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Abstract
Let R be a noncommutative prime ring of characteristic different from 2 with Utumi
quotient ring U and extended centroid C' and f(ri,...,r,) be a multilinear polynomial over

C, which is not central valued on R. Suppose that F' and G are two nonzero generalized
derivations of R such that G # Id (identity map) and

F(f(r)?) = F(f(r)G(f(r)) + G(f(r))F(f(r))
for all r = (r1,...,7,) € R™. Then one of the following holds:

(1) there exist A € C' and pu € C such that F(z) = Az and G(z) = px for all z € R
with 2u = 1;

(2) there exist A € C' and p,q € U such that F(z) = Az and G(z) = pz + zq for all
r€Rwithp+qeC,2(p+q)=1and f(z1,...,7,)? is central valued on R;

(3) there exist A € C' and a € U such that F(z) = [a,z] and G(z) = Az for all z € R
with f(x1,...,2,)? is central valued on R;

(4) there exist A € C and a,b € U such that F(x) = ax 4+ zb and G(z) = Az for all
r € Rwitha+be C,2 =1 and f(x1,...,7,)? is central valued on R;

(5) there exist a,p € U such that F(x) = xza and G(x) = px for all x € R, with
(p—1)a = —ap € C and f(z1,...,7,)? is central valued on R;

(6) there exist a,q € U such that F(z) = axr and G(z) = zq for all z € R with
a(q—1) = —qa € C and f(x1,...,7,)? is central valued on R.

Mathematics Subject Classification (2010). 16N60, 16W25, 16R50
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1. Introduction

Throughout this paper R always denotes an associative prime ring with extended cen-
troid C' and U its Utumi ring of quotients. By a derivation, we mean an additive mapping
d : R — R such that d(zy) = d(x)y + zd(y) holds for all x,y € R. By a generalized
derivation, we mean an additive mapping F' : R — R such that F(zy) = F(z)y + zd(y)
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holds for all z,y € R, where d is a derivation of R. Thus any derivation is a generalized
derivation.

A famous result proved by Posner [17, Theorem 2] states that if a prime ring R has
a nonzero derivation d such that [d(x),z] € Z(R) for all z € R, then R is commutative.
Bresar [2] studied the case d(z)z—zd(x) € Z(R) for all x € R, where d and § are two deriva-
tions of a prime ring R and obtained that either d = § = 0 or R is commutative. After
that in [13] Lee and Shiue extended the previous result considering multilinear polynomial.
They proved that if d(f(x1,...,2n))f(z1,. .., 2n) — f(@1,. .., 22)0(f(z1,...,20)) € Z(R)
for all xy,...,x, € I, where I is a nonzero ideal of R and f(z1,...,2y) is a non-central
multilinear polynomial over C, then either d = 0 = § or d = —§ and f(z1,...,2,)? is
central valued on RC unless char(R) = 2 and dimcRC = 4.

Recently in [4], De Filippis et al. showed that if d and ¢ are nonzero derivations of R
and f(z1,...,%,) is a multilinear polynomial over C', non-central valued on R, such that
[d(f(x1,...,20)),0(f(z1,...,20))] € Z(R) for all z1,...,2, € R, then {d,0} are linear
dependent over C' unless when char(R) = 2 and dimcRC = 4.

More recently, Fosner and Vukman [7] proved that if R is a prime ring of char(R) # 2,
F) and F; are generalized derivations of R such that Fy(z)Fy(x) + Fa(z)Fi(x) = 0 for all
x € R then either F; = 0 or F» = 0. In [18], Rania and Scudo extended this result to
the case G(f(x1,...,xn))d(f(z1,...,2pn)) + d(f(z1,...,20))G(f(21,...,2y,)) = 0 for all
x1,...,Tyn € R, where GG is a generalized derivation of R and d is any derivation of R, and
proved that either G = 0 or d = 0, except when d is inner, there exists A € C' such that
G(z) = M\z,VYx € R and f(x1,...,7,)? is central valued on R. Recently, in [19] Yarbil
and De Filippis studied the same situation, when G and d are two skew derivations of R
associated to the same automorphism « and obtained that either G = 0 or d = 0. Here
skew derivation means an additive mapping d : R — R such that d(zy) = d(z)y+a(z)d(y)
for all x,y € R, where « is an automorphism of R.

Recently, Dhara et al. [6] extended the above result by taking generalized derivation F
in the place of derivation d, that is,

F(f(z1,. ., 20)G(f(z1,...,20)) + G(f(z1,. - 20))F(f(z1,...,2,)) =0,

where F, G are two generalized derivations of R. In the present paper, we consider the
case F(f(r)?) = F(f(r))G(f(r)) + G(f(r)F(f(r)) for all r = (r1,...,7,) € R", where F
and G are two generalized derivations of R. If G = Id (identity map), then F' becomes
a derivation of R. So our interest is to study the case when G # Id. More precisely, we
prove the following theorem.

