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ON THE GAUSSIAN CURVATURE FOR A HOLOMORPHIC
HERMETIAN SUBMANIFOLD OF REAL:REAL VECTOR
SPACES
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ABSTRACT. At the beginning of this paper we introduce a new class of vector
spaces called realireal vector spaces. Based on the holomorphic coordinate
transformations we focus in the main part of the paper on the Hermitian
submanifolds of this class of ambient spaces and study their principal char-
acteristics as are the first and second fundamental forms and the Gaussian
curvature. It is shown that such submanifolds must be flat.

1. INTRODUCTION

For an ordered pair of points (X,Y") = (z¥,y") of the n-dimensional real vector
space R™ with an orthonormal basis e, (v = 1,2,...,n) let (rx,ry) be an ordered
pair of position vectors rx = z”e, and ry = y”e, of X and Y, respectively. Here,
we have used the Finstein summation convention: If an index appears repeated,
once up and once down, then summation over that index is implied.

Since Opvrx = Oyvry = €, it follows that

ds* = ds% = ds¥,
where dsg( =drx -drx = dx”dz, and ds%/ =dry - dry = dy"dy,,.

Denote by ZR™, where 7 is the imaginary unit, the n-dimensional ireal vector space
[4] with an orthonormal basis &, = ie,. Note that this vector space is also defined
over the field of real numbers R. The union of e, and &, is a set of 2n linearly
independent vectors over R but not over the field of complex numbers C (over C
this union is a linearly independent set of n vectors). Accordingly, if ¥y = y”&é, is
the position vector of a point Y in iR™, then (rx,fy) is an ordered pair of position
vectors of points X and Y, respectively, in the 2n-dimensional vector space over R
formed by the direct sum of the vector spaces R™ and 2R™. In symbols, R" & iR™.
It is obvious that this vector space is isomorphic to the n-dimensional complex
vector space C™ [3]. By analogy with the algebraic form of complex numbers we
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can decompose C™ into a real and ireal part, so that the position vector ry = z¥e,
of any point Z = (z¥) in C", where z¥ = z¥ + iy", is determined by (rx,fy)
in a such a way that ry = rx+ ty = z%e, + y“é,. The complex vector space
C" = R" @ (—i) R™ represented by (rx, —fy ), more precisely by the position vector
r; = zVe,, where z2¥ = 2¥ — iy” is the complex conjugate of z”, is the complex
conjugate vector space of C". The quadratic differential form do? = ds% + ds%- is
the fundamental metric form of C* and C". In addition, rx = (rz+ rz)/2 and

fy = (rz— rz)/2, so that

Opv(rz +13)
2

Oyv(rz —rz)

(11) 6erX = 9

and Oy fy =

Therefore,
(6wu - iﬁyv)l‘z + (Bxu + iﬁyu)rz
2

where 0,0 := (Oy» —10y»)/2 and Ozv := (9y» + 0y»)/2. Note that both C" and C
have the same orthonormal basis. By contrast, consider the case in which the union
of two orthonormal bases e, and &, (v = 1,2, ...,n) for C* and C", respectively, is a
set of 2n mutually orthogonal linearly independent vectors over C. Then, C"* @ C"
is a direct sum of the two n-dimensional complex vector spaces, whose position
vectors are ry = z”e, and rz; = z”€,, respectively. It suggests us the following
very important problem. Namely, this 2n-dimensional vector space is not closed
under scalar multiplication by elements of C and so it is not complex. Hence, a
question that arises is what type of vector spaces this space can be. As we shall
see, in what follows, the answer to this question is closely related to the so-called
class of realireal vector spaces [4].

(12) 833111')( — iayuf'y = = 621/1'2 + 85111'2,

2. REALIREAL VECTOR SPACES

Let the union of two orthonormal bases €; (v = 1,2,..,n) and &5 = ie}
(r = 1,2,...,m) for the n-dimensional real vector space R™ and m-dimensional
ireal vector space ?R™, respectively, be a set of n + m mutually orthogonal linearly
independent vectors over R. Then, (rx,fy) is an ordered pair of the position vec-
tors of points X and Y, respectively, in the n+m-dimensional realireal vector space
R+ defined over the field of real numbers R and formed from the direct sum of
R™ and ?R™. In symbols, Rt™ — R™ g jR™. In case m = n we may create coor-
dinate transformations ¥ (z”,z") = (2¥ 4+ 2¥) /2 and y" (2¥,2¥) = —i (2" — 2¥) /2,
whose Jacobian is i/2. Clearly, there is no doubt that there exists an isomorphism
between the 2n-dimensional vector spaces represented by ordered pairs of position
vectors (zV€},y"é}) and (z"e,, 2”8, ), where

