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APPROXIMATION PROPERTIES OF MODIFIED
¢-BERNSTEIN-KANTOROVICH OPERATORS

ANA MARIA ACU, P. N. AGRAWAL, AND DHARMENDRA KUMAR

ABSTRACT. In the present paper we define a g-analogue of the modified Bernstein-
Kantorovich operators introduced by Ozarslan and Duman(Numer. Funct.
Anal. Optim. 37:92-105,2016). We establish the shape preserving proper-
ties of these operators e.g. monotonicity and convexity and study the rate
of convergence by means of Lipschitz class and Peetre’s K-functional and de-
gree of approximation with the aid of a smoothing process e.g Steklov mean.
Further, we introduce the bivariate case of modified g-Bernstein-Kantorovich
operators and study the degree of approximation in terms of the partial and
total modulus of continuity and Peetre’s K-functional. Finally, we introduce
the associated GBS (Generalized Boolean Sum) operators and investigate the
approximation of the Bogel continuous and Bégel differentiable functions by
using the mixed modulus of smoothness and Lipschitz class.

1. INTRODUCTION

Let ¢ : I — R be an integrable function, I being [0,1] and p,, x(z) denote the
usual Bernstein function given by

k

Then the classical Bernstein-Kantorovich operator is defined by

Prk(T) = (n>xk(1 —z)"*0<2<1,k=0,1,2,..n.

Ka(Ga) = 0+ )Y pus(@) [ C(s)ds.
k=0 nF1

The above operator may also be expressed as follows:

Kulgia) = Y- pusts) | (B (1)
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For o > 0, replacing s in the above equation with s®, the positivity and linearity
of K,, is preserved and it generates a new sequence of positive linear operators, so
called modified Bernstein-Kantorovich operators defined by Ozarslan and Duman
[24] as follows:

Ka Cv ank /; (k;;;_sl >d$ (12)

It is observed that when o = 1, the above operator includes the classical Bernstein-
Kantorovich operators . Kajla and Goyal [19] studied modified Bernstein-
Kantorovich operators for functions of one and two variables and established some
approximation properties. For more significant contribution on Kantorovich type
modification of positive linear operators, we refer to the papers ([1], [3], [2], [6],[16],
[18], [27]). In the last decade, several researchers have studied the g-analogues of
positive linear operators and established many interesting approximation proper-
ties. In 1987, first the classical Bernstein operators based on g-integers were de-
fined by Lupas [20]. After a decade, Phillips [25] introduced another g-analogue of
Bernstein polynomials which became more popular. Inspired by them, researchers
introduced similar g-analogues of several positive linear operators and established
many interesting approximation properties. For a detailed account of the work
in this direction we refer the reader to the references [4, [7]. Before introducing
our operators, for the sake of completeness we mention some basic definitions of
g-calculus. For ¢ > 0, and each nonnegative integer k, the g-integer [k] and the
g-factorial [k]! are, respectively, given by

(1-4")
k], = { g 97 L

k, q=1,

and

[kl ! = { g]f]q[k —1g....[Lg, Z i (1),

For the integers n, k satisfying n > k£ > 0. The g-binomial coefficients are defined

by

The g-analogue of integration, introduced by Thomae [28] in the interval [0,a] is
defined by

/a((t)d l—qi ),0 < g<1. (1.3)
0 n=1

For any x € [0,0),0 < ¢ < 1, we adopt the convention [z], = (see [21]).
q
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For each positive integer n,0 < ¢ < 1 and ¢ € C(I), endowed with the uniform
norm ||¢|| = sup,¢; |¢(¢)|, Phillips [25] proposed the following g-Bernstein polyno-
mials,

n,q(C5 @) ZC({: >pnk(q7 x).

Following the above definition, for ¢ € C(I) endowed with the uniform norm ||.|,
we define the g-analogue of the operators (|1.2) as follows:

Koo =Y <Z>qu<1 —at [ 1 (P Yaus (1.4)

k=0

The aim of the present paper is to establish the shape preserving properties and
obtain the degree of approximation for the operators by means of the Lipschitz
class and the Peetre’s K-functional. Next, we define the bivariate case for the
operators and investigate the rate of convergence with the aid of the modulus
of continuity and the Peetre’s K-functional. Lastly, we study the GBS operators of
the modified g-Bernstein-Kantorovich type and study the approximation of Bogel
continuous and Bogel differentiable functions.

2. PRELIMINARIES

In order to prove the main results of the paper, we shall require the following
auxiliary results.
Lemma 1. The moments of the operators , are given by

i) Ky, (Lx) =1;
_ [n] i 1 }

( ) n+q1] + [n+1]qla+1]4 .
1,q ( T) = [,L+1]2{[ ]qx( +q[n — 1Lzz) + [aifi + m}v

(7

7
Ky, ) = [Ln_’]-ql;% {1+¢n—1z(2+q+ ﬁ) +¢°[n — 1g[n — 2]qm2 +

1 .

(ot + morm )} + e
v) K, (the) = il [{1 txfn— 14q(q> + 3+ 3) + [n — Uy — 20g2°(¢* +
2q+3) +[n—1g[n —2]g[n = 3]4¢°2"} + - {1+ alg +2)In— gz +¢*n —

6 4 1
1gln — 2Jg2*} + i A1+ aln — g2} + [3a+11q:| T @ormria
Proof. Using the definition of g-analogue of integration given by (1.3), the proof of
the lemma is straight forward hence we omit the details. (]
As a consequence of the above lemma, we have

Lemma 2. The central moments of the operators (1.4)), for ¢7.(t) = (t —x)7, where
1=0,1,..4 are given by
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. . [rL] 1—q)—1
i) K5, (65:7) = 2{ n+1q }+ S [a+1]q

ii) Kfiq(qﬁi;x) = e |2l ln—1]gq=2[n)g [0+ 1+ I+ 1T+ g {Inlglo+

1, —2[n+1], +2[n],} + M}
iii) Kﬁ‘yq(gbi;x) = m a*{[n + 1]3 + [nlqln — 1g[n — 2Jg[n — 3]4¢°
—4[n + 1g[nlg[n — Ug[n — 2]4¢° + 6[n + 1]3[n]4[n — g — 4[n + 13[n]4} +
23 { ]yl — 1gn — 2,4° (q2+2q+3+ﬁ) —4[n+1] yln — 1)ga(2+
[n+1]5
9+ oy, a+1 )+ [”+1]3[n]q(1+ [afl]q —4 a+1 }+x2{ n—1]4q(q > +3q+
3*%21%?3* magy;) — 4+ Uglnle(U+ o + o) + 6[”+1 gl s

