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ABSTRACT. In this paper, when («,a*) timelike Bertrand curve couple is
given, the geodesic curves and the arc-lenghts of the curvatures (7*), (N*),(B*)
and the fixed pole curve (C*) which are generated over the Sf Lorentz sphere
or the Hg hyperbolic sphere by the Frenet vectors {T*, N*, B*} and the unit
Darboux vector C* have been obtained. The condition being the naturel lifts
of the spherical indicatrix of the a* is an integral curve of the geodesic spray
has expressed.

1. PRELIMINARIES

Let Minkowski 3-space R$ be the vector space R? equipped with the Lorentzian
inner product g given by

g(X, X) :x?—km% —x%,

where X = (21, 79,73) € R3. A vector X = (21,79, 73) € R? is said to be timelike
if g(X,X) < 0, spacelike if g(X,X) > 0 and lightlike (or null) if g(X,X) = 0.
Similarly, an arbitrary curve o = a(s) in R} where s is an arc-length parameter,
can locally be timelike, spacelike or null (lightlike), if all of its velocity vectors, o/(s)
are respectively timelike, spacelike or null (lightlike) for every s € R. The norm of
a vector X € R} is defined by [5]

X[ = Vg (X, X)].

We denote by {T'(s), N(s), B(s)} the moving Frenet frame along the curve a. Let
« be a timelike curve with curvature x and torsion 7. Let Frenet vector fields of «
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be {T, N, B}. In this trihedron, T is a timelike vector field, N and B are spacelike
vector fields. Then Frenet formulas are given by [8]

(1.1) T'=kN N =xT —7B ,B' =1N

Let a be a timelike vector, the Frenet vectors T' be timelike, N and B be spacelike
vectors, respectively, such that

TxN=-B,NxB=T, BxT =—N,

and the Frenet instantaneous rotation vector is given by [6]

W =1T —&B, |W| =2 - 12|

Let ¢ be the angle between W and —B vectors and if W is a spacelike vector, then
we can write

= h = 1 h
12) { [W]coshp, 7= |[W|sinhe,

C = sinh T — cosh ¢ B
and if W is a timelike vector, then we can write

{n = |W||sinhe, 7= W]l coshe,

(1.3) .
C = cosh ¢T — sinh ¢ B

Let X = (z1,22,73) and Y = (y1,¥2,¥3) be the vectors in R3. The cross product
of X and Y is defined by [1]

X NY = (v3y2 — T2y3, T1Y3 — T3Y1, T1Y2 — T2Y1)-
The Lorentzian sphere and hyperbolic sphere of radius r and center 0 in R} are
given by
S = {X = (21, 20,23) € R?| g(X, X) =72, r € R}
and
H? ={X = (z1,22,23) €R} |g(X,X) = —r? r € R}
respectively.
Let M be a hypersurface in R}. A curve a : I — M is an integral curve of
X € x(M) provided o = X,,; that is
%(a(s)) = X(a(s)) forall s e I [5].
For any parametrized curve a : I — M, the parametrized curve, & : I — TM
given by
a(s) = (a(s),a’(s)) = a/(8)|a(s)- is called the natural lift of o on T'M [7]. Thus
we can write

da _ d

ds = %(al(s)”a(s)' = Do/(s)a/(s)v

where D is the standart connection on R}. For v € TM the smooth vector field
X € x(M) defined by

X(v) =eg(v, S(v)las), € =9(&:¢)  [3]
is called the geodesic spray on the manifold T'M, where £ is the unit normal vector
field of M and S is the shape operator of M.
Let a : I — R$ be a timelike vector. Let us consider the Frenet frame {T, N, B}
and the vector C. Accorollarydingly, arc-lengths and the geodesic curvatures of
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the spherical indicatrix curves (T'), (V) and (B) with the fixed pole curve (C) with

respect to R}, respectively generated by the vectors T, N and B with the unit
Darboux vector C are as follows:

sT:/ |k|ds sB:/ |7|ds

(1.4) 0, , 0,
sNz/ W ds scz/ '] ds

0 0

if W is a spacelike vector, then we can write

1 1
kr = kp = —
cosh ¢ sinh ¢
() kn = 1+( ¢ )2 ke = 1+<HW||)2
W] ¢
if W is a timelike vector, then we have
1 1
= N kB =
(1.6) sinh @ cosh 9
’ ¢\ W12
kv =4/|1— ke = -1 —
N (||W||) c \/ +( o )