Main Theorem. Let R be a noncommutative prime ring of characteristic different from
2 with Utumi quotient ring U and extended centroid C, and f(ry,...,r,) be a multilinear
polynomial over C, which is not central valued on R. Suppose that F and G are two
nonzero generalized derivations of R such that G # 1d (identity map) and

F(f(r)?) = F(f(r)G(f(r) + G(f(r)F(f(r))
forallr = (r1,...,ry) € R™. Then one of the following holds:

(1) there exist A € C and p € C such that F(z) = Ax and G(z) = px for allz € R
with 2pu = 1;

(2) there exist A € C and p,q € U such that F(z) = Az and G(x) = px + xq for all
r€Rwithp+qeC,2(p+q) =1, and f(z1,...,1,)% is central valued on R;

(3) there exist X\ € C and a € U such that F(x) = [a,z] and G(z) = Az for allxz € R
with f(x1,...,2,)? is central valued on R;

(4) there exist A € C' and a,b € U such that F(z) = ax + xb and G(x) = Az for all
r € Rwitha+beC,2\=1 and f(z1,...,2,)? is central valued on R;
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(5) there exist a,p € U such that F(x) = za and G(x) = px for all x € R, with
(p—1)a= —ap € C and f(x1,...,2,)? is central valued on R;

(6) there exist a,q € U such that F(x) = ax and G(z) = zq for all x € R with
alg—1)=—qa € C and f(x1,...,2,)? is central valued on R.

Following corollaries are straightforward.

Corollary 1.1. Let R be a noncommutative prime ring of characteristic different from
2 with Utumi quotient ring U and extended centroid C, and f(r1,...,rs) be a multilin-
ear polynomial over C, which is not central valued on R. Suppose that F is a nonzero
generalized derivation of R and d is a nonzero derivation of R such that

F(f(r)?) = F(f(r))d(f(r) +d(f(r)F(f(r)
for allr = (r1,...,ry) € R™. Then there exist \ € C and p € U such that F(z) = \x and
d(z) = [p,z] for all x € R with f(z1,...,2,)? is central valued on R.

Corollary 1.2. Let R be a noncommutative prime ring of characteristic different from
2 with Utumi quotient ring U and extended centroid C, and f(ri,...,ry) be a multilin-
ear polynomial over C, which is not central valued on R. Suppose that G is a nonzero
generalized derivation of R such that

G(f(m)f(r) + Fr)G(f(r) = f(r)?
for allr = (r1,...,m) € R"™, then one of the following holds:
(1) there exists p € C such that G(x) = px for all x € R with 2u = 1;

(2) there exist p,q € U such that G(x) = px + xq for all € R with p+ q € C,
2(p+q) =1 and f(x1,...,2,)? is central valued on R.

2. Main results

Lemma 2.1. [1, Lemma 3] Let R be a noncommutative prime ring with Utumi quotient
ring U and extended centroid C, and f(x1,...,x,) be a multilinear polynomial over C,
which is not central valued on R. Suppose that there exist a,b,c,q € U such that (af(r)+
f0) f(r) — f(r)(ef(r) + f(r)q) = 0 for all r = (r1,...,m) € R™. Then one of the
following holds:

(1) a,qge Candq—a=b—ceC;

(2) f(z1,...,7n)? is central valued on R and g —a=b—c € C;

(3) char(R) =2 and R satisfies s4.

In particular, from above Lemma, we have the followings:

Lemma 2.2. Let R be a noncommutative prime ring of characteristic different from 2
with Utumi quotient ring U and extended centroid C, and f(x1,...,z,) be a multilinear
polynomial over C, which is not central valued on R. Suppose that there exist a,b,q € U
such that af(r)? + f(r)2q + f(r)bf(r) = 0 for all v = (r1,...,7,) € R™. Then one of the
following holds:

(1) a,ge C and g+a=—-be C;

(2) f(x1,...,2,)? is central valued on R and ¢ +a = —b € C;

(3) char(R) =2 and R satisfies s4.

Lemma 2.3. [6, Corollary 2.14] Let R be a prime ring of characteristic different from 2,
with Utumi quotient ring U and extended centroid C, and f(x1,...,xy) be a multilinear
polynomial over C. Suppose that d and d are two nonzero derivations of R such that

d(f(r))a(f(r)) +8(f(r))d(f(r)) =0

forallr = (r1,...,ry) € R". Then f(x1,...,xy,) is central valued on R.
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Lemma 2.4. [6, Lemma 2.10] Let R be a prime ring of characteristic different from 2,
U its Utumi quotient ring, and C its extended centroid, and f(x1,...,x,) a multilinear
polynomial over C' which is non-central valued on R. Suppose that a,b,p € U such that

af(r)*b+ f(r)pf(r) =0
for allr = (r1,...,m) € R™. Then one of the following holds:
(1) ae C and ab= —p € C;

(2) be C andab= —p € C;
(3) f(z1,...,2,)? is central valued on R and ab= —p € C.

Lemma 2.5. [5, Lemma 1.5] Let C' be an infinite field and m > 2. If Ay, ..., Ay are not
scalar matrices in My, (C) then there exists some invertible matriz P € M,,(C) such that
any matrices PA1P~Y, ..., PAL,P~! have all nonzero entries.

Proposition 2.6. Let R = M,,(C) be the ring of all m x m matrices over the infinite
field C, f(x1,...,2,) a non-central multilinear polynomial over C' and a,b,p,q € R. If

(af(r)® + f(r)?0) = (af (r) + f(r)0)(pf (r) + f(r)a) + (pf (r) + f(r)a)(af(r) + f(r)b)
for allr = (r1,...,m,) € R"™, then either a or p and either b or q are scalar matrices.