1
(2.1) e, =0, (z"€, + y"&)) = i(é; —18}) and

8, = Do (a8, +y8)) = L (&) +i6)

So, in this case, an ordered pair of points (X,Y) = (¥, y"), each of which belongs
to only one of the two n-dimensional real vector spaces, represented by the position
vectors rx = z”€} and Ty = y”&}, respectively, and which form, in a form of the
direct sum R™ @2R"™, the realireal vector space RQ", represented by the ordered pair
of the position vectors (rx,y ), maps to an ordered pair of points (Z, Z) = (2%,2"),
each of which belongs to only one of the two n-dimensional complex vector spaces C™
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and C", represented by the position vectors ry = z’e, and r; = 2”8, respectively,
and wich also form, in a form of the direct sum C" @ C", the same realireal vector
space R2n’ but represented now by the ordered pair of the position vectors (rz,r;).
In addition, 9pvrx = 0.vrz + Osvrz and Oy fy = i(0,vrz — Ozvrz). Finally, since
ry; =z"e, and r};, = 2"@,, it follows that do? = dz¥dz, = dxdzx, + dy”dy,, where
do? =d(rz+ryz) - d(ry+ry) = |d(rz + rZ)\Q.

Clearly, it is very important to distinguish between C2* and R2". Accordingly,
the so-called ”complex plane” is not a flat two-dimensional complex vector space,
but a flat two-dimensional realireal vector space, so that it must bear the name
realireal plane.

2.1. A holomorphic Hermitian submanifold of R2", Let R?2" = R™ @ iR"™
be a 2n-dimensional realireal vector space. To consider a map from the ambient
space R?" to a 2m-dimensional Hermitian manifold M RQH, embedded in R?", we
shall create the coordinate transformations z" (zi,éi) = z¥ (xz,yz) + Y (xi,yi)
and z¥ (zi, Ei) =¥ (xi,yi) — Y (mi, yi), where 2 = ' + 7y’ and z' = 2' — i3, for
each i = 1,2,...,m < n. Note, that either of the following two pairs of vectors:
(2.2) h; =0,i(rz +rz) =0.:(z"e, +z"8,) and

h; = 0:i(rz +ry) = 05 (2"e, + 2°6,),
or
(23) g = Ogi (rX + f'Y) = aml (xué; + yuéZ) and

gi = ayl (rX + f‘Y) = 8@/1 (xyézj + yyéZ) )
can be taken to be the covariant basis for M. Dual bases h7, hi, g7, and g’
associated to these covariant bases are defined as follows

(2.4) b h=h' hi=g g =8 8§ =0,
where (53 is Kronecker’s delta symbol. Now, if each coordinate function z” (zi, Zi)

on R?" is a holomorphic function on M R%, meaning that it satisfies the Cauchy-

Riemann equations: J,:ix” = 0,:y” and 0,:y” = —0,:x”, which can be expressed
in a slightly nicer form 0siz¥ =0 or 0,:2" = 0, then
(25) h, =0,iry = 90,:2"e, and 1_11 = az'irZ = 0;2z"€,.

On the other hand, it follows from the aforementioned Cauchy-Riemann equations
that

(2.6) 0yix¥ =10,:y" and Ozix” = —i0ziy".
Hence,
(2.7) h; = 0,:(z" +iy")e, = 20,:x"e, = 2i0,:y" e, and

h; = 0z (z¥ — iy”)e, = 20si2"8, = —2i05iy"e,.
This leads to
(2.8) h; = (0,1 —i0yi)x"e, = 0yirz = —id,irz and
h; = (0, +10,:)2"8, = Opirz =10,r .
Since

