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ABSTRACT. In this paper, we study lightlike hypersurfaces with parallel screen
shape operator. The main result is a characterization theorem for lightlike with
parallel screen shape of a Lorentzian space form.

1. INTRODUCTION

The theory of hypersurfaces, defined as submanifolds of codimension one, is
one of the fundamental theories of submanifolds. As it is known, the main differ-
ence between the geometry of hypersurface in Riemannian manifold and in semi-
Riemannian manifold is that in the latter case the induced metric tensor field by the
semi-Riemannian metric on the ambient space is not necessarily non-degenerate. If
the induced metric tensor field is degenerate, the classical theory of Riemannian
and semi-Riemannian hypersurfaces fails since the normal bundle and the tangent
bundle of the hypersurface have a non zero intersection.

The main purpose of the present paper is to give a characterization of lightlike
hypersurfaces with parallel screen shape of a Lorentzian space form. Section 2 cov-
ers useful preliminaries for study the geometry of lightlike hypersurfaces. In Section
3, we prove that lightlike hypersurface M with parallel screen shape operator is ei-
ther totally geodesic or totally umbilic and if the screen is conformal, then M is
locally a lightlike triple product manifold (Theorem 3.1). At the end of section, we
prove that results obtained in this paper are stable with any change of null section
€ € Rad(TM).

2. PRELIMINARIES ON LIGHTLIKE HYPERSURFACES

Let (M,g) be a (m + 2)-dimensional semi-Riemannian manifold of index v, (0 <
v < m+2). Consider a hypersurface M of M and denote by g the tensor field
induced by g on M. We say that M is a lightlike (degenerate, null) hypersurface if
rank(g) = m. Then the normal vector bundle TM~ intersects the tangent bundle
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along a nonzero differentiable distribution called the radical distribution of M and
denoted by Rad(TM):

(2.1) Rad(TM) : x + Rad(T,M) =T,M NT,M*.

A screen distribution S(TM) on M is a non-degenerate vector bundle complemen-
tary to TM+. A lightlike hypersurface endowed with a specific screen distribution
is denoted by the triple (M, g, S(TM)). As TM+= lies in the tangent bundle, the
following result has an important role in the study of the geometry of lightlike
hypersurfaces.

Theorem 2.1. ([9]) Let (M, g, S(TM)) be a lightlike hypersurface of (M,g). Then
there exists a unique vector bundle tr(TM) of rank 1 over M, such that for any
non zero section & of TM* on a coordinate neighborhood U C M, there exists a
unique section N of tr(TM) on U satisfying

(2.2) G(N,©) =1 and F(N,N)=F(N,W)=0,
for al W € T(S(TM) ).

With this theorem we may write the following decomposition
(2.3) TMy = S(TM)L(TM* &tr(TM)) =TM & tr(TM),

where L denotes an orthogonal direct sum and & a direct sum. Throughout the
paper, we denoted by I'(F) the C°°(M)-module of smooth sections of a vector
bundle E over M, while C*° (M) represents the algebra of a smooth functions on
M. Also, all manifolds are supposed to be smooth, paracompact and connected.
Let (M,g,S(TM)) be a lightlike hypersurface of a semi-Riemannian manifold
(M,3), V be the Levi-Civita connexion of M, V the induced connection on (M, g).
Gauss and Weingarten formulas provide the following relations (see details in [9])

(2.4) VxY =VxY + h(X,Y),

(2.5) VxV =—-AyX + ViV,

for all X, Y € T(TM) and V € tr(TM), where VxY and Ay X belong to I'(T'M)
while h is a T'(tr(T'M))-valued symmetric C°°(M)-bilinear form on I'(T'M) and
V! is a linear connection on tr(T'M). It is easy to see that V is a torsion-free
connection. Define a symmetric C°°(M)-bilinear form B and a 1-form 7 on the
coordinate neighborhood U C M by

(2.6) B(X,Y) =g(h(X,Y),5),

(2.7) 7(X) =g(Vx N, )

for all X,Y € I'(T'Mjy;). Then, on U, equations (2.4) and (2.5) become,
(2.8) VxY = VxY + B(X,Y)N,