Proof. By our assumption, R satisfies the generalized polynomial identity

(af(ri,...,rn)?+ f(re,...,mn)%b)
= (af(riy...,rn) + fOri,.c.,m)b)(pf(r1, oo ymn) + f(r1y. .o, 70)Q)
+(pf(riy..cymn) + fOre, . yr)@) (af(re, . ooyr) + f(r, ... m0)b). (2.1)

We assume first that a ¢ Z(R) and p ¢ Z(R). Now we shall show that this case leads to
a contradiction.

Since a ¢ Z(R) and p ¢ Z(R), by Lemma 2.5 there exists a C-automorphism ¢ of M,,(C)
such that a1 = ¢(a), p1 = ¢(p) have all nonzero entries. Clearly ay, p1, b1 = ¢(b) and
¢1 = ¢(q) must satisfy the condition (2.1). Without loss of generality we may replace
a,b,p,q with a1,b1,p1, q1, respectively.

Here ej; denotes the usual matrix unit with 1 in (k,[)-entry and zero elsewhere. Since
f(z1,...,2y) is not central, by [14] (see also [15]), there exist u1, ..., up € My (C) and v €
C —{0} such that f(ui,...,u,) = vyer, with k # [. Moreover, since the set {f(r1,...,7r,) :
Ty ... Tn € My (C)} is invariant under the action of all C-automorphisms of M, (C'), then
for any i # j there exist r1,...,r, € M,,(C) such that f(r,...,7,) = e;;. Hence from
(2.1) we have

0 = (aei; + eijb)(peij + eijq) + (peij + eijq)(aeij + ei;b) (2.2)

and then left multiplying by e;;, it follows e;jae;;pe;j+eijpe;jae;; = 0, which gives 2a;p;; =
0, that is a contradiction, since a and p have all nonzero entries. Thus we conclude that
either a or p is central.

Similarly, we can prove that b or ¢ is central.
Therefore we conclude that either a or p and either b or ¢ are scalar matrices. O

Proposition 2.7. Let R = M,,(C) be the ring of all matrices over the field C with
char(R) # 2 and f(x1,...,2,) a non-central multilinear polynomial over C' and a,b,p,q €
R. If

(af(r)? + f(r)?0) = (af (r) + F)O) (0 (r) + f(r)a) + (0f (r) + f(r)a)(af(r) + f(r)b)
forallr = (r1,...,ry) € R", then either a or p and either b or q are scalar matrices.

Proof. If one assumes that C' is infinite, then the conclusions follow by Proposition 2.6.
Now let C be finite and K be an infinite field which is an extension of the field C. Let
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R = M;,(K) =~ R®c K. Notice that the multilinear polynomial f(ry,...,r,) is central
valued on R if and only if it is central valued on R. Consider the generalized polynomial
P(Tla"'vrn) = (af(rlv"'7rn)2 +f(7‘1,...,7‘n)2b)

—(af(riy...,mn) + fOre, .. o,r)b)(0f(re, o oyrmn) + f(r1, .oy m0)Q)

—(pf(r1,...smn) + fri, .. yr)@)(af(r1, .o ymn) + f(r1, .., 70)b) (2.3)
which is a generalized polynomial identity for R.
Moreover, it is a multi-homogeneous of multi-degree (2,...,2) in r1,...,7y.
Hence the complete linearization of P(rq,...,7,) is a multilinear generalized polynomial
O(r1, -3 Tny Y1, - -, Yn) in 2n indeterminates, moreover

O(r1ye ey Ty Ty ey tn) =2"P(r1, ..., T0).

Clearly the multilinear polynomial O(riy...yTnyY1,---,Yn) is a generalized polynomial
identity for R and R too. Since char(C) # 2 we obtain P(r1,...,7,) = 0forallry,...,r, €
R and then conclusion follows from Proposition 2.6. ([l

In the above Proposition, replacing bp = b’ and qa = ¢/, it is straightforward to prove
the following:

Corollary 2.8. Let R = M,,(C) be the ring of all matrices over the field C with char(R) #
2 and f(x1,...,xy,) a non-central multilinear polynomial over C' and a,b,p,q,b',q' € R. If

(af(r)? + f(r)?b) = af(r)(pf(r) + f(r)a) + f(r)b'f(r) + f(r)bf (r)q
+pf(r)(af(r) + f(r)b) + f(r)d'f(r) + f(r)af(r)b

for allr = (r1,...,m,) € R"™, then either a or p and either b or q are scalar matrices.