4 1 1
a{[n]q(1 + a+1]q + [2a+1]q Gagt, — 4ln+ l]q[3a+1]q)} + o1,

Remark 1. For everyn € Nya > 0 and x € I, we have

o DR 2q™ 1
Kila(@rio) = [n+1]3 {[n]qx( wte ( T o+ 1]q) T Rat 1]q}
< ﬁ([n]qm(l — ) + Aga(n)), (2.1)

where Ay o(n) = ¢*" + m
In what follows, let (g,) be a sequence in (0,1) such that

lim ¢, =1 and hmq =c, 0<c< 1.

n—oo

Remark 2. From Lemmal3, after simple calculations, one has

i) lim, oo [n]g, K&, (¢L;2) = —cx +

o [+ 1],
i) lim,— o0 [nq Kﬁ‘qn(gﬁ jx) = x(l — 2);
iii) lim )2 K&, (¢22) =322(1 —z)® + ﬂ
oo ltlan i (9 @+ T,

Proof. Using Lemmal[l] for every = € I we have,

n 1
Ko ) — ”) k(1 _ . \n—k
K enl =) (1) wo-an

Lemma 3. For ¢ € C(I) and x € I, we have || Ky, (G )| <[| (-
k=0

[klg, + s
C( [n + 1]qn >
<|I ¢ Il Ky, (13 qns ) = [IC]

from which the desired result is immediate. O

dg,s
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Lemma 4. Forne N,a >0 and x € I, we have

2 2
[TL + 1]qn Tn(l’),

where T2 () = ¢*(x) + m and ¢*(z) = z(1 — z).

Ky, (t—2)%2) <

n7q’ﬂ

Proof. From relation ({2.1)) it follows

1

ot (40 e (7 )
2

2 1 _ 2 2 (g
= [n+]‘}Qn (¢ =)+ [”Jrl]qn) a [”Jrl]qn n(@)-

Ko (= 2)%2) <

n,qn

3. SHAPE PRESERVING PROPERTIES OF THE OPERATORS K,

In this section are studied monotonicity and convexity of the g-Bernstein-Kantorovich
operators. Recently, properties regarding monotonicity of certain Bernstein-type
operators in quantum calculus were proved in [23].

Definition 1. For any function (, the q-differences are defined as
AOCi =(; AkJrlCi = AkCH-l - qkAkCi,
fork=0,1,....,n—14i—1, where (; —f<m>
[n]
Definition 2. For any arbitrary function C, the g-derivative is defined by
¢(gz) — (@)

D) (z) = 2.

( q )( ) (q _ 1).7:
Define Dg{ = Dq(D’qcle, kE=1,2,..., with Dg{ =.
Definition 3. A function ¢ : [a,b] — R is said to be g-increasing (q-decreasing) on
[a, 0] if C(qz) < ((x) (C(qz) > ((x)) whenever z,qx € [a,b].
Remark 3. A function ( : [a,b] — R is g-increasing (q-decreasing) on [a,b] if and
only if (DgQ)(z) >0 ((Dy¢)(x) < 0) whenever z,qx € [a,b].
Definition 4. A function ¢ : [a,b] — R is called g-convezx on [a,b] if Dg( >0 on
[a,0].

Remark 4. A function ( is q-convex if and only if q((x) — (14+q)¢(qx) +{(¢*x) > 0
whenever z, g, ¢*x € [a, b].

Remark 5. If a function ¢ : [a,b] — R is increasing (decreasing), then ¢ is q-
increasing (q-decreasing). If a function C : [a,b] — R is convex, then { is g-convez.
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The g-derivative of Kantorovich operator ([1.4)) can be written as follows:

DIKS (Ga)=[n]...[n—i+1] :z;(”;i>qunf[_il(1q”) /01 A'¢ Cﬁlﬁ?) dys.

(3.1)

Theorem 1. i) If  is increasing (decreasing) function on I, then the operator
K3 .. 18 g-increasing (q-decreasing).
i1) If ¢ is convex function on I, then the operator Ky . is g-convex.

Proof. i) Since the function ( is increasing, using relation (3.1)) it follows that Ky
is g-increasing.

ii) We have

e (Gt ) ={e ™) e (oo (e
_<<U<+11%+S“>2<<[k+2]qn+s“ [k + 1]g, +5° [k:]qn+sa)

[+ 1. P P R
e <W> _o.
[n+1]q,
Therefore, D2 K2 . (¢;) > 0, and the proof is complete. O

4. DIRECT ESTIMATES

First we prove the uniform convergence theorem for the operators (1.4)).
Theorem 2. Let ¢ € C(I). Then lim, .o, Ky, (¢,x) = ((x), uniformly in I.

Proof. From Lemma 1} it follows that K (e;,z) — ei(x), as n — oo uniformly
in I, for i = 0,1, 2. Hence applying Bohman-Korovkin Theorem [I5], we obtain the
required result. O

1
Example 1. Let f(x) = 142 —202%> + 82 — 1, @ = 08, ¢, = 1 — = and

n € {20,40,60}. Denote ES, (f;x) = |K&, (f;x)— f(x)], the error function
of approximation by K = operators. The convergence of the operators Ky = to
the function f is illustrated in Figure . The error of approzimation EJ  is given
in Figure[d Also, in Table[1] we computed the error of approximation for K§; ,
K%, and Kg, . at certain points. From Figure 1, it is clear that as n increases,
the approzimation of Ky, (¢,) to ¢ becomes better. Further from Figure 2 and

Table 1, it follows that the error of approximation decreases as m increases.
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Table 1. Error of approximation Ey , = for n = 20, 40,60

X

EgO,qn (fv .’E)

Effo qn (fa :L')

EgO,qT,, (fv LC)

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

0.0584383292
0.0692935187
0.1069712939
0.0781251448
0.0062852221
0.0850183289
0.1722553569
0.2318957119
0.2404092469

0.0320928000
0.0373613049
0.0585258713
0.0440465298
0.0065689107
0.0412613554
0.0867986370
0.1173973050
0.1204117290

0.0211775395
0.0278362499
0.0439339728
0.0357756110
0.0120211465
0.0186694386
0.0476361628
0.0662190429
0.0657580977

2177

Next, we establish a Voronovskaja type asymptotic result for the operators Ky , .
Let C™(I) denote the space of r-times continuously differentiable functions on I.

Theorem 3. If ( € C?(I), then

n—oo

uniformly in x € 1.