(2.9) va =—AnX + T(X)N,

respectively. It is important to stress the fact that the local second fundamental
form B in Eq.(2.8) does not depend on the choice of the screen distribution and
satisfies,

(2.10) B(X,£) =0,
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for all X € T'(T'M|y). Let P be the projection morphism of TM to S(T'M) with
respect to the decomposition (2.2). We obtain: for all X, Y € I'(TM) and U €
L(TM%),

(2.11) VxPY = Vx PY+h(X,PY),
(2.12) VxU = — Ay X +VixU,

where %X PY and ,ZU X belong to I'(S(T'M)), % and V' are linear connections
on I'(S(TM)) and I'(TM+) respectively, his a [(TM+)-valued C>(M)-bilinear
form on I'(TM) x T'(S(TM)), ;1U is a T'(S(TM))-valued C*°(M)-linear operator

on I'(S(TM)). h and ZU are the second fundamental form and the shape operator
of the screen distribution S(T'M) respectively. Define on U the following relations

*

(2.13) C(X,PY) = g(h(X,PY),N),

(2.14) «(X) = g(V'x &N).

One shows that €(X) = —7(X). Thus, locally (2.11) and (2.12) become
(2.15) VxPY =Vy PY + C(X, PY)E,

(2.16) Vxé = — A X — 7(X),

respectively. The linear connection V is a metric connection on T(S(TM)). But, in
general, the induced connection V on M is not compatible with the induced metric
g. Indeed, we have:

(2.17) (Vxg)(Y, Z) = B(X,Y)n(Z) + B(X, Z)n(Y),
for all X,Y € I'(T'M|y), where

(2.18) n(X) =g(X,N),

for all Y € T'(T'M|y). Finally, it is straightforward to verify that
(2.19) B(X\Y) = g(A X.Y), g(ANY.N)=0,
(2.20) C(X,PY) = g(ANX,Y), Ac€=0,

for X, Y e (T M|u). o -

We denote the curvature tensor associated with V and V by R and R, respec-
tively. Then we have ([9]): for all X, Y € I'(T'M|y)
(2.21)

R(X,Y)Z = R(X,Y)Z + Apx,2)Y — Anev,y X + (Vxh)(Y, Z) — (Vyh)(X, Z),

go(RX,V)PZ,PW) = g( R(X,Y)PZ PW)+C(X,PZ)B(Y,PW)
(2.22) —C(Y,PZ)B(X,PW),

(2.23) G(RXY)EN) = CY, A X) = C(X, A V) — 2d7(X,Y).
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3. LIGHTLIKE HYPERSURFACES WITH PARALLEL SCREEN SHAPE OPERATOR

In this section, we consider a lightlike hypersurface M of a semi-Riemannian
manifold (M (k),g) of constant curvature k. We need the following proposition.

Proposition 3.1. [2] Let (M(k),g) be a semi-Riemannian manifold of constant
curvature k and M be a lightlike hypersurface of M (k). Let R the curvature ten-
sor of the induced connection V on M by the Levi-civita connection V. For any
X,)Y,Z e T(TM), we have:

(a) RIX,YVZ =k{g(Y,2)X —g(X,2)Y} — B(X,Z)ANY + B(Y,Z)AnX;
(b) (VxB)(Y,Z) = (VyB)(X, Z) = B(X, Z)r(Y) — B(Y, Z)7(X);
(¢) B(ANY, X) — B(ANX,Y) =2d7(X,Y);
(@) (Ty An)(X)~(Vx Ax)(V)+R{(X)Y ~0(Y)X} = (1) Ay X ~r(X) AnY
() (Vx Ae)(Y) = (Vy Ae)(X) = 7(Y) Ae X = 7(X) A¢ Y — 2d7(X, V)¢
(f) VxPZ =VxZ - X -09(2)§ +n(Z) Ac +n(Z)T(X)E.

