative δ-Bihom-

Jordan-Lie algebra (L, [·, ·]L, α, β). For any u ∈ L satisfying α(u) = u, and β(u) = u,
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define Dk,l(u) : L → L by

Dk,l(u)(v) = −δ[αkβl(v), u]L, δk = 1, ∀v ∈ L.

By Equation (3.4),
Dk,l(u)(v) = −δ[αkβl(v), u]L

= δ[α−1β(u), αβ−1(αkβl(v))]L
= δ[u, αk+1βl−1(v)]L.

Then Dk,l(u) is an αk+1βl-derivation. We call an inner αk+1βl-derivation. In fact, we
have

Dk,l(u)(α(v)) = −δ[αk+1βl(v), u]L = −α(δ[αkβl(v), u]L) = α ◦Dk,l(u)(v).

Dk,l(u)(β(v)) = −δ[αkβl+1(v), u]L = −β(δ[αkβl(v), u]L) = β ◦Dk,l(u)(v).
On the other hand, we have

Dk,l(u)([v, w]L)

= −δ[αkβl([v, w]L), u]L
= −δ[[βαkβl−1(v), ααkβl−1(w)]L, β2(u)]L
= δ[β2(u), [βαkβl−1(v), ααkβl−1(w)]L]

= −δ([αk+1βl(v), [αkβl(w), α(u)]L]L + [αkβl+1(w), [β(u), αk+2βl−2(v)]L]L)

= −δ[αk+1βl(v), [αkβl(w), α(u)]L]L − δ[αkβl+1(w), [β(u), αk+2βl−2(v)]L]L
= −δk+1[αk+1βl(v), δ[αkβl(w), u]L]L − δk+1[δ[u, αk+1βl−1(v)]L, αk+1βl(w)]L
= δk+1[αk+1βl(v), Dk,l(u)(w)]L + [Dk,l(u)(v), αk+1βl(v)]L.

Therefore, Dk,l(u) is an αk+1βl-derivation. Denote by Innαkβl(L) the set of inner αkβl-
derivations, i.e.

Innαk,βl(L) = {−δ[αk−1βl(·), u]L|u ∈ L,α(u) = u, β(u) = u, δk = 1}. (3.5)

For any D ∈ Derαkβl(L) and D′ ∈ Derαsβt(L), define their commutator [D,D′ ] as usual:

[D,D′ ] = D ◦D′ −D
′ ◦D. (3.6)

Lemma 3.2. For any D ∈ Derαk,βl(L) and D′ ∈ Derαs,βt(L), we have

[D,D′ ] ∈ Derαk+s,βl+t(L).

Proof. For any u, v ∈ L, we have
[D,D′ ]([u, v]L) = D ◦D′([u, v]L) −D

′ ◦D([u, v]L)
= δsD([D′(u), αsβt(v)]L + [αsβt(u), D′(v)]L)

−δkD
′([D(u), αkβl(v)]L + [αkβl(u), D(v)]L)

= δsD([D′(u), αsβt(v)]L) + δsD([αsβt(u), D′(v)]L)
−δkD

′([D(u), αkβl(v)]L) − δkD
′([αkβl(u), D(v)]L)

= δk+s([D ◦D′(u), αk+sβl+t(v)]L + [αkβl ◦D′(u), D ◦ αsβt(v)]L
+[D ◦ αsβt(u), αkβl ◦D′(v)]L + [αk+s ◦D(u), D ◦D′(v)]L
−[D′ ◦D(u), αk+s(v)]L − [αs ◦D(u), D′ ◦ αk(v)]L
−[D′ ◦ αk(u), αs ◦D(v)]L − [αk+sβl+t(u), D′ ◦D(v)]L).
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Since any two of maps D,D′ , α, β commute, we have

D ◦ αs = αs ◦D , D
′ ◦ αk = αk ◦D′

,

D ◦ βt = βt ◦D , D
′ ◦ βl = βl ◦D′

.

Therefore, we have

[D,D′ ]([u, v]L) = δk+s([D ◦D′(u) −D
′ ◦D(u), αk+sβl+t(v)]L

+[αk+sβl+t(u), D ◦D′(u) −D
′ ◦D(v)]L)

= δk+s([[D,D′ ](u), αk+sβl+t(v)]L + [αk+sβl+t(u), [D,D′ ](v), ]L).
Furthermore, it is straightforward to see that

[D,D′ ] ◦ α = D ◦D′ ◦ α−D ◦D′ ◦ α
= α ◦D ◦D′ − α ◦D ◦D′

= α ◦ [D,D′ ],
and

[D,D′ ] ◦ β = D ◦D′ ◦ β −D ◦D′ ◦ β
= β ◦D ◦D′ − β ◦D ◦D′

= β ◦ [D,D′ ].

Therefore, [D,D′ ] ∈ Derαk+sβl+t(L). �

For any integer k, l, denote by Der(L) = ⊕k≥0,l≥0Derαkβl(L). Obviously, Der(L) is a
Lie algebra, in which the Lie bracket is given by equation (3.6).

In the end, we consider the derivation extension of the regular δ-Bihom-Jordan-Lie
algebra (L, [·, ·]L, α, β) and give an application of the α0β1-derivation Derα0β1(L).

For any linear map D,α, β : L → L, where α and β are inverse, consider the vector
space L⊕RD. Define a skew-symmetric bilinear bracket operation [·, ·]D on L⊕RD by

[u, v]D = [u, v]L, [D,u]D = −δ[α−1β(u), αβ−1D]D = D(u),∀u, v ∈ L.

Define two linear maps by αD, βD : L⊕RD → L⊕RD by
αD(u,D) = (α(u), D), and βD(u,D) = (β(u), D).

And the linear maps α, β involved in the definition of the bracket operation [·, ·]D are
required to be multiplicative, that is

α ◦ [D,u]D = [α ◦D,α(u)]D, β ◦ [D,u]D = [β ◦D,β(u)]D.
Then, we have

[u,D]D = −δ[α−1βD,αβ−1(u)]D
= −δα−1β[D,α2β−2(u)]D
= −δα−1βD(α2β−2(u))
= −δαβ−1D(u).

Theorem 3.3. With the above notations, (L ⊕ RD, [·, ·]D, αD, βD) is a multiplicative δ-
Bihom-Jordan-Lie algebra if and only if D is an α0β1-derivation of the multiplicative
δ-Bihom-Jordan-Lie algebra (L, [·, ·]L, α, β).

Proof. For any u, v ∈ L,m, n ∈ R, we have
αD ◦ βD(u,mD) = αD(β(u),mD) = (α ◦ β(u),mD),

and
βD ◦ αD(u,mD) = βD(α(u),mD) = (β ◦ α(u),mD).
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Hence, we have

αD ◦ βD = βD ◦ αD ⇐⇒ α ◦ β = β ◦ α.

On the other hand,

αD[(u,mD), (v, nD)]D = αD([u, v]L + [u, nD]D + [mD, v]D)
= αD([u, v]L − δnD ◦ αβ−1(u) +mD(v))
= α([u, v]L) − δnα ◦D ◦ αβ−1(u) +mα ◦D(v)),

[αD(u,mD), αD(v, nD)]D = [(α(u),mD), (α(v), nD)]D
= [α(u), α(v)]L + [α(u), nD]D + [mD,α(v)]D
= [α(u), α(v)]L − δnD ◦ αβ−1(α(u)) +mD(α(v)).

Since α([u, v]L) = [α(u), α(v)]L,

αD[(u,mD), (v, nD)]D = [αD(u,mD), αD(v, nD)]D

if and only if

D ◦ α = α ◦D, D ◦ β = β ◦D.

Similarly

βD[(u,mD), (v, nD)]D = [βD(u,mD), βD(v, nD)]D

if and only if

D ◦ α = α ◦D, D ◦ β = β ◦D.

Next, we have

[βD(v, nD), αD(u,mD)]D = [(β(v), nD), (α(u),mD)]D
= [β(v), α(u)]L + [β(v),mD]D + [nD,α(u)]D
= [β(v), α(u)]L − δmαβ−1 ◦D ◦ (β(v)) + nD(α(u))
= −δ([β(u), α(v)]L +mαβ−1 ◦D ◦ (β(v)) − δnD(α(u))),

[βD(u,mD), αD(v, nD)]D = [(β(u),mD), (α(v), nD)]D
= [β(u), α(v)]L + [β(u), nD]D + [mD,α(v)]D
= [β(u), α(v)]L − δnαβ−1 ◦D ◦ (β(u)) +mD(α(v)),

thus

[βD(v, nD), αD(u,mD)]D = −δ[βD(u,mD), αD(v, nD)]D

if and only if

D ◦ α = α ◦D, D ◦ β = β ◦D.
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On the other hand, we have
[β2

D(u,mD), [βD(v, nD), α(w, lD)]D]D + [β2
D(v, nD), [βD(w, lD), αD(u,mD)]D]D

+ [β2
D(w, lD), [βD(u,mD), αD(v, nD)]D]D

= [(β2(u),mD), [(β(v), nD), (α(w), lD)]D]D +[(β2(v), nD), [(β(w), lD), (α(u),mD)]D]D
+ [(β2(w), lD), [(β(u),mD), (α(v), nD)]D]D

= [(β2(u),mD), ([β(v), α(w)] − δlα ◦D(v) + nD ◦ α(w))]D
+ [(β2(v), nD), ([β(w), α(u)] − δnα ◦D(w) +mD ◦ α(u))]D
+ [(β2(w), lD), ([β(u), α(v)] − δmα ◦D(u) +mD ◦ α(v))]D

= [β2(u), [β(v), α(w)]] − δ[β2(u), lα ◦D(v)] + [β2(u), nD ◦ α(w)]
+ [mD, [β(v), α(w)]] − δ[mD, lα ◦D(v)] + [mD,nD ◦ α(w)]
+ [β2(v), [β(w), α(u)]] − δ[β2(v),mα ◦D(w)] + [β2(v), lD ◦ α(u)]
+ [nD, [β(w), α(u)]] − δ[nD,mα ◦D(w)] + [nD, lD ◦ α(u)]
+ [β2(w), [β(u), α(v)]] − δ[β2(w), nα ◦D(u)] + [β2(w),mD ◦ α(v)]
+ [lD, [β(u), α(w)]] − δ[lD, nα ◦D(u)] + [lD,mD ◦ α(v)]

= [β2(u), [β(v), α(w)]] − δ[mD, lα ◦D(v)] + [β2(u), nD ◦ α(w)]
+ [mD, [β(v), α(w)]] − δmlα ◦D2(v) +mnD2 ◦ α(w)
+ [β2(v), [β(w), α(u)]] − δ[β2(v),mα ◦D(w)] + [β2(v), lD ◦ α(u)]
+ [nD, [β(w), α(v)]] − δmnα ◦D2(w) + nlD2 ◦ α(w)]
+ [β2(w), [β(u), α(v)]] − δ[β2(w), nα ◦D(u)] + [β2(w),mD ◦ α(v)]
+ [lD, [β(u), α(w)]] − δlnα ◦D2(u) + lmD2 ◦ α(v)].