Lemma 2.9. Let R be a noncommutative prime ring of characteristic different from 2
with Utumi quotient ring U and extended centroid C, and f(r1,...,ry) be a multilinear
polynomial over C, which is not central valued on R. Suppose that F' and G (# Id, identity
map) are two nonzero inner generalized derivations of R such that

F(f(r)?) = F(f(r)G(f(r)) + G(f(r))F(f(r))
forallr = (r1,...,ry) € R™. Then one of the following holds:

(1) there exist A € C and p € C such that F(x) = Az and G(z) = px for all x € R
with 2pu = 1;

(2) there exist A € C and p,q € U such that F(z) = Az and G(x) = px + xq for all
r€Rwithp+qeC,2(p+q) =1 and f(z1,...,7,)% is central valued on R;

(3) there exist A € C and a € U such that F(x) = [a,z] and G(x) = Az for all x € R
with f(x1,...,2,)? is central valued on R;

(4) there exist X\ € C and a,b € U such that F(z) = ax + xb and G(x) = Az for all
r € Rwitha+beC,2\=1 and f(z1,...,7,)? is central valued on R;

(5) there exist a,p € U such that F(x) = za and G(x) = px for all x € R, with
(p—1)a= —ap € C and f(x1,...,2,)% is central valued on R;

(6) there exist a,p € U such that F(x) = ax and G(x) = xq for all x € R with
a(q—1) = —qa € C and f(x1,...,2,)? is central valued on R.

Proof. Since F' and G are inner generalized derivations of R, there exist a,b,p,q € U
such that F(z) = ax + zb and G(x) = px + xq for all x € R. Then by hypothesis, we have

h(ri,...,mn) = (af(re,...,r0)2 + f(r1,...,70)%b)
—((If(rl, s ,’I"n) + f(rlw . .,rn)b)(pf(m, s ,’I“n) + f(rlv e ,’I"n)Q)

—(pf(re,...omn) + f(r1, .. .,m)@)(af(ri, .. .yrn) + f(r1,...,m0)b) =0 (2.4)
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for all r1,...,7, € R. Since R and U satisfy the same generalized polynomial identities
(GPI) (see [3]), U satisfies h(ry,...,r,) = 0 that is

h(ri,...,mn) = (af(re,...,r0)% + f(r1,...,70)%b)
—(af(riy...,mn) + fOre, ..o r)b)(0f(re, oo oymn) + f(r1, .oy m0)Q)
—(pf(riy...omn) + f(r1, .. ym)@)(af(ri, .. oyrn) + f(r1, ..., m0)b) =0 (2.5)

for all r1,...,r, € U. Suppose that h(ry,...,r,) is a trivial GPI for U and C{ry,...,r,},
the free C-algebra in noncommuting indeterminates r1,...,r,. Then, h(ry,...,ry,) is zero
element in T'= U ¢ C{ry,...,r,}. This implies that {a,p, 1} is linearly independent over
C. Let ap + Ba+~ = 0, where o, 5,y € C. If a = 0, then 8 # 0 and hence a € C. If
a # 0, then p = Aa + p for some A\, u € C. In this case our identity reduces to

(af(ri,...,rn)% + f(re,...,m0)%b)
—(af(riy...srn) + f(r1, )b (Aa+ ) f(ri,..orn) + fOre, .o ym0)q)
—((Na4+w)flry,...,mn) + f(r1,...,m)@)(af(ri, ..., )
+f(r1,...,m)b) =0 (2.6)

in T. If a is not in C, then from above we have

af(riy...,r)((f(ri,...omn) = 2Xaf(re, ... ,rn) — pf(riy ... )
—f(r1, .. smn)g = Af(ri,...,r)b) =0 (2.7)

in T, that is
af(ri,...,rm)2Xaf(ri,...,rn) + f(r1,...,m)(p+ g+ Ab—1)) =0. (2.8)

This implies that Aa € C' and hence p = (Aa + ) € C. Thus we conclude that either
a € C or p e C. Similarly, we can prove that either b € C or ¢q € C.

Next suppose that h(ri,...,r,) is a non-trivial GPI for U. In case C'is infinite, we have
h(ri,...,m) =0 for all r1,...,7, € U ®c C, where C is the algebraic closure of C. Since
both U and U ®¢ C are prime and centrally closed [8, Theorems 2.5 and 3.5], we may
replace R by U or U ®¢ C according to C finite or infinite. Then R is centrally closed over
C and h(ry,...,ry) =0 for all r1,...,r, € R. By Martindale’s theorem [16], R is then a
primitive ring with nonzero socle soc(R) and with C' as its associated division ring. Then,
by Jacobson’s theorem [10, p.75], R is isomorphic to a dense ring of linear transformations
of a vector space V over C. Assume first that V is finite dimensional over C, that is,
dimcV = m. By density of R, we have R = M,,(C). Since f(ri,...,r,) is not central
valued on R, R must be noncommutative and so m > 2. In this case, by Proposition 2.7,
we get that either a or p and either b or g are in C. If V is infinite dimensional over C,
then for any e = e € soc(R) we have eRe = M;(C) with t =dimcVe. In this case we
prove that either a or p are in C. To prove this, assume that a ¢ C and p ¢ C. Then
there exist hi, hy € soc(R) such that [a, hi] # 0 and [p, he] # 0. By Litoff’s Theorem [9],
there exists idempotent e € soc(R) such that ahi, hia,pha,hop, h1,he € eRe. We have
eRe = M;(C) with k =dimcVe. Since R satisfies generalized identity

e{af(erie, ... erpe)* + f(erre, ... erye)’ble

=e{(af(erie,... ,erne) + f(erie, ..., erpe)b) (2.9)
Apf(erie,... erne) + f(erie, ..., erpe)q)

+(pf(erie, ... erpe) + f(erie, ... erne)q)

