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Abstract. In this paper we show that for an invariant (α, β)-metric F on a

homogeneous Finsler manifold G
H

, induced by an invariant Riemannian metric

ã and an invariant vector field X̃, the vector X = X̃(H) is a geodesic vector

of F if and only if it is a geodesic vector of ã. Then we give some conditions

such that under them, an arbitrary vector is a geodesic vector of F if and only
if it is a geodesic vector of ã. Finally we give an explicit formula for the flag

curvature of bi-invariant (α, β)-metrics on connected Lie groups.

1. Introduction

The geometry of invariant Finsler structures on homogeneous manifolds is one
of the interesting subjects in Finsler geometry which has been studied by some
Finsler geometers, during recent years(for example see [1], [6], [8], [9], [10], [12].).
An important family of Finsler metrics is the family of (α, β)-metrics. These met-
rics are introduced by M. Matsumoto (see [11]). On the other hand, physicists
are also interested in these metrics. They seek for some non-Riemannian mod-
els for spacetime. For example, by using (α, β)-metrics, G. S. Asanov introduced
FinsleroidFinsler spaces and formulated pseudo-Finsleroid gravitational field equa-
tions (see [2] and [3].).
In the present paper we study geodesic vectors of invariant (α, β)-metrics on a ho-
mogeneous Finsler manifold G

H , induced by an invariant Riemannian metric ã and

invariant vector field X̃. We show that the vector X = X̃(H) is a geodesic vector of
(α, β)-metric if and only if it is a geodesic vector of ã. Then we give some conditions
such that under them, an arbitrary vector is a geodesic vector of F if and only if it
is a geodesic vector of ã. Finally we give an explicit formula for the flag curvature
of bi-invariant (α, β)-metrics on connected Lie groups.
Now we give some preliminaries of Finsler geometry.
Let M be a smooth n−dimensional manifold and TM be its tangent bundle. A
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Finsler metric on M is a non-negative function F : TM −→ R which has the
following properties:

(1) F is smooth on the slit tangent bundle TM0 := TM \ {0},
(2) F (x, λy) = λF (x, y) for any x ∈M , y ∈ TxM and λ > 0,

(3) the n×n Hessian matrix [gij(x, y)] = [12
∂2F 2

∂yi∂yj ] is positive definite at every

point (x, y) ∈ TM0.

One of the important quantities which associates with a Finsler manifold is flag
curvature which is a generalization of sectional curvature to Finsler manifolds. Flag
curvature is defined as follows.

K(P, y) =
gy(R(u, y)y, u)

gy(y, y).gy(u, u)− g2y(y, u)
,(1.1)

where gy(u, v) = 1
2
∂2

∂s∂t (F
2(y + su + tv))|s=t=0, P = span{u, y}, R(u, y)y =

∇u∇yy − ∇y∇uy − ∇[u,y]y and ∇ is the Chern connection induced by F (see [4]
and [13].).

Definition 1.1. Let α =
√
ãij(x)yiyj be a Riemannian metric and β(x, y) =

bi(x)yi be a 1−form on an n−dimensional manifold M . Let

(1.2) ‖β(x)‖α :=
√
ãij(x)bi(x)bj(x).

Now, let the function F be defined as follows

(1.3) F := αφ(s) , s =
β

α
,

where φ = φ(s) is a positive C∞ function on (−b0, b0) satisfying

(1.4) φ(s)− sφ′(s) + (b2 − s2)φ′′(s) > 0 , |s| ≤ b < b0.

Then by Lemma 1.1.2 of [5], F is a Finsler metric if ‖β(x)‖α < b0 for any x ∈ M .
A Finsler metric in the form (1.3) is called an (α, β)-metric.

