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SP iteration method, SP fined by Chugh and Kumar in [Convergence of SP iterative scheme with mixed errors
iteration method with mixed  for accretive Lipschitzian and strongly accretive Lipschitzian operators in Banach
errors, Iterative parameter spaces, Int. J. Comput. Math. 90 (2013), pp. 1865-1880]; in particular, controllability

sequence, Error analysis,

and accumulation of errors for such an iteration method are investigated.
Random errors.

Throughout this paper, we suppose that (X, ||-||) is an arbitrary real Banach space, S a nonempty closed and convex
subset of X, T : S — S an operator, and {, },_o, {Bn}n_0: {¥n}noo C [0, 1] are parameter sequences satisfying
certain control condition(s).

In 2011, Phuengrattana and Suantai [1] defined the SP iteration method on § as follows:

X0 €S,
Xn+1 = (1_an)yn+anTyn (1)
Yn = (1 - ﬁn)zn +ﬁnTZn
Zn = (1 — W) xn + T xp, forall n € N.
Remark 0.1. The iteration method (1) reduces to:
(i) Mann iteration method [3] if B, = 9, =0 foralln € N;
(ii) Picard iteration method [2] if o, = 1, B, =9, =0 foralln € N.
However, the iteration method (1) is independent of Ishikawa [4] and Noor [5] iteration methods.
Recently, Chugh and Kumar [6] introduced the SP iteration method with mixed errors as
Xo € S,
Xn+1 = (1 _an)YH+anTYn+un )

Yn = (1 _ﬁn)zn +ﬁnTZn +Vn
zn=(1=9) %+ ¥Txy+wy, foralln € N,

where {u,},_o, {Vn},—o and {w, },_ are sequences in S satisfying the following conditions:

(@) tn =+t [z} = 0 (0n) (> 0) and ¥, flug| < e,
s

(i) X [[vall <oo, X [lwall <ee.
n=0 n=0

Remark 0.2. The iteration method (2) reduces to:

(i) Mann iteration method [3]if B, = Y, =wy, =v, =u, =0foralln € N;

(ii) Picard iteration method [2] if a, = 1, B, =Y =wp=v, =u, =0foralln € N;

(iii) SP iteration method (1) if w, =v, = u,, =0 foralln € N.

However, the iteration method (2) is independent of Ishikawa [4] and Noor [5] iteration methods.
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We are primarily interested in evaluating the error estimate for the SP iteration method (1) of an operator on a
real Banach space. Many researchers have achieved this in an indirect way. As regards, their direct calculations
(estimation), recently some papers have appeared in the literature (see, e.g., [7, 8]). In this paper, we develop new
ideas for the direct error estimation of the SP iteration(1) in respect of accumulation and control of random errors. It
is remarked that direct calculations of errors for this method are much more complicated as compared to those in
the case of Mann and Ishikawa iteration methods (cf. [7, 8]).

Define the errors of Tx,, Ty, and Tz, by

Wn :Txn_m’ Vn :TZn_Tizn and u, :Tyn_T7yn 3)

for all n € N, where Tx,, Ty, and Tz, are the exact values of Tx,, Ty, and Tz,, respectively, that is, Tx,, Ty, and
Tz, are approximate values of Tx,, Ty, and Tz,, respectively. The theory of errors implies that {u, }, g, {vn}r—o
and {w, }, _, are bounded. Set

B =max{B,,B,,B,} 4)

where B,, = sup,,c || Wn||, By = sup,,cy ||va|| and B, = sup,,c ||u»|| are the bounds on the absolute errors of {T'x, },_,,
{Tzu};,_ and {Ty,},._,, respectively.
The accumulated errors in (1) comes from u,, v,, and w,; hence we can set

EES, 7
Xn+l = (1 - an)}Tn+anTYn
Yn = (1 _ﬁn)a'i‘ﬁn’rzn
= (1= 1%) %+ ¥Txp, foralln € N.

®)

where X, y, and z,, are exact values of x,,, y, and z,, respectively. Obviously, error of an iteration will affect the
next (n+ 1) steps. So, utilizing (1), (3) and (5), we have

X0 = Xo;
xi = X+ (1—a0)[(1—-Po)ywwo+ Bovo] + coteo;
x = +(—o)(1=PB1)1=n)[(1-a)[(1-PBo)wwo+ Bovo] + douo]

+(1—ou)[(1=B1)iw1 + Bivi] + oy,

o= Br(l-a)(1=F)(1-pn)d—o)d=PB)1-n)[(1-a)(1-PBo) 1w+ Bove] + aouo]
+(1—a)(1=B2) (1 =) [(1—ar) [(1=B1) viwi + Bivi] + onu ]
+ (1 =) [(1—B2) pwa + Bova] + cpu;

yo = Yo+ (1—Po)rwo+Bovo;
yio = yi+({I=B)ynwi+Bivi+(1=B1)(1—mn)[(1—a)[(1—Po)ywo+ Bovo] + Xouo);
2 = m+(1=PHF)pwr+phwv