(af(erie, ... erpe) + f(erie, ... erpe)b)}e, (2.10)
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the subring eRe satisfies
eaef(ri,...,rn)° 4 f(r1,...,m)%ebe
=eaef(r1,...,m)(epef(ri,...,mn) + f(ri,...,rn)eqe)
+f(ri,...,mn)ebpef(ri,...,mn) + f(r1,...,rn)ebef(ri, ..., m)eqe
+epef(ri,...,rn)(eaef(r1,...,rn) + f(r1,...,r)ebe)
+f(r1, ... rp)eqaef(ri, ... ,mn) + f(r1, ..., rn)eqef(ri, ... ry)ebe.  (2.11)

Then by Corollary 2.8, either eae or epe are central elements of eRe. Thus either
ahy = (eae)hy = hieae = hja or phy = (epe)hy = ha(epe) = hop, a contradiction. Hence
either a or p are in C.

Similarly, we can prove that either b or ¢ are in C.

Thus we have the following cases:

Case 1: Let a,b e C.
In this case, by (2.5) U satisfies
(@+0)f(r1,.srn)® = (@+b)(f(rise oy ra)(f(ris e ymn) + F(r1, o 0)q) —
(pf(riy...,mn) + f(ri,...,mrn)@)(a+b) f(ri,...,m) = 0. (2.12)
Since F' # 0, a + b # 0. Hence from above

f(rl,...,rn)Q—(f(rl,...,rn)pf(rl,...,rn)—i—f(rl,...,rn)zq))
—(pf(rl,...,rn)2 + f(r1, .. yrn)af(r1,...,mn)) = 0. (2.13)
This implies

pf(Tj,...,T'n)Q +f(7'1,-.-,7"n)2<q_ 1) +f(ﬁ,-..,Tn)(p-l-q)f(h,...,rn) - 07
for all r1,...,7, € U. Then by Lemma 2.2, one of the following holds:

(1) ppg—1eCandp+qg—1=—(p+¢q) € C. In this case we have F(z) = ax + xb =
(a +b)xr and G(x) = pr + xq = (p+ ¢q)z for all x € R, with 2(p+ ¢) = 1 which is
our conclusion (1).

(2) f(x1,...,2,)? is central valued on R and p+q—1 = —(p+q) € C. In this case, we
have F(z) = ax + 2b = (a + b)z and G(z) = px +zq for all z € R withp+q € C
and 2(p 4+ ¢) = 1, which is our conclusion (2).

Case 2: Let pe C and g € C.
Then by (2.5), U satisfies
(af(riy...,rn)?+ f(r1,...,mn)%b)
—(af(ri,...,mn) + fre, .. .,r)0)(p+ @) f(r1, ...y 70)
—(p+qQ)f(ri,...,ra)(af(ri,...,rn) + f(r1,...,m)b) = 0. (2.14)

This can be written as

a(l—p—Q)f(Tl,...,’l“n)2+f(7“1,...,7“n)2b(1—p—(])
—(f(r1,...,r)(a+0)(p+q) f(r1,...,mn) =0 (2.15)
for all r1,...,7, € U. Then by Lemma 2.2, one of the following holds:

(1) al=p—q),b(l—p—q)€Canda(l-—p—q)+b(1—p—q)=(a+d)(p+q) €C.
Since G # Id, p+ q # 1 and hence a,b € C'. Then conclusion follows by Case 1.

(2) f(z1,...,7n)?%is central valued on R and a(1—p—q)+b(1—p—q) = (a+b)(p+q) € C.
This implies 2(p+q)(a+b) = a+b. Since G # 0, 0 # p+q € C. Hence (a+b)(p+q) €
Cyields a+b € C. Thus 2(p+¢q)(a+b) = a+b gives (2(p+¢q) —1)(a+b) = 0. This
implies either a+b=0or 2(p+¢q) =1. When a +b =0, F(z) = az + zb = [a, 2]
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for all x € R, G(x) = px + zq = (p + ¢)x for all x € R, which is conclusion (3).
On the other hand when 2(p + ¢) = 1, then F(x) = az + zb for all x € R with
a+beC and G(z) = pr+xq= (p+q)x for all x € R with 2(p+ q) = 1, which is
our conclusion (4).

Case 3: Let a € C and q € C.
Then by (2.5), we have

fr,...,rn)%(a+b)
= f(rb s ,rn)(a + b)(p+ Q)f(rlw : .,Tn) + (p+Q)f(r17' : .,Tn)Q(a—l- b)a

for all r1,...,m, € U.
This can be written as

(p+q—1f0r1,...,rn) @+ b)+ f(ri,...,m)(a+b)(p+q)f(r,...,rn) = 0.
Then by Lemma 2.4, one of the following holds:

(1) p+qg—1,(a+b)(p+q) € Cand (p+q—1)(a+b)+ (a+b)(p+q) = 0. This
implies p+ ¢ € C. Since G # 0, p+ q # 0 and hence 0 # a + b € C. Hence
(p+qg—1(a+0b)+ (a+b)(p+q) =0 yields 2(p + ¢) = 1. Thus in this case we
have F(x) = ax + 2b=x(a+b) = (a + b))z and G(z) = pr + zq = (p + q)z for all
x € R with 2(p+ ¢) = 1, which is our conclusion (1).