Now, we recall the definition of a screen conformal lightlike hypersurface of a

semi-Riemannian manifold M.

Definition 3.1. ([1]). A lightlike hypersurface (M, g, S(T'M)) of a semi-Riemannian
manifold M is said to be screen globally) conformal if the shape operators Ay and

;15 of M and its screen distribution S(T'M) are related by

(3.1) AN = ¢ Ag,

where ¢ is a non-vanishing smooth function on a neighborhood ¢ in M. In case
U = M, the screen conformality is said to be global.

It is easy to see that (3.1) is equivalent to
(3.2) C(Y.PZ) = ¢B(Y, Z),

for all X, Y € (T M).
We note that there are many examples of screen conformal lightlike hypersurfaces
of semi-Riemannian manifolds see [1}

Next, a screen shape operator Ag is said to be parallel if V Ag =0i.e.

VX Ag Y =A§ (VxY), (V and Ag commute)

for all X,Y € T'(TM).
In the sequel, we consider a lightlike hypersurface M of (m + 2)-dimensional
Lorentz manifold (M (k), g) of constant curvature k and we suppose that the screen

shape operator ;15 is parallel. Then we get
R(X,Y)(AcZ) = VxVy(Ae 2)~Vy V(A Z)—V[X,Y](;ls Z)
= Vx Ae (Vy2)-Vy Ae (VxZ)-Ae (Vix.v)Z)
= A (VxVy2)— A (VyVxZ)— Ae (VixZ)
(3.3) = Ac R(X,Y)Z,
Thus, we have

(3.4) R(X,Y)(Ac Z) =A¢ R(X,Y)Z



LIGHTLIKE HYPERSURFACES WITH PARALLEL SCREEN SHAPE OPERATOR 61

Using (1) in Proposition 3.1, we have
Ko(Y, Ae 2)X = g(X, A 2)Y}
—  B(X, A¢ Z2)ANY + B(Y, A¢ Z)AnX
P2 k(Y Ae 2)X - g(X, A¢ Z)Y)
(3.5) ~ (A X, A Z)ANY +g(AcY, A Z) AN X.
On the other hand, we have by using (1) in Proposition 3.1

R(X,Y)(A¢ 2)

*

Ae (RIX,Y)Z) = Kg(Y,Z) Ae X —g(X.Z) A Y}
(3.6) — g(A¢ X,Z) Ac ANY +9(A¢ Y. Z) A AxX.
Then, using (3.4), (3.5) and (3.6), we obtain
KoY, A )X — g(X, A¢ Z)Y} - g(Ae X, A¢ Z)AnY
+9(Ae Y, Ae Z)AnX
= k{g(Y.Z) Ac X — 9(X.Z) A¢ Y} - g(A¢ X, Z) A¢ ANY
(3.7) +g(Ae Y, Z) Ae AnX.

Note that for a class of screen conformal lightlike hypersurface M of a Lorentzian
manifold, the screen distribution S(T'M) is Riemannian, integrable and the induced
Ricei tensor on M is symmetric ([1]). Then, according to Proposition 3.4 in [9],
there exists a canonical null pair {&, N} satisfying (2.2) such that the corresponding

1-form 7 from (2.9) vanishes. Since £ is an eigenvector field of ;15 corresponding to

the eigenvalue 0 and ;15 is T'(S(T'M))-valued real symmetric, ;15 has m orthonor-
mal eigenvector fields in S(T'M) and is diagonalizable. Consider a frame field of

eigenvectors {&, E, ..., Ep} of ;15 such that {E1, ..., E,,} is an orthonormal frame
field of S(T'M). Then, ;15 E; = \E;, 1 <i<m. We call the eigenvalues \; the
screen principal curvatures for all 4.
Using (3.4), we have for 1<4i,57 <m and i # j
R(E;, E;)(A¢ Ej) =A¢ R(E;, Ej)E;.
Thus, from (3.7) we have
kA Ei + N2 ANE; = kNE; + \; Ac ANE;,

and then,

gkNE + NANEL B = g(kME;+ A Ae AnE;, By)
kXjg(E;, E;) + )\?g AnE;, E;) = kANg(E;, E;) + )‘jg(;lf ANE;, E;)
= kA + Ng(AnE:, A¢ )

)
)
)

(
kX + XN g(ANE;, E;
k/\j + )\?Q(ANEi,Ei

We conclude,

(38) ()\J — Al)(k + )\jg(ANEi, El)) =0.
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If the screen is conformal, we have Ay F; = ¢ ;15 E; = o\ F;, then (3.8) becomes

(3.9) (A = A)(k + @A) = 0.