Definition 1.1. Let a and o* be two timelike curves in R3. {7, N, B} and
{T*, N*, B*} are Frenet frames, respectively, on these curves. «a(s) and o*(s) are
called Bertrand curves if the principal normal vectors N and N* a re linearly de-
pendent, and the pair (a, &*) is said to be timelike Bertrand curve couple [4].

Theorem 1.1. Let (o, a*) be timelike Bertrand curve couple. For corollaryre-
sponding a(s) and a*(s) points
d(a(s),a*(s)) = constant, Vs € I [4].

Theorem 1.2. Let (a.a*) be timelike Bertrand curve couple. The measure of the
angle between the vector fields of Bertrand curve couple is costant [4].

2. THE NATURAL LIFT CURVES AND GEODISIC CURVATURES OF
THE SPHERICAL INDICATRICES OF THE TIMELIKE
BERTRAND CURVE COUPLE

Theorem 2.1. Let (o, ™) be timelike Bertrand curve couple. The relations between
the Frenet vectors of the curve couple are as follows

T* = —cosh 0T + sinh 0B

N*=N

B* = —sinh 0T + cosh 6B
Here, the angle 0 is the angle between T and T™.
Proof. By taking the derivative of a*(s) = a(s) + AN (s) with respect to arc-lenght
s and using the equation (1.1), we get

ds*
ds

(2.1) T*=— = T(1+ Ax) — ATB.
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The inner products of the above equation with respect to T" and B are respectively
defined as

*

ds

—cosh 6 =1+ Ak,
(2.2) fs
—sinh 6 = AT
ds
and by substituting these present equations in (2.1), we obtain
(2.3) T* = —cosh 0T + sinh 6 B.

Here, by taking derivative and using the equation (1.1), we get
(2.4) N* = N.

We can write

(2.5) B* = —sinh 0T + cosh 6B

by availing the equation B* = —(T* x N*).

Corollary 2.1. Let (o, a*) be a timelike Bertrand curve couple. Between the cur-
vature k and the torsion T of the «, there is a relationship

(2.6) ut+ (=A\)k =1 and p= Acothé,
where X\ and p are nonzero real numbers.

Proof. From equation (2.2), we obtain
coshf  sinhd

1+ X A7

and by arranging this equation, we get

1+ A&
AT

and if we choose p = A coth 6 for brevity, then we obtain

cothf =

ut + (=A)k = 1.

Theorem 2.2. There are connections between the curvatures k and k* and the
torsions T and T of the timelike Bertrand curve couple (a, a*), which are shown
as follows

ot —sinh? 60 + Ak
A1+ AR)
2.7
27) . sinh? 0
™= ———
AT

Proof. If @ and o are Bertrand curve couple, we can write a(s) = a*(s) — AN*(s).
By taking the derivative of this equation with respect to s* and using equation
(1.1) we obtain

ds* ds*
1= A&")+ A" B"—.
ds ( )+ ds
The inner products of the above equation with respect to T* and B* are as follow-

ings

T=T"
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coshf = —(1 — Aﬁ*)ds
(2.8) gs 0
sinh 6 = A\7*
ds

respectively. The proof can easily be completed by using and rearranging the
equations (2.2) and (2.8).

Corollary 2.2. Let (a,a*) be a timelike Bertrand curve couple. Then
Ak — sinh® @
2.9 o 2 P 7
(29) " A27 coth 6
Proof. By using the equations (2.6) and with substition of them in (2.7), we get
the desired result.