The Riemannian metric ã induces an inner product on any cotangent space T ∗xM
such that < dxi(x), dxj(x) >= ãij(x). The induced inner product on T ∗xM induce
a linear isomorphism between T ∗xM and TxM . Then the 1-form b corresponds to a

vector field X̃ on M such that

ã(y, X̃(x)) = β(x, y).(1.5)

Also we have ‖β(x)‖α = ‖X̃(x)‖α (for more details see [6] and [12].). Therefore we
can write (α, β)-metrics as follows:

F (x, y) = α(x, y)φ(
ã(X̃(x), y)

α(x, y)
),(1.6)

where for any x ∈M ,
√
ã(X̃(x), X̃(x)) = ‖X̃(x)‖α < b0.
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2. Geodesic Vector fields of invariant (α, β)-metrics on Homogeneous
spaces

Definition 2.1. A Finsler space (M,F ) is called a homogeneous Finsler space if
the group of isometries of (M,F ), I(M,F ), acts transitively on M .

Remark 2.1. Any homogeneous Finsler manifold M = G
H is a reductive homoge-

neous space.

Definition 2.2. For a homogeneous Riemannian manifold (GH , ã), or a homoge-

neous Finsler manifold (GH , F ), a non-zero vector X ∈ g is called a geodesic vector

if the curve γ(t) = exp(tZ)(o) is a geodesic on (GH , ã), or on (GH , F ), respectively.

Suppose that (GH , ã) is a homogeneous Riemannian manifold, and g = m ⊕ h is
a reductive decomposition. In [7], it is proved that a vector X ∈ g is a geodesic
vector if and only if

(2.1) a([X,Y ]m, Xm) = 0 , ∀Y ∈ m.

In [8], D. Latifi has proved a similar theorem for Finslerian case as follows:

Theorem 2.1. A vector X ∈ g− {0} is a geodesic vector if and only if

(2.2) gXm
(Xm, [X,Z]m) = 0 , ∀Z ∈ g.

Also as a corollary of the above theorem he proved the following corollary:

Corollary 2.1. A vector X ∈ g− {0} is a geodesic vector if and only if

(2.3) gXm
(Xm, [X,Z]m) = 0 , ∀Z ∈ m.

Theorem 2.2. Let (GH , F ) be a homogeneous Finsler manifold, where F is an in-
variant (α, β)-metric defined by the relation (1.6), an invariant Riemannian metric

ã and an invariant vector field X̃. Then, X := X̃(H) is a geodesic vector of (GH , F )

if and only if X is a geodesic vector of (GH , ã).

Proof. By using the formula gy(u, v) = 1
2
∂2

∂t∂sF
2(y+ su+ tv)|s=t=0 and some com-

putations, for the (α, β)-metric F defined by relation (1.6) we have:

gy(u, v) = ã(u, v)φ2(r) + ã(y, u)φ(r)φ′(r)
( ã(X, v)√

ã(y, y)
− ã(X, y)ã(y, v)

(ã(y, y))
3
2

)
+
(

(φ′(r))2 + φ(r)φ′′(r)
)( ã(X, v)√

ã(y, y)
− ã(X, y)ã(y, v)

(ã(y, y))
3
2

)
×
(
ã(X,u)

√
ã(y, y)− ã(y, u)ã(X, y)√

ã(y, y)

)
(2.4)

+
φ(r)φ′(r)√
ã(y, y)

(
ã(X,u)ã(y, v)− ã(u, v)ã(X, y)

)
,

where r = ã(X,y)√
ã(y,y)

. The equation (2.4) shows that for any Z ∈ m we have

(2.5) gXm
(Xm, [X,Z]m) = ã(Xm, [X,Z]m)φ2(

√
ã(X,X)).

On the other hand, for an (α, β)-metric we know that φ > 0. Therefore the equation
(2.5) completes the proof. �
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Theorem 2.3. Let (GH , F ) be a homogeneous Finsler manifold, where F is an in-
variant (α, β)-metric defined by the relation (1.6), an invariant Riemannian metric

ã and an invariant vector field X̃. Let Y ∈ g − {0} such that φ′′(rm) ≤ 0 and for

any Z ∈ m, ã(X, [Y, Z]m) = 0, where rm := ã(X,Ym)√
ã(Ym,Ym)

. Then Y is a geodesic vector

of (GH , F ) if and only if Y is a geodesic vector of (GH , ã).

Proof. By using the relation (2.4) and some computations we have
(2.6)

gy(y, [y, z]) = ã(y, [y, z])
(
φ2(r)− φ(r)φ′(r)r

)
+ ã(X, [y, z])

(
φ(r)φ′(r)

√
ã(y, y)

)
.