Under the conditions of the equation (3.9), we now prove several Lemmas.
Lemma 3.1. Either mnk}lg =0 or mnk}lg =m.

Proof. Since ;15 ¢ =0, then rank;15< m + 1. Assume that rankalg# m. Then for
some ¢ we have A\; = 0 and using (3.9) it follows that A\; = 0. Thus all eigenvalues

of /*15 are zero and rankalgz 0. O

Lemma 3.2. If rankAs# 0, then Ae has at most two distinct screen principal
curvatures.

Proof. For i = iy, equation (3.9) becomes (A; — Aiy)(k + @XigA;j) = 0. If \j # Ay,

then \; = —ﬁ. Then A¢ has at most two distinct screen principal curvatures. [
i0

By the Lemma 3.2 it follows that ;15 has at most two distinct screen principal

curvatures, A and p = —%.

Define two distributions:

Ty = {XeD(TM)| A¢ X = \PX},

T, = {XeD(TM)| A¢ X = uPX}.

Lemma 3.3. The distributions Ty and T), are both involutive.
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Proof. Let choose X,Y € I'(T)), then

Ac [X,Y] =

(3.10)

Ae VxY— Ae Vy X
Vx /*15 Y —(Vx jlg)Y —Vy ;15 X+ (Vy jzlg)X
Vx Ae Y — Vy A¢ X
Vx(A\PY) — Vy (APX)
(X - \)PY + AV PY — (
(X - N)PYHAV x [Y—(Y)E]~(Y - \)PX-AVy [X — 5(X)€]
(X -NPY + A\[VxY — X -n(Y)E — n(Y)Vxé] — (Y - \)PX
“AVy X =Y - n(X)§ —n(X)VyE]
(X - NPY +A[VxY — X - p(Y)€ —(Y)(~ A¢ X — 7(X)¢)]
~(Y - NPX = A[Vy X =Y - n(X)E — 5(X)(~ Ae Y — 7(Y)§)]
(X-ANPY +A[VxY = X -n(Y)E = n(Y)(=APX — 7(X)¢)]
—(Y - N)PX = A[Vy X =Y - n(X)§ = n(X)(=APY — 7(Y)E)]
(X -A)PY — (Y- ANPX + MVxY — VyX) + A2 (n(Y)PX
NX)PY )X [=X - (Y HY - (X )+ (X)n(Y)—(Y)n(X)] €
(X - NPY — (Y - NPX + \[X,Y] + A2(n(Y)PX — n(X)PY)
A=X - nY) +Y - n(X) +7(X)nY) — 7(Y)n(X)] €
(X - NPY — (Y - \PX + AP[X, Y] + Ap([X, Y])¢
+X2(Y)PX —n(X)PY) + A [-X -n(Y) +Y -n(X)
+7(Xn(Y) — 7(Y)n(X)] €

Y -ANPX - AVyPX

Now, we compute:

n([X, Y])