1 1
(2.9) O,ivrx = 0”8, = 5(8961 — iayi)a:”é; = iaﬂz”é*

7
_ V=%
5= fiaymz €, and
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a VAak 1 ~ VAax /Z VAax 1 VAax
0,ity =0,y €&, = 5(8;8 — 0y )y" &) = — 50278, = —§8yiz ér,
as well as,
V=% 1 ~ V=% 1 V=% i V=%
(2.10)  Oszirx = Oziax"€E; = i(aﬂ + 10y )" €, = 56:,31-2 € = §ayiz €, and
a VaAakx 1 A~ VAak 1 U Ak i UV Ak
Ozity = 0z:y" €, = Q(Bml + Zayi)y e, = 7§6y12’ e,6 = Eaﬁz €e,,
we finally have that
(211) hi:azi(rx+f‘y): % and 1_12':827:(1‘)( +f‘y):%7
that is,
Similarly,
) s » ., _ 8t
(2.13) h} = 0zvy; = 0;2"e, = 0z (rx —ty) = s and
_, . _ g
hj = 8er} = 627-2”6, = azj (I‘X — f‘y) = w,
where g} = 0,4 (rx— fy) and g} = 0s (rx— Fv), that is,
(2.14) g; =hj +hj and gj = —i(h] — h;).
If we now introduce four vector operators as follows:
1
(2.15) d;, = 5(83316; — 8y1é’,j) =0,ie, + 0si€,,
1 N _
d?i,l/ = Z[(ﬁile - 6§Jyl)é; - (6§Jyl + a;a:@)éu] = azjziel’ + 82;‘51‘@1/,
- 1
d;, = 5(895] é; + 8yjé,§) = 0sie, + 0,5€, and
=2 1 _ - _
dji,u = Z[(aile - 8§Jyt)elt + (83Jy‘ + asjmi)el/] = agjiiel’ + agjzieV7
then
(216) hl = diﬂ,,z”, Ez = di’l,z’ﬂ h;( = (_ljyl,Z”, 1_1; = c_lj,,,z”,
g =2d;,z", §; = —2d;,,y", g} = 2d; 2", and g = —2d;,y".
The vector relation d; , 0,52 = —d;,,,0,;y" obtained from the Cauchy-Riemann

equations leads to the Schwartz integrability conditions 9,,g; — 0,;8&; = 0 under
which the differential d(rx+#y) = g;dr’+ g;dy’ becomes an exact one (also called
a total differential). These conditions are often occur in their scalar component

form
(217) 6§jm'ix” = 8§jyil‘” and 8§meyy = (‘ﬁjyiy”,
that is,
(2.18) ajjyiy” =02,y and 8§jyix" =02, 2"
Thus,
. 1 _ o A
(2.19) dj,l, -8, = djﬂ/ . 81L (I‘X + I'y) = 5(8311311‘)( -e,*/ - aijiry e,j) =
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2 PN 1 2 = 2 * 2 A A*
dj;, (rx +fy) = —(05,:Tx "€ — Oy, Tx - & — %y By - &) — 0ty - €)) =

4
= Biwlrx . é; = _aijyirx . é = —(r“);jTiI‘y . é* = _azjylf‘y . é; =
= Uy [d ' (rX + I‘Y)] d] v 8-
since d;, - (rx+ Ty) = (1/2)(0pirx- €5 — 0yify- &) = Oyirx- €5 = —0,ity- &}.

In addition,

‘xu_aQ

z* yiy

(220) &= (0

]’LV L )é (Binlx +a133x1x ) *] =

. 1 1, .
= (02,08, + 0%y 8)) = 50,08 = — 3O, and

v 1 v V=% *
d?i,uy = Z[(aiﬂwy - ag%]yly )eV - (6TJyly + ayﬂwy ) ] =
1 b 1 R 1
- 5(_827;81‘% a2]xly *) 58”7& - _iangi'

Adding the second equation multiplied by either ¢ or —% to the first, we finally
get that

(2.21) d}; 2" = 0.8, = —10.;8; = 0,sh; = —i0,;h; = 0,,h; and
d?z V2 =058, =108, = aw]l_u = iayj h; = O3 h;.

Similarly,
-2, 1 N 1 . 1 o 1 "
(222) dji,l/m = 581,ng = —iangz and d]l yy §8L7g1 = _5 yi 8
that is,
(2.23) a2 7" = 0ig) = 102:8) = 0ph} = 0, h} = d-;h] and

-2 " R e _ R _ _
dji,uzy =0, g = —10,; g = Opi h: = _Zayj hr = 8Zjhl
By (2.16), it is easy to see that

(2.24) hij=h; h}=d;,z" d;,z" =h;-h; =d; ,2" - d;,2" =
= %(Qﬂm”azjx” + 0yix” 0y x”) = %gij,
where
(2.25) 9i; =885 =88 = Adi 2" - dj, ) = 4(diy” - djuy).
Hence,
(2.26) (do)? =d(rz +rz) - d(ry + dry) = 2h;;d2'dz) =

= gij(da'da’ +dy'dy’) = d(rx +Ey) - d(rx + 7).

