Commun.Fac.Sci.Univ.Ank.Series Al
Volume 56, Number 2, Pages 1-9 (2007)
ISSN 1303-5991

SLIGHTLY §-PRECONTINUOUS FUNCTIONS

AYSE NAZLI URESIN, AYNUR KESKIN, TAKASHI NOIRT*

ABSTRACT. In this paper, a new weak form of slight precontinuity, called
slight d-precontinuity, is given and studied. Also, it is shown that slight
d-precontinuity is weaker than both almost §-precontinuity and (d-pre, s)-
continuity.

1. INTRODUCTION

Recently, C.W.Baker [1] has introduced the notion of slight precontinuity and
has shown that slight precontinuity is weaker than slight continuity and precontinu-
ity.Quite recently, Erdal Ekici [4] has introduced the notion of almost §-precontinuity
and (0-pre, s)-continuity by using d-preopen sets. The aim of this paper is to intro-
duce a new weak form of slight precontinuity which we shall call slight
d-precontinuity. Also, basic properties and preservation theorems of slightly -
precontinuous functions are investigated.

2. PRELIMINARIES

In this paper, (X,7) and (Y,0) (or X and Y ) denote topological spaces. Let
A be a subset of X. We denote the interior and the closure of a set A by Int (A)
and CI(A), respectively. A subset A is called d-closed [14] if A = §C1(A), where
SClL(A) ={z € X : AnInt(CI(U)) #0,U € 7, x € U}. The complement of a ¢-
closed set is called J-open [14]. A subset A is said to be preopen [7] (resp. -preopen
[10], regular open [13], regular closed ) if A C Int(Cl(A)) (resp. A C Int(6CI(A)),

A =1Int(Cl(A)), A= Ci(Int(A)) ). The complement of a preopen set is said to
be preclosed [7].

The complement of a §-preopen set is said to be d-preclosed [10]. The intersection
of all J-preclosed sets of X containing A is called the J-preclosure of A and is
denoted by dpCl(A)[10]. The union of all j-preopen sets of X contained in A is
called é-preinterior [10Jof A and is denoted by opInt (A).
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The family of all preopen (resp. J-preopen, regular open ) sets of X is denoted
by PO(X) (resp. 6PO(X), RO(X) ).The family of all preopen (resp. J-preopen,
regular open ) sets of X containing x € X is denoted by PO(X, x) (resp. 6PO(X, z),
RO(X,x)).

A subset A of X is said to be clopen if it is both open and closed. The family
of all clopen sets of X is denoted by CO(X). The family of all clopen sets of X
containing x € X is denoted by CO(X, z). The clopen (resp. regular open) subsets
of (X,7) may be used as a base for a topology on X. The topology is called the
ultra-regularization [9] (resp. semiregularization [13]) of 7 and is denoted by 7y
(resp. 75).In case when 7 = 7, the space (X, 1) is called semi-regular.

Definition 2.1. A function f : (X,7) — (Y, o) is said to be slightly precontinuous
[1] if f=1 (V) is preopen in X for every clopen set V of Y.

Definition 2.2. A function f : (X,7) — (Y, 0) is said to be almost d-precontinuous
[4] if =1 (V) is d-preopen in X for every regular open set V of Y.

Definition 2.3. A function f: (X,7) — (Y, 0) is called (d-pre, s)-continuous [4]
if f=1 (V) is é-preopen in X for every regular closed set V of Y.

Definition 2.4. A function f : (X,7) — (Y, 0) is called almost precontinuous [8]
if f=1 (V) is preopen in X for every regular open set V of Y.

Definition 2.5. A function f: (X,7) — (Y, 0) is called slightly continuous [6] if
f~1(V) is open in X for every clopen set V of Y.

Definition 2.6. A function f : (X,7) — (Y, 0) is called almost contra-precontinuous
[3] if £~ (V) is preclosed in X for every regular open set V of Y.

3. SLIGHTLY §-PRECONTINUOUS FUNCTIONS

Definition 3.1. A function f : (X,7) — (Y, 0) is said to be slightly d-precontinuous
if for each point z € X and each V € CO(Y) containing f (z), there exists a J-
preopen set U in X containing x such that f(U) C V.

Theorem 3.2. The following statements are equivalent for a function f : (X,7) —
(Y,0) :

(a) f is slightly d-precontinuous,

(b) For every clopen set V.CY, f~Y(V) is §-preopen,

(c) For every clopen set V.CY, f~Y(V) is §-preclosed,

(d) For every clopen set V CY, f~Y(V) is §-preclopen,

(e) For every A C X, f(opCl(A)) C Cl,, (f(A)).
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The following diagram holds:

almost §-precontinuous <= almost precontinuous

I I
slightly §-precontinuous <= slight precontinuous
1) r

(6-pre, s)-continuous <= almost contra-precontinuous

Remark 3.3. None of these implicaitons is reversible.