Theorem 2.3. Let (a, a*) be a timelike Bertrand curve couple. There are following
relations between Darboux vector W of curve a and Darbouz vector W* of curve

*

[e%

(2.10) W sinh §

AT
Proof. For the Darboux vector W* of timelike curve o*, we can write

W* =71"T" — 5*B*.
By substituting (2.3), (2.5), (2.7) and (2.9) into the last equation, we obtain

w.

sinh @ 1
= - ho(1 — .
w gy [)\ tanh 6(1 + Ax)T — kB
By substituting (2.6) into the above equation, we get
W sinh9W
AT

This completes the proof.

Now, let compute the arc-lengths of the spherical indicatrix curves, (T%), (N*),
(B*) and of the fixed pole curve, (C*), and then calculate the geodesic curvatures
of these in IR} and HZ or S7. of with the

Firstly, for the arc-length sy« of tangents indicatrix (7*) of the curve a*, we can

ar*

write
S
ST+ =
/0 ds

By taking the derivative of equation (2.3), we have

spr < |cosh9|/ \/—1|ds+|sinh9\/ |7|ds.
0 0

ds.

By using equation (1.4) we obtain
s+ < |cosh@|sr + |sinhf|sp.

For the arc-length sy« of principal normals indicatrix (N*) of the curve o*, we can
dN*

write
S
SN* =
/0 ds

By substituting (2.4) into the above equation, we get

ds.

SN* = SN.
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Similarly, for the arc-length sp« of binormals indicatrix (B*) of the curve o*, we
dB*

can write
S
Spx —
/0 ds

By taking the derivative of equation (2.5), we have

ds.

sps < \sinh&\/ |n|ds+|cosh0|/ |7|ds.
0 0

By using equation (1.4), we obtain
sp+ < |sinh@|sy + | coshf|sp.

Finally, for the arc-length sc« of the fixed pole curve (C*), we can write

S dC*
sor = [ 1% las.

If W* is a spacelike vector, we can write C* = sinh ¢*T™ — cosh ¢* B* from the
equation (1.2). By taking the derivative of this equation, we obtain

(2.11) sor = / J(g")lds.

On the other hand, from equation (1.3) and by using

* *

KR . % T
COSh(p* = W ve Sll’lh(p = W

we can set
*

-
tanhp® = —.
K

By substituting (2.7) and (2.9) into the last equation and after differentiation, we
obtain

N Ak’ sinh 6 cosh 6
(2.12) (*")

T 2202 — (14 2Ak)sinh2 g’
By substituting (2.12) into (2.11), we have
/ 8 Ak’ sinh 6 cosh 0
Sox =
0

s.
A2k2 — (14 2)\k)sinh? @

If W~ is a timelike vector, we have the same result. Thus the following corollary-

ollary can be drawn.

Corollary 2.3. Let (a, a*) be a timelike Bertrand curve couple and {T*, N*, B*}
be the Frenet frame of the curve a*. For the arc-lengths of the spherical indicatrix
curves (T*), (N*) and (B*) with the fized pole curve (C*) with respect to R3, we
have

i. s« < |cosh@|sy + |sinh|sp,

1. SN* = SN,

iti. sp» < |sinh8|sy + |coshf|sp,

‘ /S Ak’ sinh 6 cosh 6

. sgr =

0 I\2k2 — (1 + 2))sinh® 0
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Now, let us compute the geodesic curvatures of the spherical indicatrix curves
(T*), (N*) and (B*) with the fixed pole curve (C*) with respect to R3.

For the geodesic curvature k- of the tangents indicatrix (7) of the curve a*,
we can write

(2.13) ks = | Dy T

By differentiating the curve agp« (sp+) = T*(s) with the respect to sy« and normal-
izing, we obtain

TT* == N
By taking derivative of the last equation we get
kT —T1B

2.14 Dy, Tr = - .
(2.14) T 2T | — kcosh 6 + 7sinh 6]
By substituting (2.14) into (2.13) we have

bW

| — kcosh® + 7sinh |

Here, if W is a spacelike vector, by substituting (1.2) and (1.5) into the last equation
we have

kr - kg
"~ |kp-sinhf — kg - cosh!’
if W is a timelike vector, then by substituting (1.3) and (1.6) we have the same
result.
Similarly, by differentiating the curve ay~(sy=) = N*(s) with the respect to
sy-and by normalizing we obtain

T

ks

K T
=——T—- ——B.