IfD is an α0β1-derivation of the multiplicative δ-Bihom-Jordan-Lie algebra (L, [·, ·]L, α, β),
then

[mD, [β(v), α(w)]]D = mD[β(v), α(w)]
= δ[mD ◦ β(v), α0β1(α(w))] + [α0β2(v),mD ◦ α(w)]
= −δ[α0β2(w),mD ◦ α(v)] + [α0β2(v),mD ◦ α(w)]
= −δ[β2(w),mD ◦ α(v)] + [β2(v),mD ◦ α(w)].

Similarly
[nD, [β(w), α(u)]]D = −δ[β2(u), nD ◦ α(w)] + [β2(w), nα ◦D(u)].

And
[lD, [β(u), α(v)]]D = −δ[β2(v), lD ◦ α(u)] + [β2(w), lα ◦D(w)].

Therefore, the δ-Bihom-Jacobi identity is satisfied if and only if D is an α0β1-derivation
of (L, [·, ·]L, α, β). Thus (L ⊕ RD, [·, ·]D, αD, βD) is a multiplicative δ-Bihom-Jordan-Lie
algebra if and only if D is an α0β1-derivation of (L, [·, ·]L, α, β). �

4. Representations of δ-Bihom-Jordan-Lie algebras
In this section we study representations of δ-Bihom-Jordan-Lie algebras and give the

corresponding coboundary operators. We can also construct the semidirect product of δ-
Bihom-Jordan-Lie algebras. Let A ∈ End(V ) be an arbitrary linear transformation from
V to V .
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Definition 4.1. Let (L, [·, ·]L, α, β) be a multiplicative δ-Bihom-Jordan-Lie algebra. A
representation of L is a 4-tuple (M,ρ, αM , βM ), where M is a linear space, αM , βM : M →
M are two commuting linear maps and ρ : L → End(M) is a linear map such that, for all
u, v ∈ L, we have

ρ(α(u)) ◦ αM = αM ◦ ρ(u), (4.1)
ρ(β(u)) ◦ βM = βM ◦ ρ(u), (4.2)
ρ([β(u), v]L) ◦ βM = ρ(αβ(u)) ◦ ρ(v) − δρ(β(v)) ◦ ρ(α(u)). (4.3)

Let (L, [·, ·]L, α, β) be a regular δ-Bihom-Jordan-Lie algebra. The set of k-cochains on L
with values in M , which we denote by Ck(L;M), is the set of k-linear maps from L×· · ·×L
(k-times) to M :

Ck(L;M) , {f : L× · · · × L(k − times) → M is a linear map}.
A k-Bihom-cochain on L with values in M is defined to be a k-cochain f ∈ Ck(L;M)

such that it is compatible with α, β and αM , βM in the sense that αM ◦ f = f ◦ α,
βM ◦ f = f ◦ β, i.e.

αM (f(u1, . . . , uk)) = f(α(u1), . . . , α(uk)),
βM (f(u1, . . . , uk)) = f(β(u1), . . . , β(uk)).

Denote by Ck
(α,αM )
(β,βM )

(L,M) the set of k-Bihom-cochains:

Ck
(α,αM )
(β,βM )

(L,M) , {f ∈ Ck(L,M)|αM ◦ f = f ◦ α, βM ◦ f = f ◦ β}.

Define the linear map dk
ρ : Ck

(α,αM )
(β,βM )

(L,M) → Ck+1(L,M)(k = 1, 2) as follows: we set

d1
ρf(u1, u2) = ρ(α(u1))f(u2) − δρα(u2))f(u1) − δf([α−1β(u1), u2]L),

d2
ρf(u1, u2, u3) = ρ(αβ(u1))f(u2, u3) − δρ(αβ(u2))f(u1, u3) + ρ(αβ(u3))f(u1, u2)

−f([α−1β(u1), u2]L, β(u3)) + δf([α−1β(u1), u3]L, β(u2))
−f([α−1β(u2), u3]L, β(u1)).

Lemma 4.2. With the above notations, for any f ∈ Ck
(α,αM )
(β,βM )

(L,M), we have

(dk
ρ ◦ f) ◦ α = αM ◦ dk

ρf,

(dk
ρ ◦ f) ◦ β = βM ◦ dk

ρf.

Thus we obtain a well-defined map
dk

ρ : Ck
(α,αM )
(β,βM )

(L,M) → Ck+1
(α,αM )
(β,βM )

(L,M)

with k = 1, 2.

Proposition 4.3. With the above notations, we have d2
ρ ◦ d1

ρ = 0.

Proof. By straightforward computations, we have
d2

ρ ◦ d1
ρf(u1, u2, u3)

= ρ(αβ(u1))d1
ρf(u2, u3) − δρ(αβ(u2))d1

ρf(u1, u3) + ρ(αβ(u3))d1
ρf(u1, u2)

− d1
ρf([α−1β(u1), u2]L, β(u3)) + δd1

ρf([α−1β(u1), u3]L, β(u2))
− d1

ρf([α−1β(u2), u3]L, β(u1))
= ρ(αβ(u1))(ρ(α(u2))f(u3) − δρα(u3))f(u2) − δf([α−1β(u2), u3]L))
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− δρ(αβ(u2))(ρ(α(u1))f(u3) − δρα(u3))f(u1) − δf([α−1β(u1), u3]L))
+ ρ(αβ(u3))(ρ(α(u1))f(u2) − δρα(u2)f(u1) − δf([α−1β(u1), u2]L))
− ρ(α([α−1β(u1), u2]L))f(β(u3)) + δρα(β(u3))f(u1)
+ δf([α−1β([α−1β(u1), u2]L), β(u3)]L)
− δρ(α([α−1β(u1), u3]L))f(β(u2)) + ρα(β(u2))f(u1)
+ f([α−1β([α−1β(u1), u3]L), β(u2)]L)
+ δρ(α([α−1β(u2), u3]L))f(β(u1)) − ρα(β(u1))f(u2)
− f([α−1β([α−1β(u2), u3]L), β(u1)]L)

= ρ(αβ(u1))ρ(α(u2))f(u3) − δρ(αβ(u1))ρα(u3))f(u2) − δρ(αβ(u1))f([α−1β(u2), u3]L)
− δρ(αβ(u2))ρ(α(u1))f(u3) + ρ(αβ(u2))ρα(u3))f(u1) + ρ(αβ(u2))f([α−1β(u1), u3]L)
+ ρ(αβ(u3))ρ(α(u1))f(u2)−δρ(αβ(u3))ρα(u2)f(u1)−δρ(αβ(u3))f([α−1β(u1), u2]L))
− ρ([β(u1), α(u2)]L)f(β(u3)) + δρ(α(β(u3)))f(u1)
+ δf([([α−2β2(u1), α−1β(u2)]L), β(u3)]L)
− δρ([β(u1), α(u3)]L))f(β(u2)) + ρ(α(β(u2)))f(u1)
+ f([([α−2β2(u1), α−1β(u3)]L), β(u2)]L)
+ δρ([β(u2), α(u3)]L)f(β(u1)) − ρ(α(β(u1)))f(u2)
− f([([α−2β2(u2), α−1β(u3)]L), β(u1)]L)

= 0.

Then d2
ρ ◦ d1

ρf(u1, u2, u3) = 0. �

Associated to the representation ρ, we obtain the complex (Ck
(α,αM )
(β,βM )

(L,M), dρ). Denote

the set of closed k-Bihom-cochains by Zk
α,β(L; ρ) and the set of exact k-Bihom-cochains

by Bk
α,β(L, ρ), k = 1, 2.

Denote the corresponding cohomology by
Hk

α,β(L, ρ) = Zk
α,β(L; ρ)/Bk

α,β(L, ρ),
where

Zk
α,β(L; ρ) = {f ∈ Ck

(α,αM )
(β,βM )

(L,M) | dk
ρf = 0},

Bk
α,β(L, ρ) = {dk

ρg | g ∈ Ck−1
(α,αM )
(β,βM )

(L,M)}.