Proof. By the Taylor’s expansion of (, we have

1
C(s) = C(@) + (@) (s = 2) + 5" (@) (s — @) +
where 6 lies between s and x. Operating by K¢

K g, (G x) = (@) = Ky (s =

Using the well known properties of modulus of continuity, we have

C"(0) — ¢"(@)] < w (¢" 10— o) < (1 n

Therefore,

Ky, (s =2)° (¢"(0) = ¢"(@) s2) | < K,

n,qn

x);2)¢ (z) + Ky, ((s

(s — )

i ol 1, (6.) = (0] = { —e + g | €00 01— )¢ o),

2

3K, (5= 2 (¢"(0) ~ ¢"(2)) )

<w((", 0Ky

|s — x|

((s —2)?I¢"(8) —
) 1 .
o (=207 + 3ls —al))

{¢"(0) = ¢"(2)},
to the equation (4.1)), we obtain

— )% ) L

>w@m@,5>a

¢"(@)]; )

(4.1)

(4.2)

Using Cauchy-Schwarz inequality, properties (i7) and (¢i7) of Remark 2 and choosing

5 = [nl? , we get

K5 g, ((s=2)* (¢"(0)=¢"(2)) 1 2) |

<w(¢",0) K7,

((s—x)2;x)+

%\/Kg,qn ((s—x)Q; x) \/K%qn ((8—x)4; x)]
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—ocafo () o (LYo ()]
—wl¢" 10 ().
uniformly in z € I. Hence,

[P 1Ky, (5= 2)2 (C"(0) = ¢"(@)) sw) | = w (¢ e,

uniformly = € 1.
Consequently,

lim [n]q, K7, ((s —2)* (¢"(0) = ¢"()) 32) =0,

n—oo

uniformly in « € I. Thus, from equation (4.2) and Remark [2| we get
tim [n]g, [K5, (¢ ) = ((2)]

= lim [n}qn{Kﬁqn((s —x),z)¢ () + Ky, ((s— z)%,z) !

5(”(55)

I, (6= 2P0 - C@he) )

_ <—cx + [a+11]qn) () + @4//(3’)7

uniformly in x € I. This completes the proof. ([l

5. GLOBAL APPROXIMATION THEOREMS

First we obtain a global approximation theorem for the operators (|1.4) in terms
of the second order modulus of continuity by using a smoothing process, e.g. Steklov
mean. For ¢ € C(I), the Steklov mean is defined as

Col@) = % /05 /05 2C(z + u+v) — C(x + 2(u + v))]dudv. (5.1)

It is known that for the function {,(z), there hold the following properties:

a) [, — ¢l < w2 (¢, h)

b) ChCh € CU) and |Gl < Fw(C,h), [IGH] < gaewa (S, h),
where w({;h) and wa((;h) denote the first and second order modulus of
continuity.

In what follows, let pqi" () = Ky, ((s —x)™;2),m € NU{0}.

n,qn

Theorem 4. Let ( € C(I). Then the following inequality holds

13
H nqn( C” < Sw Cv Sup/‘Ln,Qn .’E)) 7‘*}2 (Ca sup /1”’17(171 (ZL’)) :

el
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Proof. Using the Steklov mean ¢, (x) given by (5.1]), we may write
1K g, (G )= C(@)| S K5 ([C=Chls ) +EKG g, (Chi ) = Cp (@) | +[Ch (2) = C()]- (5.2)

Hence using Lemma [3[ and property (a) of Steklov mean, we have
Ko 0. (1€ = Culs2) < I¢ = Gpll < wa(C, h). (5.3)

Since ¢}, € C(I), by Taylor’s expansion we have

(s — x)?

Cul(s) = Gule) + (s = )i @) + =22 0),

where 6 lies between s and x. Then, applying Cauchy-Schwarz inequality

1
2 .
K, (Cu(s) = @) )] < NGl fsup g, (@) + SIIC ] sup g, ().
xecl xel
Now, applying property (b) of Steklov mean, we obtain

) 9
K7 g, (Cn(s) = Cal@);2)| < 7 w(C, ) Slté?uﬁﬁn(fﬂ)Jer(C,h) guzﬁn(x» (5.4)

Choosing h = y/sup,c; ps. (z) and combining the equations (5.2) — (5.4)), we get

the desired result. O

Theorem 5. For any ¢ € C1(I) and x € I, we have

1

«@ « a,2 a,2

155, (C:+) = €Il < sup g, (@)[[IC]] + 2, [sup g, (2)w (C’, 21 /supun,qn(x)> :
zel xzel xzel

Proof. Let ¢ € CY(I). For any s € I, we have

((s) = ¢(x) =C’(90)(8—$)+/ (¢"(u) = ¢'(2))du.

x

Applying the operator K _ on both sides of the above relation, we get

K, (C(s)=C(a);2) =¢ () K ((s—a)s )+ Koy (/S(C’(U)—C'(w))dw :v> :

Using the well known property of modulus of continuity

1) — ¢'(@)] < w(5) (

|u — =

0

+1),5>0,

[ - cwia] < | [ (14157 ) e ol
= wl's9) (Is—sf + L),

we obtain

/ (¢ ()¢ () du| < <
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Therefore,

K, (G2) - (@) < @K, (s — ),2)
w(¢' 6){ K, (s —2)%2) + K2, (s a:|;z>}.

Using Cauchy-Schwarz inequality, we have

[K7q, (G 2)=C(@)] < | (@)K g, (s — 2); )]
+w({’;9) {25\/‘;{%‘1 (s—x)2, +1}\/Kgq (s —x)2,2).

Choosing 6 = % SUP,cr uﬁjgn (2), the required result is obtained. (]

Theorem 6. For all ¢ € C(I) and n € N, there exists a constant C > 0 such that

\/ Phgn (7)
2

12, (G —Cll < Cuwn | ¢ +w(<,sup|unqn >|>,

1
ahere 67, (0) = 3 {supacr i, (@) + supacr (uh, (2}

Proof. For x € I, consider the auxiliary operators defined by
[n]g. @ 1 )
K> (; Ky ; — t— . 5.5
0 (G0) = Ky, (Ga) 4 60 = ¢ (A% + e ). 69)

It is clear that the operator K% ((; ) is linear, in view of Lemma 1, K35, (1;2) =1
and

[nlg,x 1
Ka* e K« — - — n — =0.
o (S v x) o (S v 7x) ( [n + I]Qn - [n + ]‘}Qn [Oé + ]‘]Qn !