Example 3.4. Let X=Y={a,b,c}, 7={X,0,{c},{b,c}} and o ={X,0,{a,b},{c}}. Let
f:(X,7) — (Y,0) be the identity mapping. The set {a,b} is clopen in (X, o)
and f~!'({a,b}) ={a,b}. Since {a,b} is not preopen in (X,7), f is not slightly
precontinuous, but f is almost é-precontinuous.

Example 3.5. Let 7. be the cofinite topology and ¢ be the usual topology on R.
Let f: (R,7.) — (R,0) be the identity mapping. Since the only clopen subsets
of (R,o) are R and (), f is slightly precontinuous. However, the open interval
Ja, b[ is regular open in (R,0), and f~! (Ja,b]) = ]a,b[ is not 5-preopen in (R,7.).
Therefore, f is not almost J-precontinuous.

Example 3.6. Let X ={a,b,c,d}, o ={X,0,{a},{b,c},{a,b,c}} and
T ={X,0,{a},{c},{a,c}}. Then the identity f : (X,7) — (X, 0) is slightly precon-
tinuous, but not (§-pre, s)-continuous.

Remark 3.7. The function in Example 5 of [4] is (d-pre, s)-continuous, but it is not
almost contra-precontinuous.

Recall that a space X is said to be:
(a) extremally disconnected if the closure of each open set of X is open in X,
(b) 0-dimensional if its topology has a base consisting of clopen sets.

Theorem 3.8. If f : X — Y is slightly d-precontinuous and Y is extremally
disconnected, then f is (§-pre, s)-continuous and almost §-precontinuous.

Proof. Let V be a regular closed (resp. regular open) in Y. Since Y is extremally
disconnected, V is open (resp. closed) in Y. Hence, V is clopen in Y. Then
f71(V) is d-preopen in X. Therefore, f is (§-pre,s)-continuous (resp. almost
d-precontinuous). O

Theorem 3.9. If f: X — Y is slightly 0-precontinuous and Y is 0-dimensional,
then f is almost d-precontinuous.

Proof. Let © € X and V € RO(Y, f(x)). Since Y is 0-dimensional, there exists
G € CO(Y, f(zx)) such that f(z) € G C V. Since f is slightly é- precontinuous,
there exists a d-preopen subset U in X containing x such that f(U) C G C V.
Therefore, f is almost d-precontinuous. (]
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Theorem 3.10. If f: X — Y s slightly §-precontinuous and X is semi-reqular,
then f is slightly precontinuous.

Proof. Since X is semi-regular, d-closure and closure of a set coincide. Therefore, f
is slightly precontinuous. O

The composition of two slightly J-precontinuous functions need not be slightly
d-precontinuous.

Example 3.11. Let X ={abc}, 7 ={X.0,{c}h.{b.c}}, o ={X0,{a.b} {c}}, 7o ={X.0},
and let f: (X,7) — (X,7¢), ¢g: (X,7:) — (X, 0) be the identity function. Then
f and g are slightly §-precontinuous , but g o f is not slightly J-precontinuous.

Definition 3.12. A function f: X — Y is called

(a) 6"~ almost continuous [11] if for every §-preopen subset V in Y, f=1(V) is
d-preopen in X

(b) é-preopen [4] if for every d-preopen subset W in X, f (W) is d-preopen in
Y.

Theorem 3.13. Let f: X — Y and g: Y — Z be functions, then the following
properties hold:

(a) If [ is slightly 6-precontinuous and g is slightly continuous, then gof : X —
Z is slightly 6-precontinuous.

(b) If f is 6"~ almost continuous and g is slightly §-precontinuous, then

go f: X — Z is slightly 6-precontinuous.

(c) If f is 8- almost continuous and g is slightly continuous, then gof : X — Z
is slightly d-precontinuous.

Proof. (a) Let W € CO(Z). Since g is slightly continuous, g~*(W) is clopen in Y.
Since f is slightly d-precontinuous, f~! (g*1 (W)) = (go f)~1 (W) is d-preopen in
X. Therefore, g o f is slightly d-precontinuous.

(b) Let W € CO (Z). Since g is slightly d-precontinuous, g~* (W) is §-preopen
in Y. Since f is §*-almost continuous, f~* (g7 (W)) = (go f)~' (W) is d-preopen
in X.

(c) can be obtained similarly. O

Theorem 3.14. Let f: X — Y and g: Y — Z be functions.