Wi W
If W is a spacelike vector, then by using equation (1.2) we have

TN+ = cosh T —sinh pB,

/ /

@ ¢y
(215) DT *TN* = (smh<pT — COS(pB) + N, kN* = kN = + 1.
" Wl (HWH)
If W is a timelike vector, then by using of the equations (1.3) and (1.5) we have
/
(2.16) Dr,. Ty = m&:osh ©T —sinh pB) — N,
¢\
fene = kn = ‘1_( ) .
Wl

By differentiating the curve ap«(sp=) = B*(s) with the respect to s+~ and by
normalizing, we obtain

TB* == N
By taking the derivative of the last equation we get
kKT — 1B

2.17 Dy, . Tps = :
(2.17) To- 28 | — ksinh 6 4 7 cosh 6]

or by taking the norm of equation (2.17), we obtain
Wi
| — ksinh @ + 7cosh 6|

kB* -
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If W is a spacelike vector, then by substituting (1.2) and (1.5) we have
kr - kp
kr -coshf — kg -sinh 61’
if W is a timelike vector, then by substituting (1.3) and (1.6) we have the same
result.

By differentianting the curve ac«(sc«) = C*(s) with the respect to s¢» and
normalizing, if W* is a spacelike vector, then by substituting (1.2) we obtain

kg =

Tox = cosh p*T™ — sinh ¢* B*,
W=

2.18 Dy, T+ = (sinh *T* — cosh ¢*B*) + N*
¢ ()
W=
2.19 ko = 4/1+ .
219 (G7)

By substituting (2.10) and (2.12) into (2.19) and rearranging we have
- ‘ (k2 = 72)[A\2k2 — (1 + 2)k) sinh? ]2

@ (X27k/)2 cosh? 6
If W* is a timelike vector, then by substituting (1.1) and (1.3) we get

+ 1]

Tex = sinh ¢*T™* — cosh o™ B

[ e
(p*) 7

(2.20) Dr,..Tc+ = (cosh *T™ — sinh ™" B*) +

(2.21) k- = \/’1+ ‘W*”)‘

By substituting (2.10) and (2.12) into (2.21) we have

. ‘ (72 — k2)[A2k2 — (1 4 2)k) sinh® 6]2 B 1‘
o= (A275/)2 cosh? 0 '

Then the following corollaryollary can be given.

Corollary 2.4. Let (a, a*) be a timelike Bertrand curve cuople and {T*, N*, B*} be
Frenet frame of the curve o*. For the geodesic curvatures of the spherical indicatriz
curves (T*), (N*) and (B*) with the fized pole curve (C*) with the respect to R3 we
have

- kr-kp
i kps =
T 7k -sinh@ — kg - cosh
% .
kn = ky = ‘ + 1|, W spacelike
()
. o
kne = kn = /|1 — ( ) . W timelike,
W]
ik kr - kp
iii. kg =
B kp -coshf — kg - sinh @1’
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+1

2 — 72)[A2K2 — (1 + 2)\k) sinh® 0]2
kc*:\/‘ (52 — )Nk (1+2)r) sinh” 6] , W?* spacelike

v (\27k')2 cosh? 0
fon — ‘ (12 = K?)[A262 — (1 4 2)k) sinh® 02
¢ (\27k/)2 cosh® @

-1

, W* timelike.

Now let us compute the geodesic curvatures (7*), (N*) and (B*) with the fixed
pole curve (C*) with respect to HZ or S}.