In the case of Lie algebras, we can form semidirect products when given representations.
Similarly, we have

Proposition 4.4. Let (L, [·, ·]L, α, β) be a multiplicative δ-Bihom-Jordan-Lie algebra and
(M,ρ, αM , βM ) a representation of L. Assume that the maps αM and βM are bijective.
Then L nM = (L ⊕ M, [·, ·]ρ, α ⊕ αM , β ⊕ βM ) is a δ-Bihom-Jordan-Lie algebra, where
α⊕ αM , β ⊕ βM : L⊕M → L⊕M are defined by (α⊕ αM )(u+ x) = α(u) + αM (x) and
(β⊕βM )(u+x) = β(u)+βM (x), for all u, v ∈ L and x, y ∈ M , the bracket [·, ·]ρ is defined
by

[u+ x, v + y]ρ = [u, v]L + δρ(u)(y) − ρ(α−1β(v))(αMβ−1
M (x)). (4.4)

We call L nM the semidirect product of the multiplicative δ-Bihom-Jordan-Lie algebra
(L, [·, ·]L, α, β) and M .
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Proof. First we show that [·, ·]ρ satisfies antisymmetry,

[(β ⊕ βM )(v + y), (α⊕ αM )(u+ x)]ρ
= [β(v) + βM (y), α(u) + αM (x)]ρ
= [β(v), α(u)]L + δρ(β(v))(αM (x)) − ρ(α−1β(α(u)))(αMβ−1

M (βM (v)))
= [β(v), α(u)]L + δρ(β(v))(αM (x)) − ρ(β(u))(αM (v))
= −δ([β(u), α(v)]L + δρ(β(u))(αM (y)) − ρ(β(v))(αM (u)))
= −δ[(β ⊕ βM )(u+ x), (α⊕ αM )(v + y)]ρ.

Next we show that (α⊕ αM ) and (β ⊕ βM ) are algebra morphisms. On the one hand, we
have

(α⊕ αM )[u+ x, v + y]ρ
= ((α⊕ αM )([u, v]L + δρ(u)(y) − ρ(α−1β(v))(αMβ−1

M (x)))
= α([u, v]L) + δαM ◦ ρ(u)(y) − αM ◦ ρ(α−1β(v))(αMβ−1

M (x)))
= [α(u), α(v)]L + δρ(α(u))(αM (y)) − ρ(α(α−1β(v)))(αM ◦ (αMβ−1

M (x))))
= [α(u), α(v)]L + δρ(α(u))(αM (y)) − ρ(β(v))(α2

Mβ−1
M (x))

= [(α⊕ αM )(u+ x), (α⊕ αM )(v + y)]ρ.

Similarly, we obtain

(β ⊕ βM )[u+ x, v + y]ρ = [(β ⊕ βM )(u+ x), (β ⊕ βM )(v + y)]ρ.

Furthermore

[(β ⊕ βM )2(u+ x), [(β ⊕ βM )(v + y), (α⊕ αM )(w + z)]ρ]ρ
= [β2(u) + β2

M (x), [β(v) + βM (y), α(w) + αM (z)]ρ]ρ
= [β2(u) + β2

M (x), [β(v), α(w)]L + δρ(β(v))(αM (z)) − ρ(α−1β(α(w)))(αMβ−1
M (βM (y)))]ρ

= [β2(u) + β2
M (x), [β(v), α(w)]L + δρ(β(v))(αM (z)) − ρ(β(w))(αM (y))]ρ

= [β2(u), [β(v), α(w)]L]L + δ2ρ(β2(u))ρ(β(v))(αM (z)) − δρ(β2(u))ρ(β(w))(αM (y))
− ρ(α−1β([β(v), α(w)])(αMβ−1

M (β2
M (x))))

= [β2(u), [β(v), α(w)]L]L + ρ(β2(u))ρ(β(v))(αM (z)) − δρ(β2(u))ρ(β(w))(αM (y))
− ρ([α−1β2(v), β(w)])(αMβM (x)).

Similarly,

[(β ⊕ βM )2(v + y), [(β ⊕ βM )(w + z), (α⊕ αM )(u+ x)]ρ]ρ
= [β2(v), [β(w), α(u)]L]L + ρ(β2(v))ρ(β(w))(αM (x)) − δρ(β2(v))ρ(β(u))(αM (z))

− ρ([α−1β2(w), β(u)])(αMβM (y)).

And

[(β ⊕ βM )2(w + z), [(β ⊕ βM )(u+ x), (α⊕ αM )(v + y)]ρ]ρ
= [β2(w), [β(u), α(v)]L]L + ρ(β2(w))ρ(β(u))(αM (y)) − δρ(β2(w))ρ(β(v))(αM (x))

− ρ([α−1β2(u), β(v)])(αMβM (z)).

By (4.3), the δ-Bihom-Jacobi identity is satisfied. Thus, (L ⊕ M, [·, ·]ρ, α ⊕ αM , β ⊕ βM )
is a multiplicative δ-Bihom-Jordan-Lie algebra. �
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5. The trivial representation of δ-Bihom-Jordan-Lie algebras
In this section, we study the trivial representation of multiplicative δ-hom-Jordan-Lie

algebras. As an application, we show that the central extension of a multiplicative δ-
Bihom-Jordan-Lie algebra (L, [·, ·]L, α, β) is controlled by the second cohomology of L
with coefficients in the trivial representation.

Now let M = R, Then we have End(M) = R. Any αM , βM ∈ End(M) is exactly two
real numbers, which we denote by r1, r2 respectively. Let ρ : L → End(M) = R be the zero
map. Obviously, ρ is a representation of the multiplicative δ-Bihom-Jordan-Lie algebra
(L, [·, ·]L, α, β) with respect to any r1, r2 ∈ R. We will always assume that r1 = r2 = 1. We
call this representation the trivial representation of the multiplicative δ-Bihom-Jordan-Lie
algebra (L, [·, ·]L, α, β).

Associated to the trivial representation, the set of k-cochains on L, which we denote by
Ck(V ) = ∧kL∗, is the set of skew-symmetric k-linear maps from V × · · · × V to R.
The set of k-Bihom-cochains is given by

Ck
α,β(L) = {f ∈ Ck(L)|f ◦ α = f, f ◦ β = f}.

The corresponding coboundary operator dT : Ck
α,β(L) → Ck+1

α,β (L)(k = 1, 2) is given by

d1
T f(u1, u2) = −δf([α−1β(u1), u2]L), (5.1)

d2
T f(u1, u2, u3) = −f([α−1β(u1), u2]L, β(u3)) + δf([α−1β(u1), u3]L, β(u2))

−f([α−1β(u2), u3]L, β(u1)).

Denote Zk
α,β(L) and Bk

α,β(L)(k = 1, 2) similarly.
In the following we consider central extensions of the multiplicative δ-Bihom-Jordan-Lie

algebra (L, [·, ·]L, α, β). Obviously, (R, 0, 1, 1) is an abelian multiplicative δ-Bihom-Jordan-
Lie algebra with the trivial bracket and the identity morphism. Let θ ∈ C2

α,β(L), we have
θ ◦ α = θ, θ ◦ β = θ and θ(u, v) = −δθ(v, u), ∀u, v ∈ L. We consider the direct sum
g = L⊕ R with the following bracket

[u+ s, v + t]θ = [u, v]L + θ(αβ−1(u), v), ∀u, v ∈ L, s, t ∈ R. (5.2)

Define αg, βg : g → g by αg(u+ s) = α(u) + s, and βg(u+ s) = β(u) + s.

Theorem 5.1. With the above notations, the 4-tuple (g, [·, ·]g, αg, βg) is a multiplicative
δ-Bihom-Jordan-Lie algebra if and only if θ ∈ C2

α,β(L) is a 2-cocycle associated to the
trivial representation, i.e.

dT θ = 0.
We call the multiplicative δ-Bihom-Jordan-Lie algebra (g, [·, ·]g, αg, βg) the central ex-

tension of (L, [·, ·]L, α, β) by the abelian δ-Bihom-Jordan-Lie algebra (R, 0, 1, 1).

Proof. Obviously, since α ◦ β = β ◦ α, we have αg ◦ βg = βg ◦ αg. Then we show that αg

is an algebra morphism with the respect to the bracket [·, ·]θ. On one hand, we have

αg([u+ s, v + t]θ = αg([u, v]L + θ(αβ−1(u), v))
= α([u, v]L) + θ(αβ−1(u), v)).

On the other hand, we have

[αg(u+ s), αg(v + t)]θ = [α(u) + s, α(v) + t]θ
= [α(u), α(v)]L + θ(αβ−1(α(u)), α(v)).

Since α is an algebra morphism and θ(αβ−1(α(u)), α(v)) = θ◦α(αβ−1(u), v) = θ(αβ−1(u), v).
Then αg is an algebra morphism.

Similarly, we have βg is also an algebra morphism.
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Furthermore, we have

[βg(u+ s), αg(v + t)]θ = [β(u) + s, α(v) + t]θ
= [β(u), α(v)]L + θ(αβ−1(β(u)), α(v))
= [β(u), α(v)]L + θ(α(u), α(v))
= [β(u), α(v)]L + θ(u, v)

and

[βg(v + t), αg(u+ s)]θ = [β(v) + t, α(u) + s]θ
= [β(v), α(u)]L + θ(αβ−1(β(v)), α(u))
= [β(v), α(u)]L + θ(α(v), α(u))
= [β(v), α(u)]L + θ(v, u)
= −δ([β(u), α(v)]L + θ(u, v)).