Forevery g € W2(I) ={ge€ C(I): g"” € C(I)} and s € I, from the Taylor’s theorem
we have

S

9(s) = g(@) + (s — ) (z) + / (s — w)g" (u)du.

x

Operating by K% (.;7) on the above equation and using , we have

Ke% (9:2) = g(o) + K3y, ( /:@u)gff(u)du;x)

nlgp ®

1
Tntligy T n¥iley T lan ( [n}q, x 1 ) ”
— o+ —u |g" (u)du.
/x [n+1]g, n+ 1], [a+ 1],

Thus,

K5 05) — )] < K, ([ 5= )
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[nlgn= |

1
[ntTlgy T Tt Tlg,, [ 1lg, 1
+ / ( g, + —u> g" (u)du
n+1g, [0+ 1g,[a+ 1],
7Qn (

/ ls—ullg”(w)ldu; )
[n]qn

[t Ly o 1T, 6 T, (n]g, 1 "
n - d
‘/ RS TR T | A
< Lol 2 [l L ’
K _ . n —
2 ’q"((s =) + [n+ 1]y, * [n+ 1]y, [a+ 1], !
< |lgre Vx el (5.6)
For all ¢ € C(I), in view of Lemma [3[ and (5.5)), we get
[n]g, ™ 1 >’
Ko < cx)| + + o+
5. 69 < 5, G K+ (A% e
< 3[[¢]l,Vz € I. (5.7)

Now, for ¢ € C(I) and any g € W?2(I), using and .
1K, (G o) = ()] < K5, (€= g5 ) — (C —g)(x)]

[n]q, 1 )
+ — + — + | K% (g;x) —
<<[n + 1](]n [n + 1](1n [a + 1]q” C(x) | an (g x) g(x)|
1 (o3
< (Mo =gl + 36 @1a"N) + o Goup it @)
Now, taking the infimum on the right hand side over all g € W2(I),

(0% ¢a n «
K2, () - <||<4K2(<, P ) 4o (csup s, @] ).

where

Ko(f,0) :=inf {||f —gll +0]lg"]| : g € WD)} .
Finally, using the relation between K-functional and second order modulus of
smoothness [14], we get

(e

S
150,(0) = I = Con (655 ) ool 0]

for some positive constant C. This completes the proof. O

Let
Lipy(r)={¢C e C) : |¢(s)—C(y)|<M|s—y|", foralls,y € [,0<r<1,M > 0}

be the space of Lipschitz continuous functions. In the following result we establish
the degree of approximation by the operators Ky, for the functions in Lipy(r).



2182 ANA MARIA ACU, P. N. AGRAWAL, AND DHARMENDRA KUMAR

Theorem 7. Let ( € Lipp(r). Then

2

180,60 <l < M (sup s, o))
EAS
Proof. By the definition of Lipschitz function of order r, we have

Inqn( ) — ()|< K g, (1€(5) = C(@)]; )

[klq, + Sa)
S pz (qn;aj (n - C(Qﬁ) d nS
kzzo " [n+1]g, ¢
n 1 T
[klq, + 5%
<) poilany / M| === — x| dg,s.
kZ:o ’k( ) 0 n+ 1]y, !

Applying Holder’s inequality and Lemma 1, we get

|K g, (Ga) = ((z)| < M (Zpi,k(qn;w)/o

k=0

[klq, + 5%
[n + I]Qn

2 b
—x| dg,s

< M{K}, ((s —2)%2)}2 < M (ug7 (2))°
from which the required result is straight forward. [

6. CONSTRUCTION OF THE BIVARIATE OPERATORS

Now we proceed to study the approximation of continuous functions of two vari-
ables by the bivariate extension of the operators K . For I’ =1x1,let C(I?)
be the space of all real valued continuous functions on I?, endowed with the norm
given by [|Cl|c(12) = sup; gyer2 [C(t, 5)|. For ¢ € C(I?), the bivariate extension of
the operator is defined as

Q1,2

Kn1:n2 (C Anysqnys T y) =

+ta [kg] +Sa2
r,0 qdn qn
e e

k1=0ko=0 Uns
(6.1)
where
n1 k Kk (T2 k -7
pziﬁ;kl,kz(%mqaz:z y) <k1> T 1(1_‘1:)311;1 1'<k2> Y 2(1_y)gjz 27$’y61'
Qny Angy

Lemma 5. Let €;;(x,y) = z'y?, (i,j) € Nog x Ny, with i + j <2 and Ny = NU {0}
be the bivariate test functions. Then, for all (x,y) € I?
) Kﬁ‘f’ﬁj (600; Anysqnss> T, y) =1,

[m1]gn, T 1
0417012 . — ni
i) KO3 (€103 G Gy ©9) = i T il [a1+1]m ’

[n2]gn, ¥
ap,02 . — no
i) K302 (€015 Gny s Gna 2, Y) = (214, (2t [a2+1]m
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. - 2[n1]q,,
iv) KRln2(e20;dny s nys @, Y) = W{[nﬂqnlx(l‘wnl[n1—1]qn1$)+ oo
ny

1
a1l )

V) chlel,ﬁ[; (eOQ;QnNQ'nz)xzy) = W{[nQ]any(l‘Fan [n2_1]Qn2y)+[az+1]q R
no n

1
[20‘2+1]qn2 } ’

Proof. This lemma follows easily by using Lemma 1 and the definition of bivariate
Bernstein-Kantorovich operators, therefore the details are omitted. ([l

7. APPROXIMATION PROPERTIES OF BIVARIATE OPERATORS

In this section, we establish the degree of approximation of the operators given
by in the space of continuous functions on compact set I? := I x I. For
¢ € C(I?), endowed with sup norm [[C||¢(z2) = sup( s)es2 [C(t, 5)| the total modulus
of continuity for the bivariate case is defined as follows:

w(¢;61,02) = sup {C(t,S) —l(zyy)|: t,se€l, [t—z| <d1,|s—y| < 62},
where d1,d2 > 0. Further w(({;d1,02) satisfies the following properties:
a) w(¢;01,02) =0, as d; — 0,5 —0

b) [6(t,s) = Gl )| < w(Ci o, 3) (1 + L) (1 + 15,
The partial moduli of continuity with respect to x and y is given by

wt(¢;0) :sup{|§(x1,y) —((z2,y)|:y €T and |z1 — 22| < 6},

W2(5) = sup{m(w) (o)l ae T and fy - ol < 6}.

