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Some Notes on Odd or Even Indexed Fibonacci and Lucas Sequences  

 

Alparslan Kargın1, Emre Kişi*1 and Halim Özdemir1 

Abstract 

The uniqueness of the sum of the elements of finite subsets of the odd or even indexed Fibonacci 
and Lucas sequences are proved. Moreover, it is shown that the odd or even indexed Fibonacci 
and Lucas sequences are super-increasing sequences. By using the uniqueness properties 
established, a new cryptology method is presented and exemplified. 
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1. INTRODUCTION 

Fibonacci and Lucas sequences have been 
appearing not only in pure mathematics but also 
in many applied sciences such as cryptography 
and coding theory [6-11]. The odd indexed 
Fibonacci and Lucas sequences are the sequences 
which consist of odd indexed terms of the 
Fibonacci and Lucas sequences. Similarly, we can 
define even indexed Fibonacci and Lucas 
sequences. In this work, the odd and even indexed 
Fibonacci and Lucas sequences are mainly 
considered. The results related to the uniqueness 
of the sum of the elements of the finite subsets of 
the odd and even indexed Fibonacci and Lucas 
sequences are established. By utilizing the results 
obtained a new cryptology method is developed, 
and it is illustrated with an example. Moreover, it 
is shown that the odd or even indexed Fibonacci 
and Lucas sequences are super-increasing 
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sequences. The super-increasing sequences are 
known to be used in the Merkle-Hellman 
cryptology system [1]. 

 

2. PRELIMINARIES 

Definition 2.1. Let 0 0F   and 1 1F  . The 

sequence   1, 2,3,...nF n   with the recurrence 

relation 1 1n n nF F F    is called Fibonacci 

sequence [2,3]. The elements of this sequence are 
called Fibonacci numbers. 
 
From now on, the sets of Fibonacci numbers, the 
even indexed Fibonacci numbers, i.e. 
 0 2 4 2, , , ..., , ...kF F F F , and the odd indexed 

Fibonacci numbers, i.e.  1 3 5 2 1, , , ..., , ...kF F F F  , 

will be denoted by ,  ,EF F   and OF , respectively. 
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Definition 2.2. Let 0 1L   and 1 3L  . The 

sequence   1, 2,3, ...nL n   with the recurrence 

relation 1 1n n nL L L    is called Lucas sequence 

[2,3]. The elements of this sequence are called 
Lucas numbers. 
 

Hereafter, the sets of Lucas numbers, the even 
indexed Lucas numbers, and the odd indexed 
Lucas numbers will be denoted by , ,EL L  and OL

, respectively. 

 

Definition 2.3. Let  nb  a sequence such that 

nb   for every n .  nb  is said to be a super-

increasing sequence if it satisfies the property that 
1

1

n

n j
j

b b




 for each 2n   [5]. 

 

Lemma 2.4. For each n , 2 1 2
1

n

i n
i

F F


  [2]. 

Lemma 2.5. For each n , 2 2 1
1

1
n

i n
i

F F 


   

[2]. 

 

3. RESULTS 

In this section, the uniqueness of the sum of the 
elements of finite subsets of the odd or even 
indexed Fibonacci and Lucas sequences are 
proved. Moreover, it is shown that the odd and 
even indexed Fibonacci and Lucas sequences are 
super-increasing sequences. Since the proofs are 
similar, the proof will be given only for odd 
indexed Fibonacci sequence. 

Theorem 3.1. .  

a) Let A  and B  be any two finite subsets of 

OF  such that A B . Then 
i j

i j
F A F B

F F
 

 
. 

b) Let A  and B  be any two finite subsets of 

OL  such that A B . Then 
i j

i j
L A L B

L L
 

  . 

Proof: Since the elements in the intersection of 
the sets A  and B  can be eliminated from both 
sides of the sum, without loss of generality it is 
assumed that A B  . Let k be a positive 
integer such that 2 1 ma {x   | }ik iF F F A B   . 

Then, either 2 1kF A   or 2 1 .kF B   If 2 1kF A  , 

then  1 3 2 1, , ..., kB F F F  . Hence, we get the 

following inequality 

2 1
1i

k

i i
F B i

F F 
 

  .                                               (1) 

From the inequality (1) and Lemma 2.4, we get 

2 1 2 2 1
1i j

k

i i k k j
F B i F A

F F F F F 
  

      .             (2) 

It is seen from the inequality (2) that 

i j

i j
F B F A

F F
 

  . 

Hence, the proof is completed. █ 
 
Theorem 3.2.  

a) Let A be a subset of OF  such that 

 1 2| ,  i O nA a F a a a n       . 

Then, A is a super-increasing sequence. 
b) Let A be a subset of OL  such that 

 1 2| ,  i O nA a L a a a n       . 

Then, A is a super-increasing sequence. 

Proof: Let 2 1kF A   and iF A  such that 

2 1i k  , where k is a positive integer and i is an 
odd positive integer. Then, we get the inequality 

2 1
1i

k

i j
F A j

F F 
 

  .                                            (3) 

From the inequality (3) and Lemma 2.4, we obtain 

2 1 2 2 1
1i

k

i j k k
F A j

F F F F 
 

    . 