For the geodesic curvature v+ of the tangents indicatrix curve (T*) of the curve
a* with respect to HZ, we can write

(2.22) vre = |[Dry. Tre |-

Here, D becomes a covariant derivative operator. By (2.3) and (2.14) we obtain
Lh%*Tf*::IE}*T%x+WQKS(TfO,I%*yTﬁ

K

Dr,..Tr = <

+ cosh G)T
— kcosh@ + Tsinh 6
(2.23) | _r |

—sinh 6 ) B.
+(|—/icosh9—|—Tsinh9\ S 9)

By substituting (2.23) into (2.22) we get

72 2
.= 1]
T ‘(ﬂf(toshe+7'Sinht9)2 +

If W is a spacelike vector, then by using of the equations (1.2) and (1.5) we have

krkp 2
. = — ].
T \/’ (—kB cosh 0 + kr sinh@) * "

if W is a timelike vector, then by using of the equations (1.3) and (1.6) we have

krkp 2
.= 1.
i \/<—k3 cosh 0 + kr sinhe) *

If the curve (T*) is an integral curve of the geodesic spray, then 5TT*TT* = 0.
Thus, by (2.23) we can write

K
| — K cosh @ + 7sinh 6]
—T

+coshf =0

—sinhf =0

| — K cosh @ + 7sinh 6]
and here, we obtain x > 0, 7 =0 and # = 0. So, we can give following corollaryol-

lary.

Corollary 2.5. Let (o, a*) be a timelike Bertrand curve couple. If the curve o
is a plenary curve and frames are equivalent, the natural lift (T*) of the tangent
indicatriz (T*) is an integral curve of the geodesic spray.

For the geodesic curvature vy« of the principal normals indicatrix curve (N*) of
the curve o* with respect to S7 we can write

(2.24) vn+ = |[Dry. T
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Here, D becomes a covariant derivative operator. If W is a spacelike vector, by
using of the equation (2.15) we obtain
/
(2.25) Dr,. Ty = H‘pW”(sinh ¢T — cosh pB).
By substituting (2.25) into (2.24) we get

(PI
N+ =
W]
On the other hand, from the equation (1.2), by using

(2.26)

sinh ¢ = and coshy =

T R
W Wi

we can set
.
tanhp = —.
K
By taking the derivative of the last equation we get
, Tr—kKT
Y = e
W]
By substituting the e above quation into (2.26) we have
'k — K'T
wiB
If W is a timelike vector, by using of the equation (2.16) we obtain

YN+ = IN =

/

(2.27) Dry,.Tn- = H;/H (cosh T — sinh pB),
(PI
YN =
Wil
On the other hand, from equation (1.3) by using
K T
inhy = —— and hyp = ——
sinh ¢ il and cosh ¢ W
we can set .
tanhp = —.
T

By taking the derivative of the last equation we get

, KT1—7k
(p fry

W2
or
K'T—1'K
N+ =N =
w®

If the curve (N*) is an integral curve of the geodesic spray, then Dy, T+ = 0.
Thus, by (2.25) and (2.27) we can write ¢’ = 0 and here, we obtain £ = constant.
So, we can give following corollaryollary.

Corollary 2.6. Let (o, a*) be a timelike Bertrand curve couple. If the curve « is
a heliz curve, the natural lift (N*) of the pirincipal normal indicatriz (N*) is an
integral curve of the geodesic spray.
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For the geodesic curvature yp+ of the binormal indicatrix curve (B*) of the curve
a*with respect to S? and with substitution of (2.5) and (2.17) we obtain

Dr,. T+ = Dr,.Tp- +e9(S(Ts-), Tp-) B*,

_ K
Dr.. Ty = ( —si ha)T
(2.28) Tp- 1B | — ksinh @ + 7 cosh 0] st
: T
— ho)B
+( \fnsinh9+7'sinh9|+cos ) ’

o Epp—E=a—
B = (—ksinh @ + 7 cosh 0)2 '

If W is a spacelike vector, then by using of the equations (1.2) and (1.5) we have

oy ——
B “kpsinh 6 + kp cosh @

if W is a timelike vector, then by using of the equations (1.3) and (1.6) we get

Trkn 2
R ]
B \/‘ + (—k;B Sinh 0 + kp cosh 9)

If the curve (B*) is an integral curve of the geodesic spray, then Dr,, Tp« = 0.
Thus, by (2.28) we can write

)

K
| — ksinh 6 + 7 cosh 0]
-7

— sinh @ = 0,

+coshf =0

| — ksinh 6 + 7 cosh 0]

and here, we obtain k = 0, 7 # 0 and # = 0. So, we can give following corollaryol-
lary.