Then [βg(u+ s), αg(v + t)]θ = −δ[βg(v + t), αg(u+ s)]θ.
By direct computations, we have

[β2
g (u+ s), [βg(v + t), αg(w + r)]θ]θ + [β2

g (v + t), [βg(w + r), αg(u+ s)]θ]θ
+ [β2

g (w + r), [βg(u+ s), αg(v + t)]θ]θ
= [β2(u) + s, [β(v) + t, α(w) + r]θ]θ + [β2(v) + t, [β(w) + r, α(u) + s]θ]θ

+ [β2(w) + r, [β(u) + s, α(v) + t]θ]θ
= [β2(u) + s, [β(v)α(w)]L + θ(αβ−1(β(v)), α(w))]θ

+ [β2(v) + t, [β(w)α(u)]L + θ(αβ−1(β(w)), α(u))]θ
+ [β2(w) + r, [β(u)α(v)]L + θ(αβ−1(β(u)), α(v))]θ)

= [β2(u), [β(v)α(w)]L]L + θ(αβ−1(β2(u))), [β(v), α(w)]L
+ [β2(v), [β(w)α(u)]L]L + θ(αβ−1(β2(v))), [β(w), α(u)]L
+ [β2(w), [β(u)α(v)]L]L + θ(αβ−1(β2(w))), [β(u), α(v)]L

= [β2(u), [β(v)α(w)]L]L + θ(αβ(u), [β(v), α(w)]L)
+ [β2(v), [β(w)α(u)]L]L + θ(αβ(v), [β(w), α(u)]L)
+ [β2(w), [β(u)α(v)]L]L + θ(αβ(w), [β(u), α(v)]L).

Thus by the Bihom-Jacobi identity of L, [·, ·]θ satisfies the δ-Bihom-Jacobi identity if and
only if

θ(αβ(u)), [β(v), α(w)]L + θ(αβ(v)), [β(w), α(u)]L + θ(αβ(w)), [β(u), α(v)]L = 0.

Namely,

θ(β(u), [α−1β(v), w]L) + θ(β(v), [α−1β(w), u]L) + θ(β(w), [α−1β(u), v]L) = 0.

On the other hand,

dT θ(u, v, w)
= δ3(−δθ([α−1β(u), v]L, β(w)) + θ([α−1β(w), u]L, β(v)) − δθ([α−1β(v), w]L, β(u)))
= −(θ([α−1β(u), v]L, β(w)) + θ([α−1β(w), u]L, β(v)) + θ([α−1β(v), w]L, β(u)))
= δ([β2

g (u+ s), [βg(v + t), αg(w + r)]θ]θ + [β2
g (v + t), [βg(w + r), αg(u+ s)]θ]θ)

= 0.
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Then the 4-tuple (g, [·, ·]θ, αg, βg) is a multiplicative δ-Bihom-Jordan-Lie algebra if and
only if θ ∈ C2

α,β(L) satisfies dT θ = 0. �

Proposition 5.2. For θ1, θ2 ∈ Z2(V ), if δ(θ1 −θ2) is exact, the corresponding two central
extensions (g, [·, ·]θ1 , αg, βg) and (g, [·, ·]θ2 , αg, βg) are isomorphic.

Proof. Assume that θ1 − θ2 = δdT f , f ∈ C1
α,β(L). Thus we have

θ1(αβ−1(u), v) − θ2(u, v) = δd1
T f(αβ−1(u), v) = −f([α−1β ◦ αβ−1(u), v]) = −f([u, v]).

Define φg : g → g by
φg(u+ s) = u+ s+ f(u).

Obviously, φg is an isomorphism of vector spaces. The fact that φg is a morphism of the
δ-Bihom-Jordan-Lie algebra follows from the fact θ ◦ α = θ, θ ◦ β = θ. More precisely, we
have

φg ◦ αg(u+ s) = φg(α(u) + s) = α(u) + s+ f(α(u)) = α(u) + s+ f(u).
On the other hand, we have

αg ◦ φg(u+ s) = αg(u+ s+ f(u)) = α(u) + s+ f(u).
Thus, we obtain that φg ◦ αg = αg ◦ φg. Similarly

φg ◦ βg = βg ◦ φg.

We also have
φg[u+ s, v + t]θ1 = φg([u, v]L + θ1(αβ−1(u), v))
= [u, v]L + θ1(αβ−1(u), v) + f([u, v]L) = ([u, v]L, θ2(αβ−1(u), v)
= [φg(u+ s), φg(v + t)]θ2 .

Therefore, φg is also an isomorphism of multiplicative δ-Bihom-Jordan-Lie algebras. �

6. The adjoint representation of δ-Bihom-Jordan-Lie algebras
Let (L, [·, ·]L, α, β) be a regular δ-Bihom-Jordan-Lie algebra. We consider that L rep-

resents on itself via the bracket with respect to the morphisms α, β. A very interesting
phenomenon is that the adjoint representation of a δ-Bihom-Jordan-Lie algebra is not
unique as one will see in sequel.

Definition 6.1. For any integer s, t, the αsβt-adjoint representation of the regular δ-
Bihom-Jordan-Lie algebra (L, [·, ·]L, α, β), which we denote by ads,t, is defined by

ads,t(u)(v) = δ[αsβt(u), v]L, ∀u, v ∈ L.

Lemma 6.2. With the above notations, we have
ads,t(α(u)) ◦ α = α ◦ ads,t(u);
ads,t(β(u)) ◦ β = β ◦ ads,t(u);

ads,t([β(u), v]L) ◦ β = ads,t(αβ(u)) ◦ ads,t(v) − δads,t(α(v)) ◦ ads,t(β(u)).

Thus the definition of αsβt-adjoint representation is well defined.

Proof. For any u, v, w ∈ L, first we show that ads,t(α(u)) ◦ α = α ◦ ads,t(u)

ads,t(α(u))(α(v)) = δ[αs+1βt(u), α(v)]L
= α(δ[αsβt(u), v]L) = α ◦ ads,t(u)(v).

Similarly, we have
ads,t(β(u)) ◦ β = β ◦ ads,t(u).
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Note that the skew-symmetry condition implies
ads(u)(v) = δ[αsβt(u), v]L

= δ[β(αsβt−1(u)), α(α−1(v))]L
= −δ2[α−1β(v), αs+1βt−1(u)]L
= −[α−1β(v), αs+1βt−1(u)]L,∀u, v ∈ L.

On one hand, we have
ads,t([β(u), v]L) ◦ β(w) = ads,t([β(u), v]L)(β(w))

= −[α−1β(β(w)), αs+1βt−1([β(u), v]L)]L
= −[α−1β2(w), [αs+1βt(u), αs+1βt−1(v)]L]L.

On the other hand, we have
ads,t(αβ(u)) ◦ ads,t(v)(w) − δads,t(α(v)) ◦ ads,t(β(u))(w)
= ads,t(αβ(u))(−[α−1β(w), αs+1βt−1(v)]L)

− δads,t(α(v))(−[α−1β(w), αs+2βt−1(u)]L)
= [α−1β([α−1β(w), αs+1βt−1(v)]L), αs+1βt−1(αβ(u))]L)

− δ[α−1β([α−1β(w), αs+2βt−1(u)]L), αs+1βt−1(β(v))]L)
= [β([α−2β(w), αsβt−1(v)]L), αs+2βt(u)]L

− δ[β([α−2β(w), αs+1βt−1(u)]L), αs+1βt(v)]L)
= −δ[β(αs+1βt(u)), α[α−2β(w), αsβt−1(v)]L]L

+ [β(αsβt(v)), α[α−2β(w), αs+1βt−1(u)]L]L)
= −δ[β(αs+1βt(u)), [α−1β(w), αs+1βt−1(v)]L]L

+ [αsβt+1(v), [α−1β(w), αs+2βt−1(u)]L]L)
= [αs+1βt+1(u)), [αsβt(v), w]L]L

+ [αsβt+1(v), [α−1β(w), αs+2βt−1(u)]L]L)
= [β2(αs+1βt−1(u)), [β(αsβt−1(v)), α(α−1(w))]L]L

+ [β2(αsβt−1(v)), [β(α−1(w)), α(αs+1βt−1(u))]L]L)
= −[β2(α−1(w)), [β(αs+1βt−1(u)), α(αsβt−1(v))]L]L
= −[α−1β2(w), [αs+1βt(u), αs+1βt−1(v)]L]L.

Thus, the definition of αsβt-adjoint representation is well defined. The proof is completed.
�

The set of k-Bihom-cochains on L with coefficients in L, which we denote by Ck
α,β(L;L),

is given by
Ck

α,β(L;L) = {f ∈ Ck(L;L)|α ◦ f = f ◦ α, β ◦ f = f ◦ β}.
In particular, the set of 0-Bihom-cochains is given by:

C0
α,β(L;L) = {u ∈ L|α(u) = u, β(u) = u}.

Associated to the αsβt-adjoint representation, the corresponding operator
ds,t : Ck

α,β(L;L) → Ck+1
α,β (L;L)(k = 1, 2)

is given by
ds,tf(u1, u2) = δ[α1+sβt(u1), f(u2)] − [α1+sβt(u2), f(u1)] − δf([α−1β(u1), u2]); (6.1)
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ds,tf(u1, u2, u3) = δ[α1+sβt+1(u1), f(u2, u3)] − [α1+sβt+1(u2), f(u1, u3)]
+ δ[α1+sβt+1(u3), f(u1, u2)] − f([α−1β(u1), u2], β(u3))
+ δf([α−1β(u1), u3], β(u2)) − f([α−1β(u2), u3], β(u1)).

For the αsβt-adjoint representation ads,t, we obtain the αsβt-adjoint complex
(Ck

α,β(L;L), ds,t).
We have known that a 1-cocycle associated to the adjoint representation is a derivation

for Lie algebras and Hom-Lie algebras. Similarly, we have

Proposition 6.3. Associated to the αsβt-adjoint representations ads,t of the regular δ-
Bihom-Jordan-Lie algebra (L, [·, ·]L, α, β), it satisfies δs+1 = 1 , D ∈ C1

α,β(L,L) is a
1-cocycle if and only if D is an αs+2βt−1-derivation, i.e. D ∈ Derαs+2βt−1(L).

Proof. The conclusion follows directly from the definition of the operator ds,t. D is closed
if and only if

ds,t(D)(u, v) = δ[αs+1βt(u), D(v)]L − [αs+1βt(v), D(u)]L − δD[α−1β(u), v]L = 0.
D is an αs+2βt−1-derivation if and only if

D[α−1β(u), v]L = −δ[αs+2βt−1α−1β(v), D(u)]L + [αs+2βt−1α−1β(u), D(v)]L
= δs+1([D(u), αs+1βt(v)]L + [αs+1βt(u), D(v)]L).