ViV — VyX) = g(VXY Vy X, N)
VXY7 N) - (VYX7 N)

l
g(

= X- (Y,N)*‘(YVXN) Y- g(X,N)+g(X,VyN)
X +
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Then,
n([X.Y]) = X-nY)+eAg(Y,PX) =Y -n(X) — pAg(X, PY)
—T(X)n(Y) + (Y )n(X)
= X -nY)+eAg(Y, X) =Y -n(X) — pAg(X,Y)
—7(X)n(Y) +7(Y)n(X)
(3.11) = X -nY)=Y n(N)=7(X)n)+7(Y)n(X).
Using (3.10) and (3.11) we get,
Ae [X,Y]=(X - \)PY — (Y - \)PX +AP[X, Y]+ 2 (77(Y)PX—77(X)PY>.
Then
(3.12) (Ae —AP)[X,Y] = (X - A\)PY — (Y - \)PX + A? (n(Y)PX - n(X)PY).
However, the left-hand member of (3.12) belongs to Ty. In fact,
[Xa Y] = [X7 Y]A + [X7 Y]M + n([Xv Y])S
implies that
(A —AP)IX,Y] = (A —AP)(IX,Y]x + [X, Y], + (X, Y])¢)
= A¢ [X, Y] = AP[X, V)it Ae [X, Y],
“APLX, Y], + (X, Y]) A¢ €
= (p=MNX, Y]M'
On the other hand, the right-hand member of (3.12) belongs to Ty and therefore
(Ae —A\P)[X,Y] =0,
(3.13) (X -NPY — (Y - \)PX + \2 (n(Y)PX - n(X)PY) —0.

Hence (;15 —AP)[X,Y] =0, thus [X,Y] € I'(T»). This shows that the distribution
T) is involutive. Using the same way, we can see that the distribution T}, is also
involutive. O

Define two distributions 75 = T\ N S(TM) and T;; = T, N S(TM). Since
n(X) =0 for all X,Y € I'(T}), equations (3.13) become

(3.14) (Ae —N[X,Y] =0, (X-NY —(Y-N)X=0
We have the following Lemma.

Lemma 3.4. If dimT5 > 1, then X -A=0,7(X) =0, X - ¢ =0 and X - p =0,
for all X € T(T¥).

Proof. Let X,Y € I'(T%). If dimT¥ > 1, we can choose X, Y to be linearly inde-
pendent. Thus, using the right equation in (3.14) we have X - \.

Since ;15 is parallel, by using (5) in Proposition 3.1, we have the following: A7(Y)X —
M (X)Y —2d7(X,Y)§ = 0. Then A\7(Y)X — A7(X)Y =0 and d7(X,Y) = 0. Since
A # 0, we can again choose X, Y to be linearly independent, then 7(X) = 0. Using
(4) in Proposition 3.1, (3.1 ) and 7 = 0, we have (Y - ¢)X — (X - ¢)Y = 0, by
linearly independent we have X - o = 0.
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(X p)A+ (X -Np

(pA)?
the proof. O

Since u = —%, it follows that X - u = —k , and this completes

Lemma 3.5. For X € I'(T}), Y € I'(T};), we have VxY € I'(T};) and Vy X €
I(T3).

Proof. Let X € I(TY), Y € I'(T5). We have
(Vx A)Y = Vx(4Ae V)= Ae (VxY)
= Vx(uY)— Ac (VxY)
= (X p)Y +uVxY— Ac VxY
= ,UVXY— Ag (ny)

Since Vx ;15: 0, we have ;15 (VxY) = uVxY which proves that VxY belongs to
[(T};). Using the same argument, we see that Vy X belongs to I'(7%). O

Lemma 3.6. 1§ and T}; are totally geodesic and parallel distributions.

Proof. By Lemma 3.5, if X € I'(TY), Y € I'(T};), we have VxY € I'(T};) and
VyX € I'(T}) which shows that 75 and T, are parallel. Let X,Z € I'(T}), Y €
(7). Since n(Y) =n(Z) =0,

By Lemma 3.5, VzY € I'(T};) implies that g(Y,VzX) = 0. Then g(Y,VzX) =
g(Y,Vz X + C(X,2)¢) = g(Y,Vz X) = 0. It follows Vz X € I(T%) for all Z and

X in I'(T%) which shows that Ty is totally geodesic. By the same way, we can see
that T}, is totally geodesic. O

Next, we say that M is totally umbilical if there exists a smooth function p such
that
(3.15) B(X,Y) = pg(X,Y),
for all X,Y € T'(TM), or equivalently,

(3.16) A¢ X = pPX,

for all X € T'(T'M).
M is said to be a totally geodesic lightlike hypersurface if the second fundamental

form B = 0 or equivalently ;152 0. Now we prove the following theorem.