(a) If f is a 6-preopen surjection and go f : X — Z is slightly 0-precontinuous,
then g is slightly d-precontinuous.

(b) Let f be a §-preopen and 6" -almost continuous surjection. Then g is slightly
d-precontinuous if and only if go f : X — Z is slightly §-precontinuous.

Proof. (a) Let G € CO (Z). Since go f is slightly §-precontinuous, f~! (gfl (G)) is
d-preopen in X. Since f is d-preopen and surjective, f (ffl (g*1 (Z))) =g 1 (2)
is 6-preopen in Y. Therefore, g is slightly §-precontinuous.
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(b) (=): Let g be slightly d-precontinuous, then by Theorem 5 (b) go f is
slightly §-precontinuous.
(«<): Let gof be slightly d-precontinuous. Then by (a) g is slightly §-precontinuous.
O

Theorem 3.15. Let f : X — Y be a function and g : X — X X Y be the
graph function of f, defined by g(x) = (x, f(x)) for every x € X. If g is slightly
d-precontinuous, then f is slightly 6-precontinuous.

Proof. Let V€ CO(Y), then X xV € CO(X xY). Since g is slightly §-
precontinuous, then f~1(V) = ¢g71(X x V) € §PO(X). Thus, f is slightly 6-
precontinuous. (I

Lemma 3.16. Let A and Xo be subsets of a space (X,7). If A € {PO(X) and
Xp € 50(X), then AN Xy € (SPO(X()) [10]

Theorem 3.17. If f : X — Y is a slightly d-precontinuous function and A €
dO(X), then the restriction f |a: A — Y is slightly 0-precontinuous.

Proof. Let V € CO(Y).Then f |, (V) = f~%(V) N A. Since f~*(V) is 6-preopen
in X and A € §O(X), it follows from Lemma 3.16 that f |;' (V) is d-preopen in
the subspace A. O

Lemma 3.18. Let (X, 1) be a topological space and A C Xo C X. If Xo € 60(X)
and A € §PO (Xy), then A € §PO(X) [10].

Theorem 3.19. Let {U, : « € I} be a d-open cover of a topological space X. If
the restriction f |u,: Uy — Y s slightly §-precontinuous for each o € I, then
f: X —Y is a slightly §-precontinuous function.

Proof. Let Ve CO(Y). Since f |y, is slightly §-precontinuous for each a € I, f |5i
(V) € 6PO(U,). Since Uy € 60(X), f |- (V) € 6PO(X) for each o € I. Then
(v = LGJI [f \Ei (V)] € 6PO(X). Hence, f is slightly -precontinuous. O

Definition 3.20. A space X is said to be

(a) d-pre-Hausdorff if for each pair of distinct points  and y in X, there exist
U € dPO(X,z) and V € §PO(X,y) such that UNV =0 [4].

(b) é-pre-T if for each pair of distinct points z and y in X, there exist é-preopen
sets U and V containing x and y, respectively, such that y ¢ U and = ¢ V' [4].

Definition 3.21. A space X is said to be
(a) clopen Ty if for each pair of distinct points x and y in X, there exist U €
CO(X,z) and V € CO(X,y) such that y ¢ U and = ¢ V [5].

(b) ultra-Hausdorff if for each pair of distinct points z and y in X, there exist
UeCO(X,z)and V € CO(X,y) such that UNV =0 [12].
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Theorem 3.22. Let f: X — Y be a slightly §-precontinuous injection. Then the
following properties hold:

(a) If Y is ultra-Hausdorff, then X is -pre-Hausdorff.
(b) If Y is clopen Ty, then X is §-pre-T;.

Proof. (a) Suppose that Y is ultra-Hausdorff. Then for any distinct points z and y
in X, there exist V € CO (Y, f(z)),W € CO (Y, f(y)), such that W NV = . Since
f is slightly §-precontinuous, z € f~1(V) € PO (X, f(x)) and y € f~1 (W) €
SPO (X, f(y)) such that f~1 (V) n f~1 (W) = 0. This shows that X is J-pre-
Hausdorff.

(b) Suppose that Y is clopen T;.Then for any distinct points = and y in X,
there exist clopen sets U and W containing f(z) and f(y), respectively, such that
f(y) ¢ U and f(x) ¢ W. Since f is slightly §-precontinuous, f~! (U) and =1 (W)
are J-preopen subsets of X such that x € f~1(U), y ¢ f~1(U), z ¢ f~1 (W) and
y € f~1 (W) .Therefore, X is §-pre-T;. O

Theorem 3.23. If f : X — Y is a slightly continuous function, g : X — Y is
a slightly §-precontinuous function and 'Y is ultra-Hausdorff, then E = {x € X :
f(z) = g(x)} is d-preclosed in X.