Then, D ∈ C1
α,β(L,L) is a 1-cocycle if and only if D is an αs+2βt−1-derivation, i.e. D ∈

Derαs+2βt−1(L). �

Let ψ ∈ C2
α,β(L;L) be a bilinear operator commuting with α and β, also ψ(u, v) =

−δψ(v, u). Consider a t-parameterized family of bilinear operations
[u, v]t = [u, v]L + tψ(u, v). (6.2)

Since ψ commutes with α, β, then α, β are morphisms with respect to the bracket [·, ·]t
for every t. If all the brackets [·, ·]t endow (L, [·, ·]t, α, β) with regular δ-Bihom-Jordan-Lie
algebra structures, we say that ψ generates a deformation of the regular δ-Bihom-Jordan-
Lie algebra (L, [·, ·]L, α, β). The anti-symmetry of [·, ·]t means that

[β(v), α(u)]t = [β(v), α(u)]L + tψ(β(v), α(u))
and [β(u), α(v)]t = [β(u), α(v)]L + tψ(β(u), α(v)).

Then [β(v), α(u)]t = −δ[β(u), α(v)]t if and only if
ψ(β(v), α(u)) = −δψ(β(u), α(v)). (6.3)

By computing the Bihom-Jacobi identity of [·, ·]t
[β2(u), [β(v), α(w)]t]t + [β2(v), [β(w), α(u)]t]t + [β2(w), [β(u), α(v)]t]t
= [β2(u), [β(v), α(w)]L + tψ(β(v), α(w))]t

+ [β2(v), [β(w), α(u)]L + tψ(β(w), α(u))]t
+ [β2(w), [β(u), α(v)]L + tψ(β(u), α(v))]t

= [β2(u), [β(v), α(w)]L]t + [β2(u), tψ(β(v), α(w))]t
+ [β2(v), [β(w), α(u)]L]t + [β2(v), tψ(β(w), α(u))]t
+ [β2(w), [β(u), α(v)]L]t + [β2(w), tψ(β(u), α(v))]t

= [β2(u), [β(v), α(w)]L]L + tψ(β2(u), [β(v), α(w)]L)
+ [β2(u), tψ(β(v), α(w))]L + tψ(β2(u), tψ(β(v), α(w)))
+ [β2(v), [β(w), α(u)]L]L + tψ(β2(v), [β(w), α(u)]L)
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+ [β2(v), tψ(β(w), α(u))]L + tψ(β2(v), tψ(β(w), α(u)))
+ [β2(w), [β(u), α(v)]L]L + tψ(β2(w), [β(u), α(v)]L)
+ [β2(w), tψ(β(u), α(v))]L + tψ(β2(w), tψ(β(u), α(v))).

This is equivalent to the conditions

ψ(β2(u), ψ(β(v), α(w))) + ψ(β2(v), ψ(β(w), α(u))) + ψ(β2(w), ψ(β(u), α(v))) = 0, (6.4)

ψ(β2(u), [β(v), α(w)]L) + [β2(u), ψ(β(v), α(w))]L
+ψ(β2(v), [β(w), α(u)]L) + [β2(v), ψ(β(w), α(u))]L
+ψ(β2(w), [β(u), α(v)]L) + [β2(w), ψ(β(u), α(v))]L = 0. (6.5)

Obviously, (6.4) and (6.3) means that ψ must itself define a δ-Bihom-Jordan-Lie algebra
structure on L. Furthermore, (6.5) means that ψ is closed with respect to the α−1β-adjoint
representation ad−1,1, i.e. d−1,1ψ = 0.

d−1,1ψ(u, v, w)
= δ[β2(u), ψ(v, w)]L − [β2(v), ψ(u,w)]L + δ[β2(w), ψ(u, v)]L

− ψ([α−1β(u), v]L, β(w)) + δψ([α−1β(u), w]L, β(v)) − ψ([α−1β(v), w]L, β(u))
= δ[β2(u), ψ(v, w)]L + δ[β2(v), ψ(w, u)]L + δ[β2(w), ψ(u, v)]L

+ δψ(β(w), [α−1β(u), v]L) + δψ(β(v), [α−1β(w), u]L) + δψ(β(u), [α−1β(v), w]L)
= 0.

A deformation is said to be trivial if there is a linear operator N ∈ C1
α,β(L;L) such that

for Tt = id + tN , there holds

Tt[u, v]t = [Tt(u), Tt(v)]L. (6.6)

Definition 6.4. A linear operator N ∈ C1
α,β(L,L) is called a Bihom-Nijienhuis operator

if we have

[Nu,Nv]L = N [u, v]N , (6.7)

where the bracket [·, ·]N is defined by

[u, v]N , [Nu, v]L + [u,Nv]L −N [u, v]L. (6.8)

Theorem 6.5. Let N ∈ C1
α(L,L) be a Bihom-Nijienhuis operator. Then a deformation

of the regular δ-Bihom-Jordan-Lie algebra (L, [·, ·]L, α, β) can be obtained by putting

ψ(u, v) = δd−1,1N(u, v) = [u, v]N .

Furthermore, this deformation is trivial.

Proof. Since ψ = δd−1,1N , d−1,1ψ = 0 is valid. To see that ψ generates a deformation,
we need to check the Bihom-Jacobi identity for ψ. Using the explicit expression of ψ, and
we denote 	u,v,w the summation over the cyclic permutation on u, v, w. We have

	u,v,w ψ(β2(u), ψ(β(v), α(w))
=	u,v,w ψ(β2(u), [Nβ(v), α(w)] + [β(v), Nα(u)] −N [β(v), α(w)])
=	u,v,w ψ(β2(u), [Nβ(v), α(w)]) + ψ(β2(u), [β(v), Nα(u)]) − ψ(β2(u), N [β(v), α(w)])
=	u,v,w [Nβ2(u), [Nβ(v), α(w)]] + [Nβ2(v), [β(w), Nβ(u)]] + [β2(w), N [β(u), α(v)]N ]

+ 	u,v,w N [β2(v), N [β(w), α(u)]] − [Nβ2(v), N [β(w), α(u)]]
	u,v,w −N [β2(u), [Nβ(v), α(w)]] +N [β2(w), [β(u), Nα(v)]]
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Since N commutes with α and β, by the Bihom-Jacobi identity of L, we have

[Nβ2(u), [Nβ(v), α(w)]] + [Nβ2(v), [β(w), Nα(u)]] = [[Nβ(u), Nα(v)], β2(w)].

Since N is a Bihom-Nijenhuis operator, the last equation becomes

	u,v,w [Nβ2(u), [Nβ(v), α(w)]] + [Nβ2(v), [β(w), Nα(u)]] + [β2(w), N [β(u), α(v)]N ] = 0.

Furthermore, also by the fact that N is a Bihom-Nijenhuis operator and we take in
(6.7) and (6.8), u = β2(v) and v = [β(w), α(u)], we have N [β2(v), N [β(w), α(u)]] −
[Nβ2(v), N [β(w), α(u)]] = −N [Nβ2(v), [β(w), α(u)]] +N2[β2(v), [β(w), α(u)]].

By the Bihom-Jacobi identity of L, we have

	u,v,w N [β2(v), N [β(w), α(u)]] − [Nβ2(v), N [β(w), α(u)]]
=	u,v,w N [Nβ2(v), [β(w), α(u)]].

Then,

	u,v,w ψ(β2(u), ψ(β(v), α(w))
= −N [Nβ2(v), [β(w), α(u)]] −N [β2(u), [Nβ(v), α(w)]] + [β2(w), [β(u), Nβ(v)]]
= −N [β2(Nv), [β(w), α(u)]] + [β2(u), [Nβ(v), α(w)]] + [β2(w), [β(u), Nβ(v)]]
= 0.

Thus ψ generates a deformation of the δ-Bihom-Jordan-Lie algebra (L, [·, ·]L, α, β).
Let Tt = id + tN , then we have

Tt[u, v]t = (id + tN)([u, v]L + tψ(u, v))
= (id + tN)([u, v]L + t[u, v]N )
= [u, v]L + t([u, v]N +N [u, v]L) + t2N [u, v]N .

On the other hand, we have

[Tt(u), Tt(v)]L = [u+ tNu, v + tNv]L
= [u, v]L + t([Nu, v]L + [u,Nv]L) + t2[Nu,Nv]L.

By the equations (6.7) and (6.8), we have

Tt[u, v]t = [Tt(u), Tt(v)]L,

which implies that the deformation is trivial. �

7. T*-extensions of δ-Bihom-Jordan-Lie algebras
The last part deals with T*-extension. We provide in this section, for δ-Bihom-Jordan-

Lie algebras, characterizations of T*-extensions and observations about T*-extensions of
nilpotent and solvable δ-Bihom-Jordan-Lie algebras. This method was introduced by
Martin Bordemann in [2].

Definition 7.1. Let (L, [·, ·]L, α, β) be a δ-Bihom-Jordan-Lie algebra. A bilinear form f
on L is said to be nondegenerate if

L⊥ = {x ∈ L|f(x, y) = 0,∀y ∈ L} = 0;

αβ-invariant if

f([β(x), α(y)], α(z)) = f(α(x), [β(y), α(z)]),∀x, y, z ∈ L;

symmetric if
f(x, y) = f(y, x).

A subspace I of L is called isotropic if I ⊆ I⊥.
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Definition 7.2. Let (L, [·, ·]L, α, β) be a δ-Bihom-Jordan-Lie algebra over a field K. If
L admits a nondegenerate invariant symmetric bilinear form f , then we call (L, f, α, β)
a quadratic δ-Bihom-Jordan-Lie algebra. In particular, a quadratic vector space V is a
vector space admitting a nondegenerate symmetric bilinear form.