Theorem 3.1. Let (M, g, S(TM)) be a lightlike hypersurface of (m+2)-dimensional
Lorentz manifold (M (k),g) of constant curvature k such that the screen shape op-
erator is parallel. Then,

(a) M is either totally geodesic or totally umbilic;

(b) if the screen is conformal, M is a locally lightlike triple product manifold
Cx (M= My x M,), where C is a null curve, M’ is an integral manifold
of S(TM), My and M, are leaves of some distributions of M such that
they are totally geodesic (in S(TM)) Riemannian manifolds of constant
curvature (k + 2p\?) and (k + 2pu?) respectively.
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Proof. (a) From (3.8), we have (A; — ;) =0 or (k+ \;jg(ANE;, E;)) = 0.

If (A\; —A;) =0, then, A\; = A; for any ¢, ;. This means that all eigenfuntions are
equal. We note it by A. Let X € I'(T'M), we have

Ae X

;15 (Z X, E; + 77(X)€> = ZXi ;15 E; +n(X) ;15 ¢

i=1 i=1

in:Xi)\iEi = inEz
i=1 i=1

Then ;15 X = APX. If A =0, M is totally geodesic and if not M is totally
umbilic.
(b)From ([1]) a conformal lightlike hypersurface M is locally a product manifold
C x M', where C' is a null curve and M’ is a leaf of S(T'M). Since the leaf M’ of

S(TM) is Riemannian and S(TM) = T§ ®oren T);, where Ty and T are parallel

distributions with respect to the induced connection % of M’, by the decomposition
theorem of de Rham ([8]) we have M’ = My x M, where My and M,, are some
leaves of T} and T}, respectively. It follows that M = C x M' = C x My x M,.
Let X,Y,Z, W € I'(T%). Using (1) in Proposition (3.1) and equations (2.19) and
(3.1) we have

g(RX,Y)Z,W) = k{g(Y, Z)g(X, W) — g(X, Z)g(Y, W)}

0g9(Ae X, Z)g(Ae Y, W)+pg(Ae Y, Z)g(Ae X, W)
= kg(Y,2)9(X, W) —g(X,Z)g(Y, W)}
—oNg(X, Z)g(Y, W) + oX*g(Y, Z)g(X, W)

(3.17) = (k+¢\)g (g(Y, 2)X — g(X, Z)Y, W).
Again, by using (3.1), (3.2), (2.19), (2.20), (2.22) and (3.17), we have
(k+ X9 (9(Y, 2)X = g(X, 2)Y, W) =

(R (X, Y)Z, W) - Wzg(g(iﬁ Z2)X —g(X, 2)Y, W).

Then, ;{ (X, Y)Z = (k4 2o ) {g(Y,Z)X — g(X, Z)Y}, for all X,Y,Z in I'(T5).
Thus M, is a Riemannian manifold of constant curvature (k + 2pA?). In the same
way we obtain that M, is a Riemannian manifold of constant curvature (k+ 2ppu?).

O

Theorem 3.2. Let My and M, be as in the theorem 3.1 and dim(My) =r. Then
M)y and M, are totally umbilical submanifolds of M (k) of codimension (m —r +2)
and (r 4 2), respectively.

Proof. Let i be the immersion of My in M and M’ be a leaf of S(T'M). Consider
in the normal bundle TM'", the vector fields

® 1 ® 1

= + N d = — N
At A MM e T At v
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Clearly, {¢1, (2} is an orthonormal basis, where ¢; and (» are spacelike and timelike
respectively. Then, for any X, Y € T'(T'M,), we have
VxY VXY + hMX,Y)
m—+2
(3.18) = VAY+ > a(4aX,Y)E),
a=r+1

where gy, V* are the induced metric and induced connection of M), respectively, £
are orthonormal normal to My in M (k) such that &), = ¢, and &), 5 = (o, Aex
are corresponding shape operators of £ and h* is the second fundamental form of

