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ELASTIC CURVES IN A TWO-DIMENSIONAL LIGHTLIKE

CONE

GÖZDE ÖZKAN TÜKEL AND AHMET YÜCESAN

(Communicated by Kazım İLARSLAN)

Abstract. We establish the variational problem giving elastic curves in a two-
dimensional lightlike cone. The solutions of the variational problem produce

two Euler-Lagrange equations. By using some technical of differential geom-

etry, we solve the equations. Then, we classify elastic curves in the lightlike
cone. Finally, we plot some of elastic curves in the lightlike cone.

1. Introduction

An elastic curve (or elastica) which is one of the most classical topics in the
calculus of variations in a space, a surface or a manifold is defined as the curve
satisfying a variational condition appropriate for interpolation problems. According
to D. Bernouilli’s idealization, all kinds of elastic curves minimize the total squared

curvature
³̀
0

κ2psqds among curves of the same length ` and first order boundary data

[1]. For example, geodesics on a plane or a sphere and eight curve in Euclidean
space are obvious examples of elastic curves psee for example [3, 4, 6, 13, ] etc.q.

Like many of the problems explored by mathematicians of this era, the formal in-
vestigation of the elastica was motivated by a physical situation. The Euler�Bernoulli
treatment of the elastica transformed a physics problem into one in mathematics.
Examining the bending energy of a physical elastic rod was replaced by inves-
tigating the total squared curvature of a regular curve [14]. The total squared
curvature functional has emerged as a useful quantity in the study of geodesics and
the closed thin elastic rod is often used as a model for the DNA molecule [5]. So
far, many authors have written several papers on elastic curves in Euclidean and
non�Euclidean spaces. D. Singer obtained Euler�Lagrange equations of the elas-
tic curves in three�dimensional Euclidean space and solved the equations by using
Jacobi elliptic functions. He also generalized variational problem of elastic curves
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in Riemannian manifold of constant sectional curvature r13s. In [6], the authors ex-
amined the closed elastic curves in the manifolds with constant sectional curvature.
On the other hand, G. Brunnet and P.E. Crouch gave differential equations for
the main invariants of spherical elastic curves. They solved the equations by using
Jacobi elliptic functions and presented a classification of the fundamental forms of
elastic curves [4].

By using the same formulization, differential equation systems for elastic curves
is studied and improved by many geometers in non�Euclidean spaces. In this pa-
per, we give a special attention to Minkowski geometry which is a non�Euclidean
space. In spite of the fact that Minkowski geometry and Euclidean geometry
have a certain parallelism, in Minkowski geometry one can generate different re-
sults from Euclidean geometry for curves or surface due to its metric structure.
Moreover Minkowski geometry is more complex than Euclidean geometry because
Minkowski geometry includes both spherical geometry and hyperbolic geometry
while Euclidean geometry includes only spherical geometry. Furthermore, there
are three types curves�called as spacelike, timelike and lightlike�and two types
surfaces�called as ”degenerate” and ”non�degenerate”� in Minkowski space while
its Euclidean partner has a type curve and surface. For example, two�dimensional
de Sitter space (Figure 1a) and two�dimensional hyperbolic space (Figure 1b) in
three�dimensional Minkowski space E3

1 corresponding a sphere in three�dimensional
Euclidean space E3 are non�degenerate surfaces and de Sitter two�space has time-
like, spacelike and lightlike curves while hyperbolic two�space has only spacelike
curves [9, 10]. On the other part, two�dimensional lightlike cone (Figure 1c) which
contains all of lightlike (null) vectors in three�dimensional Minkowski space E3

1 is
a degenerate surface and the lightlike cone has only spacelike curves [7, 9].

(a) (b) (c)

Figure 1. (a) De Sitter Space, (b) Hyperbolic Space, (c) Lightlike
Cone in E3

1 .

It seems very interesting to work elastic curves on the hyperquadrics and the
lightlike cone in three� dimensional Minkowski space E3

1 . Recently, Yücesan and
Oral worked elastic curves on hyperquadrics in three�dimensional Minkowski space
E3

1 [11, 16]. However, elastic curves in a degenerate surface like a lightlike cone have
never handled up till now. But curves in a lightlike cone introduced by H. Liu. He
gave some basic information to reader about structure and frame of the curves in
the lightlike cone, then he characterized some curves in two and three�dimensional
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lightlike cone [7]. In [8] the authors also examined the properties and structures of
cone curves two and three�dimensional lightlike cone by means of the representa-
tion formulas for spacelike curves in these lightlike cones. On the other hand, a prob-
lem of elastic curves in a two�dimensional lightlike cone arise as an open problem in
Ph.D. thesis work of the first author [12]. According to the thesis work, solutions of
this problem enable a nice connection between elastic curves on a two�dimensional
lightlike cone and elastic strips with null directrix and pseudo�null directrix in
three�dimensional Minkowski space E3

1 [12]. In this paper, we do not handle to
this topic, but we completely determine elastic curves in two�dimensional lightlike
cone which directly contribute solution of the problem.