Let (L′
, [·, ·]′L, α1, β1) be another δ-Bihom-Jordan-Lie algebra. Two quadratic δ-Bihom-

Jordan-Lie algebras (L, f, α, β) and (L′
, f ′, α1, β1) are said to be isometric if there exists

a δ-Bihom-Jordan-Lie algebra isomorphism ϕ : L → L
′ such that

f(x, y) = f ′(ϕ(x), ϕ(y)),∀x, y ∈ L.

Lemma 7.3. Let ad be the adjoint representation of a δ-Bihom-Jordan-Lie algebra
(L, [·, ·]L, α, β). Let us consider L∗ the dual space of L, α̃, β̃ : L∗ → L∗ two homomorphisms
defined by

α̃(f) = f ◦ α, β̃(f) = f ◦ β, ∀f ∈ L∗.

Then the linear map π : L → End(L∗) defined by, π(x)(f)(y) = −δf ◦ ad(x)(y), ∀x, y ∈ L,
is a representation of L on (L∗, α̃, β̃) if and only if

α ◦ adα(x) = adx ◦ α; (7.1)

β ◦ adβ(x) = adx ◦ β; (7.2)

ad(α(x)) ◦ adβ(y) − δady ◦ ad(αβ(x)) = β ◦ ad[β(x), y]L. (7.3)
We call the representation π the coadjoint representation of L.

Proof. Firstly, we have

(π(α(x)) ◦ α̃)(f) = −δα̃(f) ◦ adα(x) = −δf ◦ α ◦ adα(x),

and

α̃(π(x))(f) = −δα̃(f ◦ adx) = −δf ◦ adx ◦ α.

Similarly,

(π(β(x)) ◦ β̃)(f) = −δβ̃(f) ◦ adβ(x) = −δf ◦ β ◦ adβ(x),

and

β̃(π(x))(f) = −δβ̃(f ◦ adx) = −δf ◦ adx ◦ β.

Therefore,

(π([β(x), y]) ◦ β̃)(f) = −δf ◦ β ◦ ad[β(x), y];

(π(αβ(x)) ◦ π(y) − δπ(β(y)) ◦ π(α(x)))(f)
= −δπ(αβ(x))(f ◦ ady) + π(β(y))(f ◦ adα(x))
= f ◦ ady ◦ adαβ(x) − δf ◦ adα(x) ◦ adβ(y)
= −δf ◦ (adα(x) ◦ adβ(y) − δady ◦ adαβ(x)).

Then we have

π(α(x)) ◦ α̃ = α̃(π(x));
π(β(x)) ◦ β̃ = β̃(π(x));

π([β(x), y]) ◦ β̃ = π(αβ(x)) ◦ π(y) − δπ(β(y)) ◦ π(α(x)).

Then π is a representation of L on (L∗, α̃, β̃). �
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Lemma 7.4. Under the above notations, let (L, [·, ·]L, α, β) be a δ-Bihom-Jordan-Lie al-
gebra, and ω : L × L → L∗ be a bilinear map. Assume that the coadjoint representation
exists. The space L ⊕ L∗, provided with the following bracket and a linear map defined
respectively by

[x+ f, y + g]L⊕L∗ = [x, y]L + ω(x, y) + δπ(x)g − π(α−1β(y)α̃β̃−1(f), (7.4)

α
′(x+ f) = α(x) + f ◦ α, (7.5)
β

′(x+ f) = β(x) + f ◦ β. (7.6)
Then (L ⊕ L∗, [·, ·]L⊕L∗ , α

′
, β

′) is a δ-Bihom-Jordan-Lie algebra if and only if ω is a 2-
cocycle: L× L → L∗, i.e. ω ∈ Z2(L,L∗).

Proof. For any elements x+ f, y + g, z + h ∈ L⊕ L∗. We have

[β′(x+ f), α′(y + g)]
= [β(x) + f ◦ β, α(y) + g ◦ α]
= [β(x), α(y)]L + w(β(x), α(y)) + δπ(β(x))(g ◦ α) − π(α−1β(α(y)))α̃β̃−1(f ◦ β)
= [β(x), α(y)]L + w(β(x), α(y)) + δπ(β(x))(g ◦ α) − π(β(y))(f ◦ α).

Similarly, we have

[β′(y + g), α′(x+ f)] = [β(y), α(x)]L + w(β(y), α(x)) + δπ(β(y))(f ◦ α) − π(β(x))(g ◦ α).

Then, we have [β′(x+ f), α′(y + g)] = −δ[β′(y + g), α′(x+ f)] if and only if
w(β(x), α(y)) = −δw(β(y), α(x)).

Therefore,

[β′ 2(x+ f), [β′(y + g), α′(z + h)]]
= [β2(x) + f ◦ β2, [β(y) + g ◦ β, α(z) + h ◦ α]]
= [β2(x) + f ◦ β2, [β(y), α(z)]L + w(β(y), α(z))

+ δπ(β(y))(h ◦ α) − π(α−1β(α(z)))(α̃β̃−1(g ◦ β))]
= [β2(x) + f ◦ β2, [β(y), α(z)]L + w(β(y), α(z)) + δπ(β(y))(h ◦ α) − π(β(z))(g ◦ α)]
= [β2(x), [β(y), α(z)]L]L + w(β2(x), [β(y), α(z)]L)

+ δπ(β2(x))w(β(y), α(z)) + π(β2(x))π(β(y))(h ◦ α)
− δπ(β2(x))π(β(z))(g ◦ α) − π(α−1β[β(y), α(z)])(f ◦ β ◦ α)).

And
[β′ 2(y + g), [β′(z + h), α′(x+ f)]]
= [β2(y), [β(z), α(x)]L]L + w(β2(y), [β(z), α(x)]L)

+ δπ(β2(y))w(β(z), α(x)) + π(β2(y))π(β(z))(f ◦ α)
− δπ(β2(y))π(β(x))(h ◦ α) − π(α−1β[β(z), α(x)])(g ◦ β ◦ α),

[β′ 2(z + h), [β′(x+ f), α′(y + g)]]
= [β2(z), [β(x), α(y)]L]L + w(β2(z), [β(x), α(y)]L)

+ δπ(β2(z))w(β(x), α(y)) + π(β2(z))π(β(x))(g ◦ α)
− δπ(β2(z))π(β(y))(f ◦ α) − π(α−1β[β(x), α(y)])(h ◦ β ◦ α).

Since π is the coadjoint representation of L, we have
π(α−1β[β(x), α(y)]L)h ◦ β ◦ α
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= π([β(α−1β(x)), β(y)]L) ◦ β̃(h ◦ α)
= π(αβ(α−1β(x)))π(β(y))(h ◦ α) − δπ(β(β(y)))π(α(α−1β(x)))(h ◦ α)
= π(β2(x))π(β(y))(h ◦ α) − δπ(β2(y)))π(β(x))(h ◦ α).

Similarly,
π(α−1β[β(y), α(z)]L)f ◦ β ◦ α = π(β2(y))π(β(z))(f ◦ α) − δπ(β2(z)))π(β(y))(f ◦ α),

and
π(α−1β[β(z), α(x)]L)g ◦ β ◦ α = π(β2(z))π(β(x))(g ◦ α) − δπ(β2(x)))π(β(z))(g ◦ α).

Consequently, [β′ 2(x+f), [β′(y+g), α′(z+h)]]+[β′ 2(y+g), [β′(z+h), α′(x+f)]]+[β′ 2(z+
h), [β′(x+ f), α′(y + g)]] = 0 if and only if

0 = w(β2(x), [β(y), α(z)]L) + δπ(β2(x))w(β(y), α(z))
+w(β2(y), [β(z), α(x)]L) − δπ(β2(y))w(β(z), α(x))
+δw(β2(z), [β(x), α(y)]L) + δπ(β2(z))w(β(x), α(y))

= [β2(x), w(β(y), α(z))] − δ[β2(y), w(β(z), α(x))] + δ[β2(z), w(β(x), α(y))]
−δw([β(y), α(z)]L, β2(x)) + w(β2(y), [β(x), α(y)]L) − δw([β(x), α(y)]L, β2(z))

= δd−1,1ω(x, y, z).
That is ω ∈ Z2

α,β(L,L∗). Then confirmation holds if and only if ω ∈ Z2(L,L∗). Conse-
quently, we prove the lemma. �

Clearly, L∗ is an abelian Bihom-ideal of (L ⊕ L∗, [·, ·], α′
, β

′) and L is isomorphic to
the factor δ-Bihom-Jordan-Lie algebra (L ⊕ L∗)/L∗. Moreover, consider the following
symmetric bilinear form qL on L⊕ L∗ for all x+ f, y + g ∈ L⊕ L∗,

qL(x+ f, y + g) = f(y) + g(x).
Then we have the following lemma.

Lemma 7.5. Let L, L∗, ω and qL be as above. Then the 4-tuple (L ⊕ L∗, qL, α
′
, β

′) is
a quadratic δ-Bihom-Jordan-Lie algebra if and only if ω is Jordancyclic in the following
sense:

ω(β(x), α(y))(α(z)) = ω(β(y), α(z))(α(x)) for all x, y, z ∈ L.

Proof. If x+f is orthogonal to all elements of L⊕L∗, then f(y) = 0 and g(x) = 0, which
implies that x = 0 and f = 0. So the symmetric bilinear form qL is nondegenerate.