Lemma 6. [26] Let Ji and Jy be compact intervals of the real line. Let Ly, p, :
C(J1 x J3) — C(Jy x Jo) be linear positive operators. If
lim Lm,n(eij; x, y) = xiyja (Z7J) € {(07 0)7 (L O)a (07 1)} and

m,n— oo

lim Lm,n(e20 + eg2; @, y) = 332 + y27

m,n— oo

uniformly in Jy X Ja, then the sequence Ly, n(g) converges to g uniformly on Jy x Jo
for any g € C(Jy X Ja).

In what follows, let pupt" (z) = f(,‘fll;ﬁ‘;((elo — )™ x,y) and pg2o (y) =

Kgtee((eor — y)™s@,y), m € N U{0}.
Theorem 8. For ¢ € C(I?), we have

K92 (G s Gy ) — Clloqre) < 4w <<; ¢sup e <x>¢sup ozl <y>> .

zel yel

[CTR= P

2[”2]qn29

+

_|_
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1
Example 2. Let f(z,y) = 2%y® — 223y + 32y, a; =2 and q,, = 1 — —, i =1,2.
s

(2

Denote Eptn2(fiz,y) = Kovo2 (foqn qn,,x,y) — f(z,y)|, the error function of

ni,n2

approzimation by K 1'% operators. The error of approximation EZ102 is given in

Fz'gw"e@ It is observed that the operators K’ﬁ‘f,‘j‘j (f) converge towards the function

f by increasing the values of n;, i = 1,2.

FIGURE 3. Error of approximation Ep1n2 (red for ny = ng = 10,
blue for ny = ny = 40)

Theorem 9. For ( € C(I?), there holds the following inequality
||K311,)322 (Cv qnys9nos - ) _C”C(lz) S 2 (wl (C? Swlg[) l‘gi,’gnl (CL')) +w2 (ga Sylg)l‘g;:g@ (y))> )

Proof. Using the definition of the partial moduli of continuity, Lemma [5] and the
Cauchy-Schwarz inequality, we have

‘kglljr?; (Ca Qn1)Qn2afE7y) - C($7y)‘ < Kfro;ll)7fr?22(|<(t7 S) - C($7y)|a n1s9nsy Ty y)
<Kz (€t )= C(@, 8) ] ny s Gns» @, y) K102 (1C(, 8) = (@, 9) |5 G s s 2, 9)
S KGe2 (wh (G 1= 20)s Gnas Gnas T, y) + K2 (w?(G 15 = Y1) s Gnas 7, 9)
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1 .
< WG, (o) |1+ e K2t~ s )
Nni:qnl (z
1 ~
+ OJ2(C7 Mz;:g,,m (.’L‘)) |:1 + K’r(flljr?; (|S - y|1 qnl ) qTLza CU, y>:|
9,2
an,an (y)
< Wl 12 1 1 f(ahoéz 2. 1/2
S w (Ca.u’nl,qnl (l‘)) + ni,na ((610 1‘) aqnuqnmmay)

2
H%i,qnl ()

N 1/2
Gz, )1+ (& oo =5t amne) ™ |,

Hizlan, (9)
which yields the desired result. ([l

Now, we establish the degree of approximation for the bivariate operators (6.1))
with the aid of Lipschitz class. For 0 < #; <1 and 0 < 5 < 1 and ¢ € C(I?) we
define the Lipschitz class Lipys (61, 02) for the bivariate case as follows:

|C(t1,t2) — 4(81752)| < M‘tl — 81‘01|t2 — 82|92, M > 0.

Theorem 10. Let ( € Lipp(01,602). Then, we have

53

1

B 2
IR Gt = e < 0 (swpii, ) (swpz, )

53
wlS

Proof. Since ¢ € Lipp(01,602), we may write
‘Kffll,’fff (Ca dnyyGngs Ty y) - C(xa y)‘

< K222 (¢t s) = S, )]s Gy s oy )
< Ky (Mt — 2| s =yl ny s g s 7, 0)
< ME (|t — 2" qny, 2, y) K2 (Is —y|™5anyy 2,9) -

Applying the Holder’s inequality with (p1,q1) = (%, ﬁ) and (p2,q2) = (9%’ T
we have

K202 (G s s 2,9) = ()|

< MK (eno =) an,2) " K3 (001 m,,2) "2

x K22 ((con —1)%nar )" K22 (€003 Gnar )72
1,2 02

o1 b2
< M(sup by (%)) (supppza ()= .
xel yel

This completes the proof. [l
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Let C1(I?) be the space of continuous functions in I? whose first order partial
derivatives are continuous in /2. In the next theorem, we obtain the degree of
approximation by the operators defined in (6.1]), for the functions in C(1?).

Theorem 11. Let ¢ € C*(I?).Then, we have

=

RS2 1ot ) = Sl < [l (supuit, @)
P )
/ 2,2 2
Hlelean (swpuszz, )
yel
Proof. From the hypothesis we can write
t s
¢ty s) — ¢(z,y) :/ g“;,(w;s)dw—i—/ ¢ (x5 u)du. (7.1)
z y
Applying f(;fllffj(, Qny s Gny» T, y) on both sides of (7.1)), we get

t
/C;(w;S)Idw‘;qm,qnz,w,y>
xT

RS0 (g s, y) — Clavy)| < K002 (

;QnUan?xvy) *

Q1,02
+Kn1 sM2 (

S
J e
y
Using mean value theorem, we have

< N¢ylleasls =yl

t
[ Gt twsaldu < It - of and
T

s
[ 1€tz
Yy
Therefore
|]:~{;L¥11:322 ((v dny59nq, T, y) - C(xa y)| S |‘C;||C(I2)f{311:322(|t - $|; dnysQ9nq, T, y)
+ ”C;”C(lz)Kgll,ﬁ;Us - y|; in;qn27x;y)~

Applying Cauchy-Schwarz inequality and using Lemma [5] we obtain

| 1,002

Knl,ng (Cv qnyy9ngs Ty y) - C(xa y)|

- 1/2 1/2
< ||C;||C(12) (Kf;ll:gj ((t - ‘T)Z;qnuq?mvx?y)) (Kztll:’gé; (e0,0;QTLUQTL27x7y))

- 1/2 , . 1/2
+ ||<;||C(12) (Kgf,’g; ((3 7y)2;QTL17qn27xay)) (Ksll,ﬁ; (GO,O;QnNQngaxay))

1
2 2
< Il (Supu%iﬁm (x)) 1S, leqe) <sup pe2 <y>) ,
zel yel

which leads us to the required result. [l
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Let C%(1%) = {¢ € C(1?) : (") € C(1?),1 < i,j < 2}, where ("7 is the
(i,7)!" order partial derivative with respect to z,y of ¢, endowed with the norm

Il a2y = lISlem) + I€Er) + I1C1E ),

where
Il ez = sup {IC(2,9)], 1C, (2, y)], ¢ (2, )|}
(z,y)€I?
and
K182 = sup {I¢(2,y)l, 1C5 (@, )5 1S, (@, 9], 1S (@, 9) 5 1Sy (2, 9)], 1y (2, 9) [} -

(z,y)€I?