We firstly determine the variational problem giving elastic curve on a two� di-

mensional lightlike cone as a critical point of the functional
³̀
0

p�2κ� σq ds among

curves with fixed initial points, directions and length `, where σ is tension param-
eter. By using calculus of variations, we find out two Euler-Lagrange equations for
elastic curves on the lightlike cone. Solving the equations by means of some tech-
niques of differential geometry, we give explicit solutions of equilibrium equations
of elastic curves with regard to the tension parameter and classify the solutions in
the lightlike cone. Then, we plot these curves.

2. Preliminaries

Consider three�dimensional Minkowski space E3
1 with the metric

  x, y ¡� x1y1 � x2y2 � x3y3

where x � px1, x2, x3q , y � py1, y2, y3q P E3
1 . Two�dimensional lightlike cone is

defined as the set of all lightlike vectors of E3
1

Q2 � Q2
1 p0q �

 
p P E3

1

��   p, p ¡� 0
(� tp0, 0, 0qu

[9, 10]. We usually use the Frenet frame when we study elastic curves in Euclidean
or Minkowski space. However, the Frenet frame sometimes gives no information
about the curve (see for an example [8]). Hence, we use the asymptotic orthonormal
frame field introduced by Liu [7].

Assume that the curve given by

γ : I � R Ñ Q2 � E3
1

t Ñ γ ptq
is a regular curve in the two�dimensional lightlike cone Q2. Since   γ, γ ¡� 0 and
  dγ

dt , γ ¡� 0, γ is a spacelike curve. This implies that curves in two�dimensional
lightlike cone are spacelike. On the other hand, the arc length s of the curve γ ptq
can be defined by

ds2 �  dγ ptq , dγ ptq ¡ .

If we take the arc length s of the curve γptq as the parameter and denote γpsq �
γptpsqq, then we have the spacelike unit tangent vector field of γ psq � pγ1 psq , γ2 psq , γ3 psqq
as the follow

γ1 psq � dγ psq
ds

� T psq � pt1 psq , t2 psq , t3 psqq .
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Thus, we choose the normal vector field N � pn1 psq , n2 psq , n3 psqq satisfying the
following conditions:

(2.1)
  T psq , T psq ¡�  γ psq , N psq ¡� 1
  γ psq , γ psq ¡�  N psq , N psq ¡�  T psq , γ psq ¡� 0.

So, the frame field tγ, T,Nu constitutes an asymptotic orthonormal frame field
in three�dimensional Minkowski space E3

1 along the curve γ in two�dimensional
lightlike cone Q2 with the following derivative equations

(2.2)
γ1psq � T psq,
T 1psq � κpsqγpsq �Npsq,
N 1psq � �κpsqT psq

where κ is the cone curvature function.
For an arbitrary parameter t of the curve γ ptq, the cone curvature function κ is

given by

κ ptq �   dγ
dt ,

d2γ
dt2 ¡2 �   d2γ

dt2 ,
d2γ
dt2 ¡  dγ

dt ,
dγ
dt ¡

2   dγ
dt ,

dγ
dt ¡5

r7s.

3. Elastic Curves in a Two-Dimensional Lightlike Cone

H. Liu studied curves in the lightlike cone and characterized some curves in
the two�dimensional and three�dimensional lightlike cones [7]. In this section,
we examine elastic curves in the lightlike cone Q2. An elastic curve minimizes the
functional »̀

0

�  γ2, γ2 ¡ �σ   γ1, γ1 ¡� ds

with fixed length ` and boundary conditions in Q2. It is called a free elastica if the
tension parameter σ � 0 in this functional. From this point of view and by using
derivative equations of the asymptotic orthonormal frame field p2.2q, we define the
variational problem of elastic curves in two�dimensional lightlike cone Q2 as a
critical point of the functional

(3.1) φ pγq � ³̀
0

p�2κ� σq ds

among the family of the spacelike curves

γ : r0, `s Ñ Q2

s Ñ γ psq
with the boundary conditions��γ1 psq�� � 1, γ p0q � p0, γ p`q � p`, γ1 p0q � V0, γ1 p`q � V`,

where V0 P Tp
0
Q2, V` P Tp

`
Q2, σ P R is a fixed. Also ` is variable and κ is the cone

curvature function.
Let

γ : r0, `s Ñ Q2

s Ñ γ psq � pγ1 psq , γ2 psq , γ3 psqq
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be a curve parametrized by arc length s, 0 ¤ s ¤ `, with the cone curvature function
κ in the lightlike cone Q2. Then, the functional p3.1q write as the follow

(3.2)