Now suppose that x+ f, y + g, z + h ∈ L⊕ L∗, then
qL([β′(x+ f), α′(y + g)]L⊕L∗ , α

′(z + h))
= qL([β(x) + f ◦ β, α(y) + g ◦ α]L⊕L∗ , α(z) + h ◦ α)
= qL([β(x), α(y)]L + ω(β(x), α(y)) + δπ(β(x))g ◦ α− π(α−1βα(y))α̃β̃−1(f ◦ β), α(z)

+ h ◦ α)
= qL([β(x), α(y)]L + ω(β(x), α(y)) + δπ(β(x))g ◦ α− π(β(y))(f ◦ α), α(z) + h ◦ α)
= ω(β(x), α(y))(α(z)) + δ(π(β(x))g ◦ α)(α(z)) − π(β(y))(f ◦ α)(α(z))

+ h ◦ α([β(x), α(y)]L)
= ω(β(x), α(y))(α(z)) − δg ◦ α([β(x), α(z)]L) + f ◦ α([β(y), α(z)]L) + h ◦ α([β(x), α(y)]L)
= ω(β(x), α(y))(α(z)) + g ◦ α([β(z), α(x)]L) + f ◦ α([β(y), α(z)]L) − δh ◦ α([β(y), α(x)]L).
On the other hand,
qL(α′(x+ f), [β′(y + g), α′(z + h)]L⊕L∗)
= qL(α(x) + f ◦ α, [β(y) + g ◦ β, α(z) + h ◦ α]L⊕L∗)
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= qL(α(x) + f ◦ α, [β(y), α(z)]L + ω(β(y), α(z)) + δπ(β(y))h ◦ α
− π(α−1βα(z))α̃β̃−1(g ◦ β))

= qL(α(x) + f ◦ α, [β(y), α(z)]L + ω(β(y), α(z)) + δπ(β(y))h ◦ α− π(β(z))(g ◦ α))
= f ◦ α([β(y), α(z)]L) + ω(β(y), α(z))(α(x)) + δπ(β(y))h ◦ α(α(x))

− π(β(z))(g ◦ α))(α(x))
= ω(β(y), α(z))(α(x)) + g ◦ α([β(z), α(x)]L) + f ◦ α([β(y).α(z)]L) − δh ◦ α([β(y), α(x)]L).
Hence the lemma follows. �

Now, for a Jordancyclic 2-cocycle ω we shall call the quadratic δ-Bihom-Jordan-Lie
algebra (L⊕ L∗, qL, α

′
, β

′) the T ∗-extension of L (by ω) and denote the δ-Bihom-Jordan-
Lie algebra (L⊕ L∗, [·, ·], α′

, β
′) by T ∗

ωL.

Definition 7.6. Let L be a δ-Bihom-Jordan-Lie algebra over a field K. We inductively
define a derived series

(L(n))n≥0 : L(0) = L, L(n+1) = [L(n), L(n)],
and a central descending series

(Ln)n≥0 : L0 = L, Ln+1 = [Ln, L].
L is called solvable and nilpotent(of length k) if and only if there is a (smallest) integer

k such that L(k) = 0 and Lk = 0, respectively.

In the following theorem we discuss some properties of T ∗
ωL.

Theorem 7.7. Let (L, [·, ·]L, α, β) be a δ-Bihom-Jordan-Lie algebra over a field K.
(1) If L is solvable (nilpotent) of length k, then the T ∗-extension T ∗

ωL is solvable (nilpo-
tent) of length r, where k ≤ r ≤ k + 1 (k ≤ r ≤ 2k − 1).

(2) If L is decomposed into a direct sum of two Bihom-ideals of L, so is the trivial
T ∗-extension T ∗

0L.

Proof. (1) Firstly we suppose that L is solvable of length k. Since (T ∗
ωL)(n)/L∗ ∼= L(n)

and L(k) = 0, we have (T ∗
ωL)(k) ⊆ L∗, which implies (T ∗

ωL)(k+1) = 0 because L∗ is abelian,
and it follows that T ∗

ωL is solvable of length k or k + 1.
Suppose now that L is nilpotent of length k. Since (T ∗

ωL)n/L∗ ∼= Ln and Lk = 0,
we have (T ∗

ωL)k ⊆ L∗. Let g ∈ (T ∗
ωL)k ⊆ L∗, b ∈ L, x1 + f1, · · · , xk−1 + fk−1 ∈ T ∗

ωL,
1 ≤ i ≤ k − 1, we have

[[· · · [g, x1 + f1]L⊕L∗ , · · · ]L⊕L∗ , xk−1 + fk−1]L⊕L∗(b)

= δk−1gad(x1)ad(β−1α(x2)) · · · ad(xk−1)β−(k−1)αk−1(b)

= g([x1, [β−1α(x2), [· · · , [β−(k−2)αk−2(xk−1), β−(k−1)αk−1(b)]L · · · ]L]L]L)

∈ g(Lk) = 0.

This proves that (T ∗
ωL)2k−1 = 0. Hence T ∗

wL is nilpotent of length at least k and at most
2k − 1.

(2) Suppose that 0 6= L = I ⊕ J , where I and J are two nonzero Bihom-ideals of
(L[·, ·]L, α, β). Let I∗ (resp. J∗) denote the subspace of all linear forms in L∗ vanishing
on J (resp. I). Clearly, I∗ (resp. J∗) can canonically be identified with the dual space of
I (resp. J) and L∗ ∼= I∗ ⊕ J∗.

Since [I∗, L]L⊕L∗(J) = I∗([L, β−1α(J)]L) ⊆ I∗([L, J ]L) ⊆ I∗(J) = 0 and [I, L∗]L⊕L∗(J) =
L∗([I, J ]L) ⊆ L∗(I ∩ J) = 0, we have [I∗, L]L⊕L∗ ⊆ I∗ and [I, L∗]L⊕L∗ ⊆ I∗. Then

[T ∗
0 I, T

∗
0L]L⊕L∗ = [I ⊕ I∗, L⊕ L∗]L⊕L∗

= [I, L]L + [I, L∗]L⊕L∗ + [I∗, L]L⊕L∗ + [I∗, L∗]L⊕L∗ ⊆ I ⊕ I∗ = T ∗
0 I.
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T ∗
0 I is a Bihom-ideal of L and so is T ∗

0 J in the same way. Hence T ∗
0L can be decomposed

into the direct sum T ∗
0 I ⊕ T ∗

0 J of two nonzero Bihom-ideals of T ∗
0L. �

In the proof of a criterion for recognizing T ∗-extensions of a δ-Bihom-Jordan-Lie algebra,
we will need the following result.

Lemma 7.8. Let (L, qL, α, β) be a quadratic δ-Bihom-Jordan-Lie algebra of even dimen-
sion n over a field K and I be an isotropic n/2-dimensional subspace of L. If I is a
Bihom-ideal of (L, [·, ·]L, α, β), then [β(I), α(I)] = 0.

Proof. Since dimI+dimI⊥ = n/2 + dimI⊥ = n and I ⊆ I⊥, we have I = I⊥. If
I is a ideal of (L, [·, ·]L, α, β), then qL(α(L), [β(I), α(I⊥)]) = qL([β(L), α(I)], α(I⊥)) ⊆
qL([β(L), I], α(I⊥)) ⊆ qL(I, I⊥) = 0, which implies [β(I), α(I)] = [β(I), α(I⊥)] ⊆ α(L)⊥ =
0. �

Theorem 7.9. Let (L, qL, α, β) be a quadratic regular δ-Bihom-Jordan-Lie algebra of even
dimension n over a field K of characteristic not equal to two. Then (L, qL, α, β) is isometric
to a T ∗-extension (T ∗

ωB, qB, α
′
, β

′) if and only if n is even and (L, [·, ·]L, α, β) contains an
isotropic Bihom-ideal I of dimension n/2. In particular, B ∼= L/I, with B∗ satisfying
α(B∗) ⊆ B∗and β(B∗) ⊆ B∗.

Proof. (=⇒) Since dimB=dimB∗, dimT ∗
ωB is even. Moreover, it is clear that B∗ is a

Bihom-ideal of half the dimension of T ∗
ωB and by the definition of qB, we have qB(B∗, B∗) =

0, i.e., B∗ ⊆ (B∗)⊥ and so B∗ is isotropic.
(⇐=) Suppose that I is an n/2-dimensional isotropic Bihom-ideal of L. By Lemma

7.8, [β(I), α(I)] = 0. Let B = L/I and p : L → B be the canonical projection. Since
chK 6= 2, we can choose an isotropic complement subspace B0 to I in L, i.e., L = B0 u I
and B0 ⊆ B⊥

0 . Then B⊥
0 = B0 since dimB0 = n/2.

Denote by p0 (resp. p1) the projection L → B0 (resp. L → I) and let q∗
L denote the

homogeneous linear map I → B∗ : i 7→ q∗
L(i), where q∗

L(i)(p(x)) := qL(i, x), ∀x ∈ L. We
claim that q∗

L is a linear isomorphism. In fact, if p(x) = p(y), then x − y ∈ I, hence
qL(i, x − y) ∈ qL(I, I) = 0 and so qL(i, x) = qL(i, y), which implies q∗

L is well-defined and
it is easily seen that q∗

L is linear. If q∗
L(i) = q∗

L(j), then q∗
L(i)(p(x)) = q∗

L(j)(p(x)), ∀x ∈ L,
i.e., qL(i, x) = qL(j, x), which implies i − j ∈ L⊥ = 0, hence q∗

L is injective. Note that
dimI = dimB∗, then q∗

L is surjective.
In addition, q∗

L has the following property:

q∗
L([β(x), α(i)])(p(α(y)))
= qL([β(x), α(i)]L, α(y)) = −δqL([β(i), α(x)]L, α(y))
= −δqL(α(i), [β(x), α(y)]L) = −δq∗

L(α(i))p([β(x), α(y)]L)
= −δq∗

L(α(i))[p(β(x)), p(α(y))]L = −q∗
L(α(i))(adp(β(x))(p(α(y))))

= δ(π(p(β(x)))q∗
L(α(i)))(p(α(y))) = [p(β(x)), q∗

L(α(i))]L⊕L∗(p(α(y))),

where x, y ∈ L, i ∈ I. A similar computation shows that

q∗
L([β(x), α(i)]) = [p(β(x)), q∗

L(α(i))]L⊕L∗ , q∗
L([β(i), α(x)]) = [q∗

L(β(i)), p(β(x))]L⊕L∗ .