Now, we proceed to determine the order of approximation of the sequence K iz ¢
to the function ¢ € C (I 2) in terms of the Peetre’s K-functional given by

K(¢;0) = geégfIQ) {II< = gllozy +dllgllozrzy, 6 > 0} .

It is known [I3] that the inequality

K(G8) < My {@(GV8) + min{1,8} ¢ o) | (7.2)
holds for all § > 0, where the constant M is independent of {, § and
2
w2(¢; V) = sup { D27¢(x + vhyy + I/k)‘ s (z,y), (x + 2R,y + 2k) € I?,
] < 0.1k < o

is the second order modulus of continuity for the bivariate case.

Theorem 12. If{ € C (IQ), then we have

H Q1,0

Knh’nz (C7 Anqs9nas - ) - C”C(I?)

<M{w2<<; ¢ sup Fi 2, an, (z,y)+min{l, sup Foez - (z 7y>}||<||cuz>}
el x,ycl?

a,l

(C,suplunl 4, (@), Sup\uﬁijqw @),

2 2
where iz, (@) = uit? @) +uszd, )+ (uand, @)+ (uazd, )
and M > O s a constant.

Proof. We define the following auxiliary operator

1,02

K7L177n2 (C7 Q'rn I ana fE, y) Kro:ll 7(:2 (<7 QTL1 I q7l2 ) J"? y) + C(a;7 y)
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_¢ [n ]qnl 1 [n2]qn2y 1
[n1 + 1]qn1 [n1 + 1]qn1 [ + l]qnl " [n2 + 1]qn2 [n2 + l]qn2 [ + 1](1"2
(7.3)
Since Kgll 77?22 (610; dnys9ny, T, y) =T K7(i411 77?22 (601; dnq59ns> Ty y) =Y, we get

1,002

K102 ((t = )Gy s Qs ) = 0, KS202((5 = )i Gy s o ) = 0.
Let g € C? (Iz) and (t,s) € I2. Then by Taylor’s formula
g(t,s) — gz, y) = g(t,y) — g(@,y) + g(t, s) — g(t, y)
= W(t—x)+/t(t—u)(wdu

oz ou?
dg(t,y) / Pg(t,v)
+ 9y (s—y)+ ; (s 11)7(%2 dv.

Applying the operator K‘“"“( i Gny s Qns» T, y) on both sides of the above relation

ni,n2

and using (7.3]), we obtain

Kgll,’nQ (g;qnuqnzaz’y) - g(xvy)
t 2
7 9%g(u, y
= Re ([ - 05 s o
T
= s 0%g(t,v
+ Kgll’ﬁ; (/ (S - ’U)%)d’l}; Gnyis9nss T Y
Y v
g

t 2
[ Q1,0 0 u,y
:Knll:ngz (/ (t_u) 8(112 )du;QnNQng,m,y)

|du

(M1lgny @ 1
m1+10gn, ' [M1H]gn, [01F]gn, [nl]qnlx 1 aQQ(Ua y)
_ + —u 5—du
x [n1+]‘]Q7L1 [n1+]‘]Qn1 [Oél+1] qnl au
5 0?g(t,v)
+Kﬁf’f;,f (/ (va)ai;dv;qnuqnmxay
y v
(n2lan, v |
/[ngﬁ]fw w[n2+11qn21[a2+1]q"2 [n2]q,, N 1 82g(t’v)d
_ —v V.
Yy [n2+1]Qn2 [n2+1](hl2 [a2+1]Qn2 81)2
Hence using Lemma [5] we have
)
525502900t <R (10 01 P2 ]
[n1lgp, =
N any f711+1]qn1 [n1+1]q”11[a1+1]qn1 [nl]qnlx n 1 |629(u,y)|
—u
; g, Ity fon+1ly, ) || Ou?
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: >g(t,v)
/y (s —v)] ’81}2
[n2]qn2y

1
+/ 2t lgn, | 2flan, [02lay,, [ng]qn2 Y N 1 Y |82g(t2, 1)) 'dv
y [n2+”qn2 [n2+”qn2 [O‘2+1]qn2 | v

dv

[ ,002
+ K’I’Ll,’ﬂz <

;CIHNQTszxay)

2
E”l]qr 4 1
Kglﬁ@ - nyydns T, + A + —X
{ 12 q 119ns y) ([’11+1]qn1 [nl“f‘l}qnl hl"r”qnl ”9”02(12)
) 1 i
N2)qn, Y
KslflLQ 7q1’L 7q77, 7x + 2 + - } 2(72
{ 1,n2 154n2 y) <[n2+1]qn2 [n2+1]qn2 h2+1]qn2 y) lgllc (12)

2 2
{uz;;%x >+(uz;;qnl< ) Hollesayt { sz, 0+ (i, ) Hlallcwc

2 2
= {um, @z, 0+ (i, @)+ (182, @) Hlalloa

= F s gy an, @ Wl9llc2r2)- (7.4)
Also, from equation ([7.3)), we have

~
| Q1,02

K082 (G ny s g @ 9)| < G528 Gy g 2, 9)| + 1€, 9)]

¢ [ 1]qn1 1 [n2]qn2y 1 ’
[n1+1]qn1 [n1+1]qn1 [a1+1}(In1 " [ng + 1]qn2 [n2 + 1]qn2 [ + 1]%2

< 3UCllors (75)
Hence for all ¢ € C(I?) and g € C?(1?), using (7.4) and (7.5) we get

K802 (G Gy s g T, y) — C(a, )| < | KS102(Ch Gy s G 2, y) — C(2,y)

Gny

[nl]qnl 1 [ng]qnzy 1
+¢ ([n1+1]qn1 + [n1+1]4,, 1 +1]g,, " n2+1] [na+1]q,, h2+1]qn2> —C(x,y)'
<|K?,

1,02

V02 (C=9)s Gnes G o W)+ LK L0293, G ¥) — 9 (2, 9) |+ |9 (2, 9) =, )