Corollary 2.7. Let (o, @*) be a timelike Bertrand curve couple. The natural lift
(B*) of the binormal indicatriz (B*) is never an integral curve of the geodesic spray.

If W™ is a spacelike vector, for the geodesic curvature o« of the fixed pole curve
(C*) of the curve a* with respect to S? and by using of the equations (1.2) and
(2.18) we obtain

Dr..Tc+ = Dro.To +eg(S(Te+), Tex)CF,

» W=\

(2.29) Dr.Tow = —<7 N7,
‘ (%)
e ‘ il
(%)

By substituting (2.10) and (2.12) into the last equation we have

[W]| - [\262 — (1 + 2Xk) sinh® 6]

A275! cosh @ '
If W* is a timelike vector, for the geodesic curvature o~ of the fixed pole curve
(C*) with respect to H3 and by using of the equations (1.3) and (2.20) we have
the same result. If the curve (C*) is an integral curve of the geodesic spray, then

Yex =
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fTC* Te+ = 0. Thus by (2.29) we can write ||[IW*|| = 0 and here, we get £* = 7* =0

or

So

k* = 7*. Thus, by using of the equation (2.7) and (2.9) we obtain

sinh?  — sinh 6 cosh 0
3 .

, we can give following corollaryollary.

Corollary 2.8. Let (o, a*) be a timelike Bertrand curve couple. If the curve « is

a curve that provides the requirement k = M, the natural lift (C*) of
the fixed pole curve (C*) is an integral curve of the geodesic spray.

Corollary 2.9. Let (a, a*) be a timelike Bertrand curve couple and {T*, N*, B*} be
Frenet frame of the curve a*. For the geodesic curvatures of the spherical indicatriz

CU

rves (T*), (N*) and (B*) with the fived pole curve (C*) with respect to HZ or S%,

we have

w. 7y

, W spacelike

krkp 2
. = — 1
T \/’ (—kB cosh 0 + kr sinh@) +

krkp 2 o
.= 1 W timelik
T \/ (—kB cosh @ + krp sinh&) 1 Hmesse,
'k — K'T
YN =YVN = ————=—, W spacelike
Wie
KT —1'K
YN+ = VN = — e, W timelike,
W3

, W spacelike

A o)
B —kpsinh 6 + kr cosh 8

krkp 2
* = — 1
B \/‘ + (—kB sinh 0 + kr cosh@)

Wl - [A%62 — (1 + 2\k) sinh® 6]
o A27K’ cosh ’

, W timelike,

REFERENCES

[1] Akutagawa, K. and Nishikawa S., The Gauss Map and Spacelike Surfaces with Prescribed

CONENS

Mean Curvature in Minkowski 3-space, Tohoku Math., J. 42(1990), 67-82.

Bilici, M., Ph.d. Dissertation, Ondokuzmay1s University Institute of Science and Technology,
Samsun, 2009.

Caliskan M., Sivridag Al, Hacisalihoglu H. H., Some Characterizations For The Natural Lift
Curves And The Geodesic Sprays, Commun. Fac. Sci. Ank. Series A1 33(1984), 235-242.

[4] Ekmekgi, N. and Ilarslan K., On Bertrand Curves and Their Characterization, Differential

Geometry-Dynamical Systems, 3(2001), 17-24.

[5] O’Neill, B., Semi Riemann Geometry, Academic Press, New York, London, 1983.
[6] Ugurlu, H.H., On the Geometry of Timelike Surfaces, Commun. Fac. Sci. Ank. Series Al

46(1997), 211-223.

[7] Thorpe, J.A., Elemantary Topics in Differential Geometry, Springer. New York. 1979.
[8] Woestijne, V.D.I., Minimal Surfaces of the 3-dimensional Minkowski space. Proc. Congres

Geometrie differentielle et aplications, Avignon (30 May 1988), Wold Scientific Publishing.
Singapore. 344-369, 1990.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ORDU-TURKEY
E-mail address: senyurtsuleyman@hotmail.com