(2) a+b,(a+b)(p+qg €eCand (p+qg—1)(a+b)+ (a+b)(p+q) =0. Since a € C,
a+be Cyields b e C. Since F #0, a+b # 0 and thus (a+b)(p+ q) € C implies
p+q € C. Hence, (p+q—1)(a+b)+(a+b)(p+¢q) = 0 yields 2(p+¢) = 1. Thus in this
case we have F(r) = ax+xzb=z(a+0b) = (a+b)xr and G(x) =pr+29 = (p+q)x
for all z € R with 2(p + ¢) = 1, which is our conclusion (1).

(3) f(z1,...,7n)?is central valued on R and (p+q—1)(a+b) = —(a+b)(p+q) € C.
Thus in this case we have F(z) = ax + 2b = z(a + b) for all z € R and G(x) =
px + xq = (p+ q)z for all x € R, which is our conclusion (5).

Case 4: Let be C and p € C.
Then by (2.5), we have

(@a+b)f(r1,...,mn)?
=(a+b0)f(r1,....rn)2 0+ Q)+ f(ri, ..+ Q) (a+b) f(r1, ..., ),

for all r1,...,7, € U. This can be written as

(a+b)f(7“1,...,rn)2(p+q—1)—|—f(7“1,...,Tn)(p—l—q)(a-i-b)f(n,...,Tn) :O
for all r1,...,r, € U. Then by Lemma 2.4, one of the following holds:

(1) a+b,(p+q)(a+b)eCand (a+b)(p+q—1)+ (p+¢q)(a+b) =0. Since b € C,
a+be Cyields a € C. Since F' # 0, a+b # 0 and thus (p+q)(a+0b) € C implies
p+q € C. Hence, (a+b)(p+q¢—1)+ (p+¢)(a+b) =0 yields 2(p + q) = 1.
Thus in this case we have F'(z) = (a + b)x and G(z) = (p+ ¢)x for all x € R with
2(p + ¢q) = 1, which is our conclusion (1).

(2) p+q—1,(p+q)(a+d) € Cand (a+b)(p+q¢—1)+ (p+¢q)(a+b) =0. Since p € C,
p+q—1¢€Cyields g € C. Since G # 0, p+ g # 0 and thus (p+q)(a+b) € C
implies a+b € C. Hence, (a+b)(p+q—1)+ (p+¢q)(a+b) =0 yields 2(p+q) = 1.
Thus in this case we have F(z) = (a + b)x and G(z) = (p+ ¢)x for all x € R with
2(p + q) = 1, which is our conclusion (1).

(3) f(z1,...,7n)? is central valued on R and (a+b)(p+q—1) = —(p+q)(a+b) € C.
Thus in this case we have F(z) = ax + 2b = (a + b)x for all z € R and G(z) =
pr + xq = x(p + q) for all z € R, which is our conclusion (6).

O
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Proof of the Main Theorem. In [12, Theorem 3|, Lee proved that every generalized
derivation g on a dense right ideal of R can be uniquely extended to a generalized derivation
of U and thus can be assumed to be defined on the whole U with the form g¢(z) =
ax + d(z) for some a € U and d is a derivation of U. In the light of this, we may
assume that there exist a,b € U and derivations d, § of U such that F'(z) = ax + d(z) and
G(z) = bz + 6(x). Since I, R, and U satisfy the same generalized polynomial identities
(see [3]) as well as the same differential identities (see [14]), without loss of generality, to
prove our results, we may assume F(f(z1,...,7,))% = F(f(21,...,22))G(f(z1,..., 7))+
G(f(z1,.. . 2n)F(f(z1,...,25)) forall xy,...,z, € U.

If F and G both are inner generalized derivations of R, then by Lemma 2.9 we obtain
our conclusions. Thus we assume that not both of F' and G are inner. Hence U satisfies

af(x1,...,z0)? +d(f(z1,...,20)%)
= (af(x1,...,xn) +d(f(z1,...,2p)
+(0f(z1,...,xn) +0(f(x1,...,20))

for all (x1,...,x, € U, where d,d are two derivations on U not both are inner.

Case 1: Assume that d and ¢ are C-dependent modulo inner derivations of U i.e.,
ad + B0 = ady, where o, § € C.

Subcase 1.i: Suppose a = 0. Then §(z) = [p, z], where p = 371¢. Obviously d is not an
inner derivation of U. From (2.16) we obtain that U satisfies

af(xy,...,x0)? +d(f(x1, ..., x0))f(z1,. . 20) + f(z1, .., 20)d(f(z1,. .., 20))
= (af(z1,. . zn) +d(f(z1,. ., 20)))(0f (21, ... 20) + [P, f(21, ..., 20)])
+(bf (1, zn) + [y flx1, ..y xn))(af (1, .o xn) +d(f(21,. .., 20)). (2.17)

Let f%(x1,...,z,) be the polynomials obtained from f(x1,...,x,) replacing each coeffi-
cients o, with d(a,). Then we have

dA(f(z1,....azn)) = fUx1, ... z0) —I—Zf(ml,...,d(xi),...,zn).