_l_

K,
[nl]qnl 1 [nz]qnzy 1 -
¢ ([nlJrl]qn1 + [+l i +1],,, e+, [n2+1,, h2+1}qn2> ((z.y)

4”(: - g||C(12) + |K7l17n2 (g;Qnuqnzvx’y) - g(x,;y)|

[nl]q"lx 1 [’l2]qn2y 1 B
+C [nl+1]11n1 + [I’Ll + 1]Qn1 [041 + I]in ’ [n?—i_l}qnz + [n2+1]qn2 hZ‘l‘l]qnz) C(.’,Cay)

< 4I¢ = gllogz) + Friia., an @ Wllalcxz) +w(Gluntg, @) 152, @)D,

N1,qny n2,qngy

IN
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Taking the infimum on the right-hand side over all g € C?(I?) and using inequality
(7.2), we obtain

‘ 1,02

Kn1,n2 (<1QH17qn25z y) —C(l' y)‘
<SAK(Gosup Forpe o (@,y) +w(G ety @] 152, @),

z,y€el?
<M {WQ (c; \/ SUD i, an, y>> Fminfl, sup PS8z, (o ,y)}llcncm}
z,yel? x,yel?
+w(G Sup b, (@ )Iasup 120, W))-
This completes the proof. 0

8. CONSTRUCTION OF GBS OPERATORS OF ¢-BERNSTEIN-KANTOROVICH TYPE

The continuity and the differentiability of a function in Bogel space were first
discussed by Bogel in [I0] and [12]. After that, several researchers have studied
B-continuity and B-differentiability to obtain some approximation results of GBS
of bivariate positive linear operators. For related papers we refer the reader to
[T7, 5L @] and the references therein.

First of all we study some basic definitions and notations:

A real-valued function ¢ over the rectangle I2 is said to be B-continuous if for every
(t,s) € I? there holds

(t,s)h—I}(lLy) A(t,s)g(x, y) - 07
where A(t,s)((xa y) = C(ZZ, y) - C(IL‘, 5) - C(ta y) + C(t7 S)'

Let C, (I?) denote the space of all B-continuous functions over I2. Let B (I2),C (1?)
be the spaces of all bounded functions and the space of all continuous (in the usual
sense) functions respectively over I? equipped with the sup-norm ||.|| _ . It is known
that C (12) c Gy (12) ([I11, page 52).

The mixed modulus of smoothness of ¢ € C, (12) is defined as

Wmized (Ca 517 52) = Sup{|A(:C+h1,y+h2)C($7 y)|}7

where the supremum is taken over all (t,s) € I%, (h1,hs) € Ry x R, in such a
way that (z + hi,y + he) € I?, 0 < |h1| < &1, 0 < |ha| < 8. The mixed modulus
of continuity including the upper bounds and the total modulus of continuity were
first discussed by Marchaud [22].

A real valued function defined over the rectangle I? is said to be uniformly
B-continuous function if and only if

lim wmmed(g 51; 52) 0.
01,02—

Furthermore, for all non-negative numbers A1, Ao there holds

meced(< A 517)\262) (1+])\1[) (1+])\2D wmized(c;(slv(SQ)u
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where ].[ denotes the greatest integer function.
A function ¢ : I? — R is said to be Bogel differentiable if for every (¢, s) € I?,

A(t,s)((xa y)

im — """ = Dp((x,y) < 00
(t,s)—(z,y) (t —x)(s — y) (2, 9)

Here, Dp is called the B-derivative of ¢ and D,(I?) denotes the space of all B-
differentiable functions over I2.

In this section, we introduce the GBS case for the operators defined in (6.1)). For
every ¢ € Cy(I?), the GBS operator associated with the operator Kﬁl’ﬁf is defined
as follows:

UL 82 (C Gy s Gy > T, y) = K282 (C(2,8)+C (6, y) =€t 8); Gy s Qg T, y). (8.1)

Evidently U,‘fll 22 Cy(I?) — C(I?) is a linear operator
Also,

U??;,’??f (<7 GnyyQngs T, y) Ksll ’7?22 (<($7 y) - A(t,s)((l’» y)7 dnys9nos s y) .

Example 3. Let f(z,y) = y>—2V3(3xy? + 2% +9> —22—y+1)—62y, n; = 10, a; =
1
2, ¢, =1——,1=1,2. In Fz'gure we compare Kove2 gnd its GBS type operator.

ni,na
g

We note that U2 gives a better approximation than the operator Kgllﬁ‘; Let

ni,n2

us denote Eo2(f;z,y) ‘Ko‘l’a? fia1,q2,2,9)— f(z,y)| and Eal’o‘2(f;as y) =

ni,n2 ni,n2

. L S
, the error functions of approximation by Kmln;

U’;Llf,”r?zz (f q1,92,T, y) - (x, y)
and Ur?lhﬁf, In Figure |5 we compare the error of approzimation for these two

operators. Also, in Table|q we compute the error of approximation for K‘”ll w2 and

Uo‘l’a; at certain points.

ni,n
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06 08 ; n2

FIGURE 4. The convergence of f{;;;g; (green) and U,‘fllﬁf (yellow)
to f (red)

FIGURE 5. The errors of approximation ES1:¢2 (red) and E¢1:92 (blue)

ny,n ni,n2
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Table 2. Error of approximation

ni,n2

F 1,2 and E‘al fre%)

ni,n2

vy Epee(fimy) ERbtc(fiwy)
0.1 0.1 0.2276350064 0.02781616682
0.1 0.4 0.1215441729 0.04184227259
0.1 0.6 0.3097633341 0.03918083942
0.1 0.8 0.4623289273 0.02690967180
0.2 0.6 0.4426519342 0.03509223074
0.2 0.8 0.5504140271 0.02410158530
0.4 0.2 0.3092122211 0.02397017177
0.4 0.8 0.6772472603 0.01848541202
0.5 0.2 0.4135011700 0.02032890335
0.5 0.5 0.7081630738 0.02430147765
0.8 0.2 0.6276940917 0.00940510786
0.8 0.9 0.5794053624 0.00462801353
0.9 0.2 0.6662004167 0.00576384107
0.9 0.8 0.7065313925 0.00444498079

Theorem 13. [§] Let K&:02 : C,
ate linear positive operators,

ni,n2

ni,n2

with K212 and the following conditions are satisfied:

ni,nz

1) (2'7?11:7(:22 (600; dnysqnss s y) = 1;

3) qgllvﬁf (601; Gnis9nsy Ty y) =y+ 'Um,n(xy y)7

2193

(I?) — B(I?), ni,n2 € N be a sequence of bivari-

U222 (5 gy, Gy, X, Y) be the GBS-operators associated

(
(2) UR iz (€105 qny s Gnas @5 Y) = T + Umn (7, 1);
(
(

4) Upbi2(e20 + €023 Gy > Gnas T Y) = T2 + Y + Wi (7, 9);
for all (z,y) € I%. If all the sequences tun, n, (T,Y), Vnyns (T,Y) and wp, n, (z,y)
converge to zero as m; — 00,4 = 1,2 uniformly in I?, then the sequence
U2 (€ @ny s Gna» @, y) ) converges to ¢, as n; — 00,1 = 1,2 uniformly in

IZ for all ¢ € Cy(I?).
As a consequence of the above theorem, we have

Theorem 14. For ¢ € Cg(I?), the operator U,‘i‘fﬁ; (C:ny» Gns»> x,y) converges to
¢, as n — oo uniformly in I2.