Hence, the proof is completed. █ 
 
Corollary 3.3. Since O OF F  and O OL L , both 

OF  and OL  themselves are also super-increasing 

sequences. 
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Since the proofs of the Theorems 3.4 and 3.5 
given in the following are quite similar with the 
proofs of the Theorems 3.1 and 3.2, respectively, 
they will be omitted. 
 

Theorem 3.4.  

a) Let A  and B  be any two finite subsets of 

EF  such that A B . Then 
i j

i j
F A F B

F F
 

 
. 

b) Let A  and B  be any two finite subsets of 

EL  such that A B . Then 
i j

i j
L A L B

L L
 

  . 

 
Theorem 3.5. 

a) Let A be a subset of EF  such that 

 1 2| ,  i E nA a F a a a n       . 

Then A is a super-increasing sequence. 
b) Let A be a sorted subset of EL  such that 

 1 2| ,  i E nA a F a a a n       . 

Then A is a super-increasing sequence. 

 
Corollary 3.6. Since E EF F  and E EL L , both 

EF  and EL  themselves are also super-increasing 

sequences. 

4. APPLICATION 

Fibonacci and Lucas sequences have been used in 
many applied sciences such as cryptography and 
coding theory [6-11]. In this section a new 
cryptology method, which is based on the 
uniqueness property of the sum of the elements of 
the subsets of the odd indexed Fibonacci 
sequences, is developed, and it is illustrated with 
an example. The method is presented for odd 
indexed Fibonacci sequence. Obviously, with a 
similar manner, it can be also developed for even 
indexed Fibonacci and odd and even indexed 
Lucas sequences. 

 

Now we can explain the method. Firstly, each 
letter is matched with the numerical value of the 
odd indexed Fibonacci numbers. This match is 
listed in Table 1. Obviously, this table can be 
extended according to characters that are wanted 
to be used. 
 

Table 1: Numerical correspondence of the letters  
Letters Corresponding 

Fibonacci Numbers 
Numerical value 

A 𝐹ଵ 1 
B 𝐹ଷ 2 
C 𝐹ହ 5 
D 𝐹଻ 13 
E 𝐹ଽ 34 
F 𝐹ଵଵ 89 
G 𝐹ଵଷ 233 
H 𝐹ଵହ 610 
I 𝐹ଵ଻ 1.597 
J 𝐹ଵଽ 4.181 
K 𝐹ଶଵ 10.946 
L 𝐹ଶଷ 28.657 
M 𝐹ଶହ 75.025 
N 𝐹ଶ଻ 196.418 
O 𝐹ଶଽ 514.229 
P 𝐹ଷଵ 1.346.269 
Q 𝐹ଷଷ 3.524.578 
R 𝐹ଷହ 9.227.465 
S 𝐹ଷ଻ 24.157.817 
T 𝐹ଷଽ 63.245.986 
U 𝐹ସଵ 165.580.141 
V 𝐹ସଷ 433.494.437 
W 𝐹ସହ 1.134.903.170 
X 𝐹ସ଻ 2.971.215.073 
Y 𝐹ସଽ 7.778.742.049 
Z 𝐹ହଵ 20.365.011.074 

Encryption Algorithm 

Step 1: Determine the different letters in the 
plaintext. 

Step 2: Sort them alphabetically and enumerate 
them. 

Step 3: Sum the numerical values of the 
corresponding Fibonacci numbers of the letters. 

Step 4: Set a sorting code by utilizing the 
corresponding enumeration of the letters. 

Step 5: Set an ordered pair in which the first 
component is the sum and the second component 
is the sorting code. This ordered pair is the 
ciphertext. 
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Deciphering Algorithm 

Step 1: Find the biggest Fibonacci number which 
is smaller than the sum (the first component of the 
ordered pair) and subtract it from the sum. Repeat 
this step until reaching zero. 

Step 2: Determine the corresponding letters of the 
Fibonacci numbers used in step 1. 

Step 3: Sort these letters alphabetically and 
enumerate them. 

Step 4: Set the plaintext by utilizing the sorting 
code (the second component of the ordered pair) 

Example 4.1: Let us encrypt the word “HELLO”. 

 

Encryption Algorithm: 

Step 1: The different letters in the word are H, E, 
L, O. 

Step 2: The enumeration of the alphabetically 
ordered letters is listed in Table 2. 

Table 2: The enumeration of the alphabetically ordered 
letters 

E H L O 
1 2 3 4 

Step 3: The sum of the corresponding Fibonacci 
numbers of the letters is 34 + 610 + 28657 + 
514229= 543530. 

Step 4: The sorting code of the word is 21334. 

Step 5: The ciphertext is (543530, 21334). 

Deciphering Algorithm: 

Step 1: The biggest Fibonacci number which is 
smaller than 543530 is 514229. The difference of 
these numbers is 543530 – 514229 = 29301. By 
continuing the process similarly, the numbers in 
the following are obtained: 29301 – 28657 = 644, 
644 – 610 = 34, and 34 – 34 = 0. 

Step 2: The corresponding letters of the Fibonacci 
numbers used in previous step are O, L, H, and E, 
respectively.  

Step 3: The alphabetic order of the letters which 
are determined in step 2 and the corresponding 
enumeration of them are as in Table 2. 

Step 4: By utilizing the sorting code 21334 the 
plaintext “HELLO” is obtained. 
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