Thus (2.17) gives

af(@1,.- s o0)? + (fU 21, 20) + 2 f(@ry e d(@i), . zn) f(@1, 0 20)
+f(x1, w0 (1, 2n) + 2 f(@r, e d(@i), . )
= (af(x1,...,20) + fHz1,. .., 20) + 2 flr, . d(®@), .o, 2n))

(bf(x1, .. xn) + [p, f(21, .o yxn)]) + (bf (21, .. xn) + [, (21, ..oy 20)])
(af(x1, .. xn) + fU 21, xn) + (@, d(@i), . ). (2.18)

Since d is outer derivation, by Kharchenko’s theorem [11], we have that U satisfies
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af(:cl,...,a:n)2+(fd(:cl,...,azn)—{—Zf(xl,...,yi,...,xn))f(xl,...,xn)
—|—f(a:1,...,xn)((fd(a;l,...,a:n)—i—Zf(xl,...,yi,...,a:n))
= (af($17"'7xn)+fd($1a-'-a$n)+Zf($17"'7yia---a$n))

(bf(x1y. . yxn) + [p, f(21,. . xn)]) + (bf (x1, ...y 2n) + [P, f(21,- .., 20)])
(af(x1,...,20) + fU21,. .. 20) —I—%:f(:cl,...,yi,...,xn)). (2.19)

Particularly, U satisfies the blended component,

Zf(a:l,...,yi,...,xn)f(arl,...,:z:n)+f(a:l,...,a:n)Zf(xl,...,yi,...,a:n)
=2 @, Yi )0 (1, 20) + [Py (21,000, 20)])

+(bf((L‘1, s 7‘7;71) + [p’f(xlv s ’xn)])Zf(:Cl? e Yis e ,CCn). (220)
In particular, for y1 = z1, y2o = y3 = ... = yp = 0, we get from above

2f(x1, ... xn)2 = flz1, ..., 20)(0f (@1, ... 20) + [, flx1,. .., 20)])

+(0f(z1,...,zn) + [p, f(x1, .oy zn)]) fx1, ..o mn), (2.21)

which gives
(b+p)flx1,...,20)% = fl21,. .., 20)?(p+2) + f(z1,...,20)bf(21,...,2,) = 0.

Then by Lemma 2.2, one of the following holds:

(1) b+p,p+2,b€ C and (b+p) — (p+2) = —b. This implies p € C and b = 1. Thus
in this case we have G(x) = bx + [p, z] = z for all z € R, a contradiction.

(2) f(x1,...,2,)? is central valued on R and (b+p) — (p +2) = —b € C. This gives
b= 1. In this case, we have from (2.17) that U satisfies

af(x1,...,zn)? +d(f(z1,...,20)%)
= (af(z1,...,zn) +d(f(z1,.. . 20))(f(@1, .- 20) + [P, f(21,. .., 20)])
+(f(x1y. . yxn) + [p, f(21, . xn))) (af (x1, ..y 2p)
+d(f(z1,...,zp))). (2.22)

This implies

0=af(x1,...,zn)[p, f(z1,...,2n)] +d(f(z1,...,20))[p, f(z1,...,20)]
+f(z1,. ., xn)af(ze, ... xn) + [p, f(21,. .., x0)|af(x1, ... 2p)
+p, f(x1, .. zn)]d((f(21, .- 20)).

It gives

0=af(z1,...,zn)[p, f(z1,...,20)]
+(fd($17"'?xn)+Zf($17"'7y’ia--'axn))[ af(xlv"'a$n)]

+f(z1,. . xn)af(xe, ... xn) + [p, f(21,. .., xn)|af(x1, ... 2p)
+[p,f(:c1,...,a:n)](fd(xl,...,xn)+Zf(a:1,...,yi,...,a:n)).
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In particular, U satisfies the blended component

Zf (1, Yiy ooy zp)[p, f(21, .o 20)]
+[pf:c1,..., qu:l,...,yl,..., n) =0. (2.23)

Putting y; = [¢, x;] in (2.23), where g ¢ C, we have that U satisfies

[qaf(xlv"'amn)” 7f(x1;---7xn)] +[ 7f(x17'--7wn)][q7f(x17'--7xn)] :O-(2'24)

Then by Lemma 2.3, p € C. Thus G(z) = bx + [p,z] = z for all x € R, a contradiction.

Subcase 1.ii: Suppose a # 0, then ad + 36 = ad, gives d = pd + ad,. for some pu € C and
c € U. Then we can assume that ¢ is not an inner derivation, otherwise d and d both will
be inner derivations, a contradiction. From (2.16), U satisfies

af(xr,...,z0)? +ps(f(x, ... 20)?) + e fz1, ..., 20)Y

_ (af(acl,...,a:n) S (f(1s ) + [c,f(xl,...,xn)])
-(bf(:nl, o)+ 6(f (s ,mn)))
+<bf(x1, ) + O(f (1, 7fvn)))
.(af(qu, e @n)  pb(f (2, n))

+[Ca f(.’El, <o 7x71)])7
that is,

af(x1,. .. x0)? + pu(fo(xr,. .. 2p) —|—Zf(x1,...,(5(@'),...,xn))f(a;l,...,a:n)
+/Lf([l’)1, 7$n)(f6(ajla" '7xn) +Zf(xla>5(xz)a . 7xn)) + [C,f(.’L‘l,.-.,.fL’n)Q]

- (af(xl, o) (@) 4 5 @ @), 3) e o ,xn)])