Theorem 15. For every ¢ € CY (12), at each point (z,y) € I?, the operator
verifies the following inequality

7 a1,2 062,2

”U'r?ll,ﬁgz (Cv qn1 ) qngv ) ) - C” S 4wmimed(<; Sul? Mnl,qnl (SC)7 SuII) lu‘ng,qn2 (y))
TE S

In our next theorem, we obtain the approximation properties of the operators

Ug;ﬁ; (¢;+,.) by means of the Lipschitz-class for Bogel continuous function which

is defined as follows:
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If ( € Cy(I?), for two parameters 0 < §; < 1 and 0 < 0y < 1, Lipy(01,02),
M > 0 is defined by

Lipay (61,02) = {C€ColI?) + | Ay ¢ . y)| <M p=al™ b—yl™ (t9), (@) € 17}
Theorem 16. For ¢ € Lipys (01,02) and (z,y) € I?, we have

1U51392 (3 s Gz > ) — €Il < M (sup [ (w))‘)l”(sup pnzi ()) /2.
ye

Proof. By the definition of U102 (¢;59nyyGnyy -, ) and using the linearity of the

ni,n2

operator Kﬁll 22(C5 Gny s Gny s 5 7), We may write

Q1,02

U102 (G s G 2, y) = K02 (C(w,08) + C(E,y) = C(E8): Gnr s o 2, Y)

= K302 (2, y) — Aes)C (,1) 1 Gy s Qoo T, 9)

= C () K302 (€005 Gy s Gngs T Y) — K02 (D) (2.9) 1 Gny s Qg T, Y) -
By our hypothesis, we get

U2 (C5 Gy, Gy 7, y) — € (2, )) <Ko (| A e (@) s Gng 2, 0)
% 6 6
< MK (1t =al" |s = 91" 1 Guy nas 2. )
0 0
= MK&LVCLY; (|t - J?| ! ;QTLn%Lz?xvy) Kf;ll’g; (|S - y| : ;QRlaanx?y) .

Now, applying the Hslder’s inequality with (p1,q1) = (2/61,2/ (2 — 01)) and (p2,¢2) =
(2/62,2/ (2 —65)), we obtain

~ 01/2
2 (C g s Gngs T Y) —C (@, ) K MEKLT (E—2)7; gy » @) v K21 (€03 qny, ) 20072

« 02/2 1 2-62)/2
XK ((s=9)% 0nar ) K22 (€03 anary) 202,

which leads us to the required result. [

Theorem 17. Let the function ( € Dy(I?) with D¢ € B(I?). Then, for each
(z,y) € I?, we have

||Ur?11,77(:22< yqny 5 9ng s s ) - CH

LN o
< C <[n1]q”1 ) <[n2]Qn2 ) (||DBC|OO + (Umixed(DBC; [n2]qn2l , [n2]qn22 )> )

where C' is a certain positive constant.

Proof. Since ¢ € Dy(I%), we have the identity
Ae,5)C(,y) = (t = 2)(s — y)DpC(B1, Ba),

where 3, 8, lie between ¢ and z, and s and y respectively. It is clear that

DB<(§17B2) = A(ﬁlvﬁz)DBC(xvy) + DBC(ﬁlvy) + DBC($752) - DB<(x= y)
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Since Dp(¢ € B(I?), by above relations, we can write

K202 (A )6 (2, 9); Gy G 7, 9)]
= [Kpin2((t = 2)(s — 9)DpC(Brs B2); dny Gnas 2, 9))|
< Kptnz(t = alls = yll A, ) DeC(@,Y)s dny s e 2, 9)
+ Ko (|t — a|ls — (1 DBy, v)]
+ |D¢(x, By)| + [DB¢(@,9)]); Gny s Gna» T y)
<Ko (Jt—al|s—ylwmizea(Dp¢; 1By =2, 1By =) Gy » G T, Y)
+3/1 DBl Kt 02 ([t =lls =l gny » Gna 7, 9).
By the above inequality, using the linearity of K®1:22(¢;.,.) and applying the

ni,mn2
Cauchy-Schwarz inequality we obtain

U302 (85 Oy > T, y) — (2, 9)] = [KS002 A5 C (@, 9)5 Gy s G- T Y|

< 31D BC oo/ KELE (2 — 2)2(5 = )2 oy s 3)

n (Ks;;s;ut — a5 = yls o G ,)

+ l’(’;lljv(’r(:ll:s;((t - $)2|S - y|7 qn17qn27x7y)

1,02

+ /J’:LglKnl,ng (|t - ‘T|(S - y)27 qn17qﬂ27x7y)

+ /L:nly’;glksll,ﬁ;((t - :17)2(5 - y)Q; qnyyQqnyy T, y))wmized(DBC; Mnla:unz)

< 31D BC oo/ KSR (£ — 2)2(5 = )2 Guns s 2)

+ (\/Kglljﬁ«‘; ((t - w)Q(S - y)27 dn,s9ny, T, y)

+ fy \/Kﬁfﬁf ((t = 2)4 (s = ¥)2; @ny» Gnas T, Y)

R (= 2)%(5 = 1) o Gz 2 9)

F o o K22 (6= 2)2(5 = 1) G » G @ y)>wmia;ed(DB<§ Ly Bny)- (8:2)

We observe that for (t,s), (z,y) € I? and 4,5 = 1,2

K2 22((t—2)% (s =)™ 30y, Gy )= K3 (6 —2)* 10, , 7, Y KA =)™ 3000, 7.9).
C1 Co
: . (8.3)

for some constants ¢y, co > 0.
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%
Replacing 4, by (M) k= 1,2 in l) and combining 1”

obtain the desired result.
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