»̀

0

�  T 1 psq , T 1 psq ¡ �σ� ds

under the constraints

  T psq , T psq ¡� 1,   γ psq , γ psq ¡� 0

and

γ1 psq � T psq .
In order to find out the differential equations giving the critical points of the func-
tional p3.2q, we can carry out the Euler-Lagrange equations

BF
Bγ � d

ds
p BFBγ1

q � 0,

BF
BT � d

ds
p BFBT 1

q � 0

to the functional

(3.3)
F �  T 1psq, T 1psq ¡ �σ � λp  T psq, T psq ¡ �1q � µp  γpsq, γpsq ¡q

�2   Λ, γ1psq � T psq ¡
where λ and µ are scalars and Λ � pΛ1,Λ2,Λ3q is a vector in E3

1 (for calculus of
variations see [15]). So, we obtain from the Euler-Lagrange equations

(3.4) µpγ1, γ2,�γ3q � pΛ1

1,Λ
1

2,�Λ1

3q � 0

and

(3.5) λpt1, t2,�t3q � pt21, t22,�t23q � pΛ1,Λ2,�Λ3q,
respectively, r4, 11, 16s. If we take first derivative of p3.5q with respect to s and
combine with p3.4q, we obtain

(3.6) λ1pt1, t2,�t3q � λpt11, t12,�t13q � pt31 , t32 ,�t33 q � µpγ1, γ2,�γ3q.
By using the equations p2.2q, we have some derivatives of T ;

T 1psq � κpsqγ psq �Npsq,
T 2psq � κ1psqγ psq � 2κpsqT psq

and

T3psq � �
κ2psq � 2κ2psq� γ psq � 3κ1psqT psq � 2κ psqN psq .

Substituting these derivatives in p3.6q , we have the equilibrium equation as the
following;

(3.7) pκ2 � 2κ2 � λκ� µqγ � p�λ1 � 3κ
1qT � pλ� 2κqN � 0.

From the equation p3.7q and p2.1q , we obtain

(3.8) κ2 � 2κ2 � λκ� µ � 0,

(3.9) � λ
1 � 3κ

1 � 0

and

(3.10) λ� 2κ � 0.
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Computing κ from p3.8q , p3.9q and p3.10q , we get

(3.11) κ � c, c � constant .

Substituting p3.11q in p3.8q, we obtain µ � 0. To specify the constant c with respect
to the tension parameter σ, we consider the boundary condition

F p`q �
3̧

i�1

BF
Bγ1i

p`qγ1ip`q �
3̧

i�1

BF
Bt1i

p`qt1ip`q � 0

for the extremal γ. This condition is implied by the fact that the total length ` of
the curve is a variable in the variation [2]. Thus, we have

�2κ p`q � σ � 2   Λ p`q , γ1 p`q ¡ �2   T 1 p`q , T 1 p`q ¡� 0.

Substituting Λ, the components of Λ in p3.5q into the inner product   Λ p`q , γ p`q ¡
yields

(3.12)   Λ p`q , γ p`q ¡� 0.

From p3.11q and p3.12q one observes easily

c � �σ
2
.

Therefore, we can give the following theorem which determine spacelike elastic
curves in the lightlike cone Q2.

Theorem 3.1. γ is a spacelike elastic curve in a two�dimensional lightlike cone
Q2 if and only if the cone curvature of spacelike curve γ is a constant which is equal
negative half of the tension parameter.

In [7], authors gave a classification of the curves with constant cone curvature in
a two�dimensional lightlike cone Q2. By using this classification, we can give the
following corollary.

Corollary 3.1. If γ psq is spacelike elastic curve with arc length parameter s in a
two�dimensional lightlike cone Q2, then γpsq can be written as the following:

iq For c1, c2, c3 P R3
1 and σ � 0, the curve

γ psq � c1s
2 � c2s� c3

is a parabola (Figure 2). Thus γ is a free elastic curve.
iiq For c1, c2, c3 P R3

1 and σ   0, the curve

γ psq � c1 sinh
�?�σ� s� c2 cosh

�?�σ� s� c3

is a hyperbola (Figure 3, 4),
iiiq For c1, c2, c3 P R3

1 and σ ¡ 0, the curve

γ psq � c1 sin
�?
σ
�
s� c2 cos

�?
σ
�
s� c3

is an ellipse (Figure 5).
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Figure 2. c1 � p1.6, 0, 0q , c2 � p0, 3.3, 0q , c3 � p0, 0, 3.1q

Figure 3. c1 � p0.055, 0, 0q , c2 � p0, 0.055, 0q , c3 � p0, 0, 0.055q

Figure 4. c1 � p�0.065, 0, 0q , c2 � p0,�0.065, 0q , c3 � p0, 0,�0.065q

Figure 5. c1 � p4, 0, 0q , c2 � p0, 4, 0q , c3 � p0, 0, 4q
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