-<bf(x1,...,xn) + (@) +Zf(x1,...,5(xi),...,xn)>

i

+<bf(a:1,...,a:n) (P am) +zf(x1,...,5(%),...,%)))

%

-(af(:vl,...,xn)+u(f5(:n1,...,:cn)+Zf(xl,...,é(xi),...,xn))

(2

e, flan, .. ,mn)]).
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Then by Kharchenko’s theorem [11], we have that U satisfies
@1,y za)? 4 s m0) + @ Ui ) (@, )

(@ 2 (P ) + S i) 4 [ S )

_ (af(xl,...,a:n) B @) + S @Yo @)) + [c,f(xl,...,mn)])
(bf(xl,...,xn)+f5(m1,...,33n)+Xi:f(a:1,...,yi,...,a:n))
+<bf(x1,...,xn)+(fé(xl,...,xn)+;f(x1,...,yi,...,xn)))
-(af(a:l,...,xn)+M(f5(x1,...,a:n) FE @ i)

e, flan, .. ,xn)]). (2.25)

In particular, for 1 = 0, U satisfies
0=pf(z1,. ..,2n)% + puf(wr, ... 20)2 (2.26)

that is, 2uf(z1,...,2,)? = 0. Since char(R) # 2, U satisfies pf(z1,...,2,)? = 0. This
implies that either 4 = 0 or f(x1,...,2,)?> = 0. Now f(z1,...,2,)% = 0, implies
f(z1,...,2y) = 0 for all z1,...,2, € U, a contradiction. Hence we have yx = 0. Thus

(2.25) reduces to
af(xy,...,zn)° = (af(:zl, o) + e flz, .. ,:cn)o

-(bf(xl,...,:cn)+f5(x1,...,xn)+Zf(m1,...,yz-,...,xn))

(2

7

—i—(bf(xl,...,xn)—|—(f5(x1,...,:pn)—i—Zf(xl,...,yi,...,:pn)))

.(af(arl, ceyXn) + e, fla, .. ,xn)]>
In particular, U satisfies blended components

(af(z1,..comn) + e flor, o)) 2 f(@, o Yy @)

1

+3 f@1, Yy an)(af (@1, xn) + e (@1, 20)]) = 0. (2.27)
For y1 =21 and yo = y3 =,...,= y, = 0, U satisfies
(af(z1,. .. xn) + e f(x1, .. zn)]) fx1, ... zn)
+f(x1, .. xn)(af(zr, .. zn) + e f(z1,. .. 20)]) =0, (2.28)

that is
(a+o)f(x1,.szn)? = fx1,. . on) e+ fz1, ... mp)af (21, ..., 2n) =0,

for all x1,...,x, € U. Then by Lemma 2.2, we have one of the followings:

(1) a+¢,c,a € C and 2a = 0. Thus a = 0. In this case F(z) = az + [c,z] = 0 for all
x € U, a contradiction.
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(2) f(z1,...,7n)? is central valued on R and a € C with 2a = 0. This implies a = 0.
Then by (2.27), U satisfies

e, f(x1,...,x fol,. Yis ey Tny)
—G—Zfa:l,...,yz,..., n)le f(z1,...,2n)] = 0.

Replacing y; with [q, z;] for some ¢ ¢ C, we get from above that U satisfies

le, flx1, ...y zp)llg, f(x1, oy zn)] + (g, f(z1, -y xn)][e, f(21, ..o, 20)] = 0. (2.29)
By Lemma 2.3, ¢ € C. Then F(z) = ax + [¢,z] =0 for all z € R, a contradiction.

Case 2: Let d and 6 be linearly C-independent modulo inner derivations of U. Then from
(2.16), U satisfies

af(w1,...,20)2 + (Fm1,. .. 20) —i—%:f(xl,...,d(xi),...,a:n))f(xl,...,xn)
Ffar, ) (U, ) + S @ d@), )
= (af(x1, ... xn) + fA(z1, .. 20 X @ d(@) )
(bf (@1, @) + fOan, o mn) + DNICINY L 8(xh)s )
+(bf (215 xn) + fO(21,. ., T) —I—Xi:f(xl,...,5(:L‘i),...,xn))

(af @,y zn) + (P on) + 30 fon, o d(@), o)) (2:30)
for all z1,...,2, € U. Since d and ¢ are not inner, by Kharchenko’s theorem [11], U
satisfies
af (@, ..., x0)? + (fUze,. .., —|—Zf Tlyeo s Yiyeoos ) f(T1, oo ap)

—i—f(l’l,...,],‘n)(fd(xl,.. Jjn —I—Zf a:1,...,yz~,...,xn))

= (af(z1,...,20) + (21, .., 20 +fo1,...,yi,...,xn))
(bf(x1, .y an) + o, +fo1,...,z,-,...,xn))
+(bf (21, -y xn) + 21, —i—fol,...,zi,...,xn))
(af(xy,. .. mn) + fU 2, +fo1,...,y,~,...,xn)).

In particular, for z1 = 0, 21 = y1, we get 2f (y1, T2, ..., T,)% = 0 implying f(z1,...,2,)% =
0 for all z1,...,x, € U. It yields f(z1,...,2,) =0 for all z1,...,x, € U, a contradiction.
Thus the proof of the theorem is completed.
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