M), in M (k). On the other hand, we have
VxY = VxY +B(X,Y)N =VxY +g(A¢ X,Y)N
= Vx Y +C(X,Y)E+g(Ae X,Y)N
= Vx Y +g(ANX,Y)E+ g(A¢ X,Y)N
= Vx Y +pg(de X,Y)E+ g(Ae X,Y)N
= VXY + 00 (X,Y) + (A X,Y) (gt + N)
= VXY + 03 (X,Y) 4+ M\g(X,Y)(p€ + N),

where h},, is the second fundamental form of M) is S(TM). By Lemma 3.6, M)
is totally geodesic in S(T'M), and consequently the last equation can be written as

(3.19) VxY = VAY + M\g(X,Y)(p€ + N) = VXY + /2|p|Ag(X,Y)(1.

Comparing (3.18) and (3.19), we have Ax X =0 for all a # m + 1 and A +1X =

Ae, X = /2|p|AX. Thus, M), is a totally umbilical submanifold of M (k). Similarly,
we can prove that M, is a totally umbilical submanifold in M (k). O

~ * *
Let us change &= af, then AE: aAg¢, where o is a non-zero smooth function.

By direct calculation we have,

*

(3.20) (Vx A1)Y = (X -a) Ae Y +o(Vx Ae)Y.

We prove the following

Proposition 3.2. Let M be a lightlike hypersurface of a semi-Riemannian manifold
(M, g). Let € € T'(Rad(TM)) and make a change é= af. If ;15 is parallel, then

(3.21) R(X,Y) }‘15 A :,ZE R(X,Y)Z.

forany X, Y Z e T(TM). Moreover, }12 is parallel if and only if a is constant.
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Proof. From the definition of curvature tensor, it follows

R(X,Y) ‘ZE 7 = VxVy 215 7 —VyVx }12 Z - Vixy }ig Z

*

— VX( ZE (Vy Z)+(Vy 25>Z) - Vy( AE (Vx2)

*

+ (Vx AE)Z>7 Ay (Vixy1Z2) = (Vixy A

V(A (Vv2))+(XY ) A Z+(Y - 0)Vx A Z

v Vy (Oz(VyAg)Z) Yy ( 212 (VXZ)> —(YX-a) A Z

_ (X . Oé)vY 25 Z —Vy (Oé(vXAg)Z)* 2'5 (V[X,Y]Z)

~ (XY)0) A Z ~ (Vixy) A)Z

= Vx(A; (9v2) = Vx( A; (Vx2))- A; (Vix2)
HY - a)Vx Ae Z— (X -a)Vy A Z

—(Vy AE)VXZ— Ag (Vix,v1%)
H(Y -a) Ae VxZ — (X -a) Ae Vv Z
(320 *

Az (VxVy2) + (X -a) Ae Vy Z— ZE (VyVxZ)

—(Y-a) Ae VxZ— ;‘Z (VixZ)
+(Y - a) Ae VxZ — (X - 0) Ae Vy Z
= A (VW Z -V VxZ - Vixy Z)
= A R(X.Y)Z
From equation (3.20), it is obvious that if ;15 is parallel, then ;12 is parallel if and
only if X - =0 for all X € T'(T'M), that is if and only if « is constant. O

Remark 3.1. Consider a frame field of eigenvectors {&, E1, ..., Ey} of ;15 such that
{E1,..., Epn} is an orthonormal frame field of S(T'M). If \; is an eigenfuntion of
;15, then ):;: a; is an eigenfuntion of ;12 Thus, by using (1) in Proposition 3.1
and equation (3.21), we get

e (v 5)] -
a(\j = X) [k + A9 (AN E; Ei) | = 0.

Then Eq.(3.8) does not depend on the choice of the null section £ of Rad(TM).
Since results in theorem 3.1 and Theorem 3.2 are based on this equation, then
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oposition 3.2 prove that these results are stable with any change of null section

¢ € Rad(TM).

1
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