+(1=B)(1=n)[(1—ou)(1—B1) (1 —1)[(1—a0) [(1—Po) Yowo + Bovo] + o]
+ (=) [(1=B1) w1 +Bivi] + e |5
i = m+A=B)pwi+ B+ (1-F3)(1—7)x
[(1—0)(1=B2) (1 =) (1 —au) (1= P1) (1 —11) [(1 —a0) [(1 = Po) Yowo + Bovo] + oo
+(1 =) (1=B2) (1 =) [(1—a1) [(1 = Br) viwr + Bivi] + ouu]
+(1 =) [(1—B2) awa + Bava] + aua;

20 = 20+ %Wwo;
2z = a+ynwi+0=n)[(1—o00)[(1—Po)ywo+ Bovo] + ouol;
= D+pwat+I=p)[(1—a)(—pB1)1—n)(1—-o0)(1—Po)rwo -+ Bovo] + o]

(1
(1
+ (1 =) [(1=B1) riw1 +Bivi] + o] 5
B = BEBwi+(l-n)x

[(1—0n)(1=B2) (1 =) (1—a1) (1= B1) (1 —1) [(1 —a0) [(1 = Bo) Yowo + Bovo] + o]
+(1—a) (1=B2) (1 =) [(1 —a1) [(1—B1) yiwr + Bivi] + cuy]

+(1 =) [(1=B2) pwa+ Bava] + cpua];
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A repetition of the above arguments, gives:

xn+1:xn-&-l‘f'i[(l_ak)[(l_ﬁk)Yka+ﬁka]+akuk][ i (1—06:')(1—&)(1—%)],

k=0 =kt 1
Yo = Y+ (1=Ba) YaWn+Bava+ (1= B) (1= 1) ¥
n—1 n—1
Y 10— o) [(1 = Be) Yewse + Brve] + o] [ [T G—e)(1=-B)(1 —%)]
k=0 i=k+1
= (1=Bu) Yuwn + Bava+ (1= Bn) (1 = 1) (xn —X0).,
and
in = E""ann"'(l _’}/n) X
n—1 n—1
Y 10— 00) [(1 = Be) ews + Bivi] + o] [ [T (—a)(1-p)(1- Vz‘)]
=0 i=k+1
= Yown+(1—7)(x,—X,) foralln e N.
Define
EV = xpp1 — Xyt = Zn: (1= o) [(1 = Br) Yews + Brve] + ouur] [ fI (I—0y)(1=P)(1 —%)] . (6
k=0 =kt 1
E,(,z) =Yn—Yn = (1 - ﬁn) YaWn + Buvn + (1 - ﬁﬂ) (1 - yﬂ)En1—>1’ 7
and
EY =2, % = powa+ (1— ) E\Y, forall n € N. )

We note that the errors of the iteration method, after (n+ 1) times iterations, are added up to E,(,1> s E,(lz) and E,(,S).

Now, we are in a position to give the following result.

Theorem 0.3. Let S, T, B, E,(ll), E,<,2) and E,53) be as above.
(DIf Y, o; =+ (or ¥ Bi = +oo, or Y. % = +0), then the accumulation of errors in (1) is bounded and does not
i=0 i=0 i=0

i=
exceed the number B;

(ii) If E [(1—0) [(1=B) v+ Bi] + o] < +oo, limy 0 By = 0 and lim,,_,e ¥, = O, then random errors of (1) are
i=0

controllable.

Proof. (i) It is well known that E‘, o = +oo implies ﬁ (1 — ;) =0 (see, e.g., (Remark 2.1 of [9])). From (4),
i=0 i=0

(6)-(8) we have

n

[(1=a0) [(1 = Bo) Yowo + Bovol + aouo] | | (1 —a) (1 —Bi) (1— %)

E

+[(1—an) [(1=B) nwi +Bivi] + e ] [T (1 —0u) (1= i) (1 =)

=2
+eee (1 - (Xn) [(1 —ﬁn)Yan—Fﬁnvn] +O‘nunH

S =

< [(1—050)[(1—ﬁo)?’oWo+l30V0]+Ofouo]ﬁ(1—ai)(l—ﬁi)(l—%)
i=1
+ [(1—061)[(1—ﬁ1)71W1+ﬁ1V1]+a1M1]ﬁ(1—ai)(l—ﬁi)(l—m
i=2
+ oo A (1= 0) [(1 = Bu) Yawn + Bava] + Ottt |
< [(T=a0) [(1=Bo) W llwoll + Bollvoll] + e lluol[] | ] (1 — ) (1= B;) (1 —%)

i=1
n

+[(1 = o) [(1=Bu) will + B [[vall] + o Juaa [T (1 = 06) (1= Bi) (1 = %)