So for any Z ∈ m we have

gYm
(Ym, [Y,Z]m) = ã(Ym, [Y, Z]m)

(
φ2(rm)− φ(rm)φ′(rm)rm

)
+ã(X, [Y,Z]m)

(
φ(rm)φ′(rm)

√
ã(Ym, Ym)

)
.(2.7)

But we considered, for any Z ∈ m, ã(X, [Y,Z]m) = 0 therefore we have

(2.8) gYm
(Ym, [Y,Z]m) = ã(Ym, [Y,Z]m)

(
φ2(rm)− φ(rm)φ′(rm)rm

)
.

Now relation (1.4), assumption φ′′(rm) ≤ 0 and positivity of φ together with the
relation (2.8) will complete the proof.

�

Lemma 2.1. Let F be a bi-invariant Finsler metric on a connected Lie group.
Then for every 0 6= y, z ∈ g we have:

(2.9) gy(y, [y, z]) = 0

Proof. See [9]. �

Theorem 2.4. Let G be a connected Lie group. Suppose that F is an (α, β)-
metric of Berwald type induced by a bi-invariant Riemannian metric ã and a left
invariant vector field X̃. Let {P, y} be a flag constructed in (e, y), and {u, y} be an
orthonormal basis for P with respect to the inner product induced by the Riemnnian
metric ã on g = TeG. Then the flag curvature of the flag {P, y} will be given by

K(P, y) =
1

4θ

{(
φ2(r)− φ(r)φ′(r)r

)
‖[y, u]‖2α

+
(

(φ′)2(r) + φ(r)φ′′(r)
)
ã(X,u)ã([X, y], [u, y])

}
,(2.10)

where r = ã(X,y)
ã(y,y) = ã(X, y) and θ = φ2(r)

(
φ2(r)+φ(r)φ′′(r)ã2(X,u)−φ(r)φ′(r)r

)
.

Proof. Since the (α, β)-metric F is of Berwald type, the Levi-Civita connection of
ã and the Chern connection of F and therefore their curvature tensors coincide. So
we have

(2.11) R(u, y)y =
1

4
[y, [u, y]].
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Now by using the relations (2.11) and (2.4) we have:

4gy(R(u, y)y, u) =
(
φ2(r)− φ(r)φ′(r)r

)
ã([y, [u, y]], u)

+
(
φ(r)φ′(r)ã(X,u)−

(
(φ′)2(r) + φ(r)φ′′(r)

)
ã(X,u)r

)
(2.12)

×ã(y, [y, [u, y]])

+
(

(φ′)2(r) + φ(r)φ′′(r)
)
ã(X,u)ã(X, [y, [u, y]]),

(2.13) gy(u, u) = φ2(r) +
(

(φ′)2(r) + φ(r)φ′′(r)
)
ã2(X,u)− φ(r)φ′(r)r,

(2.14) gy(y, y) = φ2(r),

and

(2.15) gy(y, u) = φ(r)φ′(r)ã(X,u).

By substituting equations (2.12), (2.13), (2.14) and (2.15) in (1.1) we get

K(P, y) =
1

4θ
{
(
φ2(r)− φ(r)φ′(r)r

)
ã([y, [u, y]], u)

+
(
φ(r)φ′(r) +

(
(φ′)2(r) + φ(r)φ′′(r)

)
r
)(
ã(X,u)ã(y, [y, [u, y]])

)
(2.16)

+
(

(φ′)2(r) + φ(r)φ′′(r)
)
ã(X,u)ã(X, [y, [u, y]])}.

By using (2.9) we have ã(y, [y, [u, y]]) = 0. On the other hand, since ã is bi-
invariant we have ã([y, [u, z]], z) = ã([u, y], [z, y]) (see [10]). Substituting these two
last equations in (2.16) completes the proof. �

As a special case when we consider φ(s) = 1 + s, the formula given in the above
theorem for the flag curvature is equal to the formula given in corollary 3.4 of [10]
for bi-invariant Randers metrics.
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