Based on (2.18) we can see that ¥ and y” are harmonic functions on R2" since
the Riemannian Laplacian of ¥ and y” vanishes identically on R2". In other words,
M®" is a minimal hypersurface immersed in R2" [2]. In what follows we will show
that M®”"is a trivial minimal hypersurface immersed in R2" [5].

For A=1,2,...,n—mlet ny and np be two mutually orthogonal corresponding
sets of linearly independent unit vectors that span the orthogonal complement
MR of MR™ in R27 and let n® and & be dual bases associated to n, and ny,
respectively. Then,

(2.27)  d; 2" = 0.sh; = (0,sh; - h*)hy + (0.,h; - nA)n™ = (V; + A;)h; and
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d?z V7 == 82jfli = (agjl_li . Bk)ﬁk + (agjl_li . ﬁA)ﬁA = (Vj + A])}_l“
where V; and A; are the connections on M B and M LRQTL, respectively, such that

(228)  Vh; = (d%, 2" -h*)hy =Thhy, Vb, = (d2,27 - By, = T4 Ry,

71, v Ji,v
Ajhi = (szhi . IIA)IIA = TjiyAnA and Ajl_ll = (851h1 . I_IA)ﬁA = 7_'j1'7AI_1A.
Considering the fact that the contravariant vectors h? and h*/ are a linear combi-
nation of the fundamental vectors h; and h;, respectively, that means that h* =

h;‘h”C and h*/ = h;hY, where h'* = h'- h** are the contravariant components of
the fundamental tensor hjy, the Christoffel symbols F?i and F’?i are defined as

(229) Th=0.g g =d%,2" gh=d%,2" (W +h")=d% 2" b =
=0,h; .h’f =9,:h, - h;*hlk = 8,:hyh'* = —h;8,;h'* and
It = 0.8, - g" dfw‘ —d%,z" (W +h")=d2 2 -h" =
= d5h; -h" = 05h; - by A% =0, hyh'* = —hydshE,

so that
(2.30) Opig; - 8" =T% +T% =0,:9u9" and 0,58, - g = #(T%, = T%) = 9,5 99",
since A = 2¢%. In addition,
(2.31) d*(rz+ryz) =d};,2"dZd2" +d5, 2" de dz' = 0,,g,d27dz' + 0, 8,d7 dF' =
= 0,ig;(dx’dx’ — dy’dy’) + 0,:;(da? dy’ + dy’ dx),
that leads to the second fundamental forms of M®™" as follows
(2.32) (Po)a = d*(rz + 1) (np +10p) = T ad27d2" + T pdZ dZ' =
= vjia(da?da’ — dy’ dy') + tjia(de? dy' + dy’ da’) = d*(vx + Fy) - (na + 0a),
where tj;n = 0,58 (Ma+ Np) = —0yigi- (na+ Dp) and 4 = Oygi- (Na+

np) = 0,58 - (na+ 0p). Clearly,

N _ 1 R
(2.33) TjiA = 5 (4ia — ityin) and Tjia = 5 (gia + itjin)-
As is well-known to us, the Gaussian curvature kg of a surface in R? can be
calculated as the ratio of the determinants of the second and first fundamental
forms [1]. Hence, if we now introduce the Gaussian curvature tensor of M B as

follows

A A
Lii Algy, T i Al
(2.34) Gk = TjiaTHy = w
then the Gaussian curvature kg of M®™" can be calculated as
. ) G hF
(2.35) rG = |Kj| = ‘TJZ Aﬁl’A’ _ [Gpuh™] _
’ |7l
At h® |(giad) + tiiati)g™|
[l |91l

However, since hf = h;h? and h; = hyh*', it follows from (2.29) that
(2.36) 9.sh" = 9,;(hjh'*) = —TEh' and 9, h** = 0, (hyA'*) = —TEn*
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as well as
(2.37) Ozhj = 0 (hyh') = Tfhy and 0,,hy = 0,5 (hyh™) = T}jhy,
meaning that h} and d.;h; lie in the tangent vector space spanned by h;, more

precisely, MR is a flat space. In other words, since A;h; = 0 and Ajﬁi = 0, that
leads to

(238) Gjilk =0 and RGg = 0,
it follows that if each coordinate function z” (z,2%) on R2" is a holomorphic func-

tion on MRM, then MR must be a flat space.
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