=2
oo (U= 0) [(1 = Ba) Y l[wall + Bul[valll + 0 |||l
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which implies

‘Efll)‘ < B{n (I—0)(1=Pi) (1 —%)
i=0
+[(1—050)[(1—/30)70+ﬁo]+0!o]H(1—06i)(1—131')(1—%)
i=1
Jr[(l*(xl)[(l*ﬁl)')/l+Bl]+al]l_£[(1*ai)(l7&)(1*%)
+ o+ [(1=06) [(1 = Bn) Yo+ Bu] + ]
—ﬁo(l—ai)(l—ﬁ,-)(l—%)}
- B ]—Inl<1_ai)(1_ﬁi)<l_%)]
- B 1—ﬁ(1—a,) i (l—ﬁi)ﬁ(l—%)]
i=0 i=0 i=0
< B|1— f[o(l—oc,)f:[o(l—ﬁz)ﬁ(l_%) = ®)
[E2] == Bt + B+ (1 = By (1 =) EL |
< (1= B lbwall+ B lvall + (1= B (1= ) B
< B[(l_ﬁn)')’n+ﬁn+(l_ﬁn)(l_7n)]:B’ (10)
and
‘E,@‘ = %1Wn+(1_%1)Er(zl—)lH
< pulbwall+ (=) B
< %B+(l—y)B=BforallneN. (11)
Hence, we havemaxneN{ ,3” , E,(lz) E,SS)H}gB.
(i) Indeed, f[(l—ai) [(1—=B:) 7+ Bi] + a] < 4o implies that
i=0
[T (- e (1~ B w4 B+ ) = [T (1— o) (1= B) (1~ 7) € (0.1).
i i=0
Let 1 [1(1—ai)(1—B)(1—%)=¢€ (0,1). Thus, from (9), we obtain
i=0
‘E(l)‘SBll_ﬁ(l_ai)(l_ﬁi)(l—%) < /¢Bforall n € N. (12)
i=0

On the other hand, the conditions lim,,_,. 3, = 0 and lim, . ¥, = 0 imply that lim,, . (% + B, — Bx¥:) = 0 which
implies the existence of an ny € N such that for all n > ny we have ¥, + B, — By < £/ (1 —¥¢). Using this fact
together with (10) and (12), we get

2)

|E2) < BlO-Bom+Bt (1B (1=
= B[l+ Y+ Bn—Butn) (1—10)]
< [£+g(lf)] 281, (13)

1-¢
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Similarly, the condition lim, .}, = 0 implies the existence of an ny € N such that for all n > ny we have
Y <4/ (1—2¢). Hence, from (11) and (12), we have

3 1
||| < wlwall+ (1= £
< WwB(1—-¢)+Bt
< %B(l—é) + B¢ = 2B/ for all n > ny. (14)
Thus, we conclude that E,(ll) s E,(,z) H and ‘ E,53> H can be controlled for suitable choice of the parameter sequences
{an}o 0 {Bn}eo and {7} for all n > ny. O

L _ B, = Yo = 1
nd+100° F7 244500 /1 (n2+300)

Example 0.4. Let o, = ¢z for all n € N. Then, by the comparison test, the series

Itas

[(1—oy)[(1—PB:) 7Y+ Bi] + a;] converges and the Wolfram Mathematica 9 software package implies that

oo

Y (1 =) [(1=Bi) %+ Bi] + ci] = 0.0416295 < oo
i=0

and

(= 1—f1(1 — o) (1= Bi) (1 — %) ~0.040967 € (0,1).
i=0

Hence, it follows from (12)-(14) that ‘
for alln € N.

Especially, for any & € (0,1), if (1 —a,) [(1 — Ba) ¥ + Ba] + &t = We for all n € N, then

e H < 0.040967 x B,

E® H <0.081934 x B and ’

EY H <0.081934 x B

(1—o0)(1=pi) (1 =)

e

I
.:8

Il
=]

(I=[(1 =) [(1=B) v+ Bi] + ex])

oo

> 1=-Y [(1—a)[(1-B) v+ Bi]+04] = 1-0.250248 x €,
i=0

which yields £ < 0.250248 x €, so that

—

E\!

’ <0.250248 x £ x B foralln € N,

and
’ E,EZJ‘ < 0.500496 x £ x B for all n > no,

’ E,(,S)‘ < 0.500496 x € x B for all n > no,

where ng belong to N and the inequalities 3, < m and 7, < m hold. Hence, the random errors is
controllable in a permissible range for suitable choice of the parameter sequences {, },,_o, {Bn}n—o and {%},—o
for all n > ny.
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