Define a homogeneous bilinear map

ω : B ×B −→ B∗

(p(b0), p(b′
0)) 7−→ q∗

L(p1([b0, b
′
0])),

where b0, b
′
0 ∈ B0. Then w is well-defined since the restriction of the projection p to B0 is

a linear isomorphism.
Let φ be the linear map L → B ⊕ B∗ defined by φ(b0 + i) = p(b0) + q∗

L(i),∀b0 + i ∈
B0 u I = L. Since the restriction of p to B0 and q∗

L are linear isomorphisms, φ is also a
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linear isomorphism. Note that
φ([β(b0 + i), α(b′

0 + i′)]L)
= φ([β(b0), α(b′

0)]L + [β(b0), α(i′)]L + [β(i), α(b′
0)]L)

= φ(p0(β(b0), α(b′
0)]L) + p1([β(b0), α(b′

0)]L) + [β(b0), α(i′)]L + [β(i), α(b′
0)]L)

= p(p0([β(b0), α(b′
0)]L)) + q∗

L(p1([β(b0), α(b′
0)]L) + [β(b0), α(i′)]L + [β(i), α(b′

0)]L)
= [p(β(b0)), p(α(b′

0))]L + ω(p(β(b0)), p(α(b′
0))) + [p(β(b0)), q∗

L(α(i′))]L
+ [q∗

L(β(i)), p(α(b′
0))]L

= [p(β(b0)), p(α(b′
0))]L + ω(p(β(b0)), p(α(b′

0))) + δπ(p(β(b0))(q∗
L(α(i′)))

− π(p(β(b′
0))(q∗

L(α(i)))
= [p(β(b0)) + q∗

L(β(i)), p(α(b′
0)) + q∗

L(α(i′))]B⊕B∗

= [φβ((b0 + i)), φα((b′
0 + i′))]L⊕L∗ .

Then φ is an isomorphism of algebras, and so (B⊕B∗, [·, ·]B⊕B∗ , α, β) is a δ-Bihom-Jordan-
Lie algebra. Furthermore, we have

qB(φ(b0 + i), φ(b′
0 + i′)) = qB(p(b0) + q∗

L(i), p(b′
0) + q∗

L(i′))
= q∗

L(i)(p(b′
0)) + q∗

L(i′)(p(b0))
= qL(i, b′

0) + qL(i′, b0)
= qL(b0 + i, b′

0 + i′),
then φ is isometric. The relation

qB([β′(φ((x)), α′(φ(α(y)))], α′(φ(α(z))))
= qB([φ(β(x)), φ(α(y))], φ(α(z))) = qB(φ([β(x), α(y)]), φ(α(z))) = qL([β(x), α(y)], α(z))
= qL(α(x), [β(y), α(z)]) = qB(φ(α(x)), [φ(β(y)), φ(α(z))])

= qB(α′(φ(x)), [β′(φ(y)), α′(φ(z))])
which implies that qB is a nondegenerate invariant symmetric bilinear form, and so
(B ⊕ B∗, qB, α

′, β
′) is a quadratic δ-Bihom-Jordan-Lie algebra. In this way, we get a

T ∗-extension T ∗
ωB of B and consequently, (L, qL, α, β) and (T ∗

ωB, qB, α
′, β

′) are isometric
as required. �

Let(L, [·, ·]L, α, β) be a δ-Bihom-Jordan-Lie algebra over a field K, and let ω1 : L×L →
L∗ and ω2 : L×L → L∗ be two different Jordancyclic 2-cocycles. The T ∗-extensions T ∗

ω1L
and T ∗

w2L of L are said to be equivalent if there exists an isomorphism of δ-Bihom-Jordan-
Lie algebras ϕ : T ∗

ω1L → T ∗
ω2L which is the identity on the Bihom-ideal L∗ and which

induces the identity on the factor δ-Bihom-Jordan-Lie algebra T ∗
ω1L/L

∗ ∼= L ∼= T ∗
ω2L/L

∗.
The two T ∗-extensions T ∗

ω1L and T ∗
ω2L are said to be isometrically equivalent if they are

equivalent and ϕ is an isometry.

Proposition 7.10. Let L be a δ-Bihom-Jordan-Lie algebra over a field K of characteristic
not equal to 2, and ω1, ω2 be two Jordan cyclic 2-cocycles L× L → L∗. Then we have

(i) T ∗
ω1L is equivalent to T ∗

ω2L if and only if there is z ∈ C1(L,L∗) such that

ω1(x, y) − ω2(x, y) = δπ(x)z(y) − π(α−1β(y)α̃β̃−1z(x) − z([x, y]L), ∀x, y ∈ L. (7.7)
If this is the case, then the symmetric part zs of z, defined by zs(x)(y) :=

1
2(z(x)(y) + z(y)(x)), for all x, y ∈ L, induces a symmetric invariant bilinear form
on L.

(ii) T ∗
ω1L is isometrically equivalent to T ∗

ω2L if and only if there is z ∈ C1(L,L∗) such
that (29) holds for all x, y ∈ L and the symmetric part zs of z vanishes.
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Proof. (i) T ∗
ω1L is equivalent to T ∗

ω2L if and only if there is an isomorphism of δ-Bihom-
Jordan-Lie algebras Φ : T ∗

ω1L → T ∗
ω2L satisfying Φ|L∗ = 1L∗ and x− Φ(x) ∈ L∗,∀x ∈ L.

Suppose that Φ : T ∗
ω1L → T ∗

ω2L is an isomorphism of δ-hom-Jordan-Lie algebra and
define a linear map z : L → L∗ by z(x) := Φ(x) − x, then z ∈ C1(L,L∗) and for all
x+ f, y + g ∈ T ∗

ω1L, we have
Φ([x+ f, y + g]Ω)
= Φ([x, y]L + ω1(x, y) + δπ(x)g − π(α−1β(y)α̃β̃−1(f)
= [x, y]L + z([x, y]L) + ω1(x, y) + δπ(x)g − π(α−1β(y)α̃β̃−1(f).

On the other hand,
[Φ(x+ f),Φ(y + g)]
= [x+ z(x) + f, y + z(y) + g]
= [x, y]L + ω2(x, y) + δπ(x)g + δπ(x)z(y) − π(α−1β(y)α̃β̃−1z(x) − π(α−1β(y)α̃β̃−1(f).

Since Φ is an isomorphism, (7.7) holds.
Conversely, if there exists z ∈ C1(L,L∗) satisfying (7.7), then we can define Φ : T ∗

ω1L →
T ∗

ω2L by Φ(x + f) := x + z(x) + f . It is easy to prove that Φ is an isomorphism of δ-
Bihom-Jordan-Lie algebras such that Φ|L∗ = idL∗ and x− Φ(L) ∈ L∗, ∀x ∈ L, i.e. T ∗

ω1L is
equivalent to T ∗

ω2L.
Consider the symmetric bilinear form qL : L×L → K, (x, y) 7→ zs(x)(y) induced by zs.

Note that
ω1(β(x), α(y))(α(m)) − ω2(β(x), α(y))(α(m))
= δπ(β(x))z(α(y))(α(m)) − π(α−1β(α(y)))α̃β̃−1z(β(x))(α(m)) − z([β(x), α(y)]L)(α(m))
= δπ(β(x))z(α(y))(α(m)) − π(α(y))z(α(x))(α(m)) − z([β(x), α(y)]L)(α(m))
= −δz(α(y))([β(x), α(m)]L) + z(α(x))([β(y), α(m)]L) − z([β(x), α(y)]L)(α(m)),

and
ω1(β(y), α(m))(α(x)) − ω2(β(y), α(m))(α(x))
= δπ(β(y))z(α(m))(α(x)) − π(α(m))z(α(y))(α(x)) − z([β(y), α(m)]L)(α(x))
= −δz(α(m))([β(y), α(x)]L) + z(α(y))([β(m), α(x)]L) − z([β(y), α(m)]L)(α(x))
= z(α(m))([β(x), α(y)]L) − δz(α(y))([β(x), α(m)]L) − z([β(y), α(m)]L)(α(x)).

Since both ω1 and ω2 are Jordancyclic, the right hand sides of above two equations are
equal. Hence

− δz(α(y))([β(x), α(m)]L) + z(α(x))([β(y), α(m)]L) − z([β(x), α(y)]L)(α(m))
= z(α(m))([β(x), α(y)]L) − δz(α(y))([β(x), α(m)]L) − z([β(y), α(m)]L)(α(x)).

That is
z(α(x))([β(y), α(m)]L) + z([β(y), α(m)]L)(α(x))
= z([β(x), α(y)]L)(α(m)) + z(α(m))([β(x), α(y)]L).

Since chK 6= 2, qL(α(x), [β(y), α(m)]) = qL([β(x), α(y)], α(m)), which proves the invari-
ance of the symmetric bilinear form qL induced by zs.

(ii) Let the isomorphism Φ be defined as in (i). Then for all x+ f, y + g ∈ L⊕ L∗, we
have

qB(Φ(x+ f),Φ(y + g)) = qB(x+ z(x) + f, y + z(y) + g)
= z(x)(y) + f(y) + z(y)(x) + g(x)
= z(x)(y) + z(y)(x) + f(y) + g(x)
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= 2zs(x)(y) + qB(x+ f, y + g).
Thus, Φ is an isometry if and only if zs = 0. �
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