Proof. Let © € X — E, then it follows that f(z) # g(z). Since Y is ultra-Hausdorff,
there exist V € CO(Y) and W € CO(Y') containing f (z) and g(z), respectively,
such that V NW = (). Since f is slightly continuous, f~*(V) is clopen and hence
regular open in X. Since g is slightly d-precontinuous, g~!(W) is é-preopen in X
and x € g1 (W). Set O = f~1(V)Nng=t(W). O is d-preopen in X. Therefore,
f(O)Ng(O) = B and it follows that = ¢ pCls (E). This shows that F is d-preclosed
in X. O

Definition 3.24. A graph G (f) of a function f : X — Y is said to be §*-preclosed
if for each (z,y) € (X xY) — G(f), there exist a J-preclopen subset U of X
containing = and a clopen subset V of Y containing y such that (U x V)NG(f) = 0.

Lemma 3.25. A graph G (f) of a function f : X — Y is §*-preclosed in X XY
if and only if for each (x,y) € (X X Y) — G (f) there exist a 0-preclopen subset U
of X containing x and a clopen subset V of Y containing y such that f (U)NV = {).

Theorem 3.26. If f : X — Y s slightly 6-precontinuous and Y is clopen Ty,
then G (f) is 6" -preclosed in X x Y.

Proof. Let (z,y) € (X xY)—G(f), then f(x) # y and there exist a clopen set T' of
Y such that f(z) € T and y ¢ T. Since f is slightly d-precontinuous, then f=! (7'
is d-preclopen subset of X containing x. Set U = f~(T). We have f(U) C T.
Therefore, we obtain f (U)N(Y —T) =0 and Y —T € CO (Y, y). This shows that
G(f) is 6*-preclosed. O

Corollary 1. If f : X — Y is slightly 0-precontinuous and Y is ultra-Hausdorff,
then G(f) is 6" -preclosed in X x Y.
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Theorem 3.27. Let f : X — Y have a 6" -preclosed graph G(f). If f is injective,
then X is 0-pre-T7.

Proof. Let x and y be any two distinct points of X. Then we have (z, f(y)) €
(X xY) — G(f). Since G(f) is §*-preclosed, there exist a d-preclopen subset U
of X and V € CO(Y) such that (z, f(y)) € U x V and f(U)NV = (). Hence,
UNf=1(V)=0and y ¢ U. This shows that X is §-pre-T;. O

Theorem 3.28. Let f : X — Y have a §*-preclosed graph G(f). If f is a
surjective d-preopen function, then'Y is 0-pre-Hausdorff.

Proof. Let y1,y2 € Y and y; # yo. Since f is surjective, there exists a x € X
such that f(z) = y1 and (z,y2) € (X xY) — G(f). Since G(f) is 6" -preclosed,
there exist a d-preclopen subset U of X and V' € CO(Y) such that (z,y2) € U x V
and (U x V)N G(f) = 0. Then, we have f(U)NV = (. Since f is d-preopen,
then f(U) is d-preopen in Y such that f(z) = y1 € f(U). This implies that Y is
0-pre-Hausdorff. O

4. COVERING PROPERTIES
Definition 4.1. A space X is said to be
(a) d-pre-compact [4] if every §-preopen cover of X has a finite subcover.

(b) countably d-pre-compact [4] if every countable cover of X by d-preopen sets
has a finite subcover.

(¢) §-pre-Lindelof [4] if every d-preopen cover of X has a countable subcover.
(d) mildly compact [12] if every clopen cover of X has a finite subcover.

(e) mildly countably compact [12] if every countable cover of X by clopen sets
has a finite subcover.

(f) mildly Lindelof [12] if every clopen cover of X has a countable subcover.

Theorem 4.2. Let f : X — Y be a slightly §-precontinuous surjection. Then the
following statements hold:

(a) if X is 6-pre-compact, then Y is mildly compact.

(b) if X is 6-pre-Lindelof, then Y is mildly Lindelof.

(c) if X is countably -pre-compact, then Y is mildly countably compact.

Proof. (a) Let {U, : a € I} be a clopen cover of Y. Since f is slightly J-
precontinuous, {f~1 (U,) : @ € I} is a d-preopen cover of X and there exists a
finite subset Iy of I such that X = U{f~1(U,) : « € Ip}. Hence, {U, : a € Iy} is a
finite subcover of {U, : a € I}. Therefore, Y is mildly compact.

(b) and (c) can be obtained similarly. O

Definition 4.3. A space X is said to be
(a) d-preclosed-compact [4] if every d-preclosed cover of X has a finite subcover.
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(b) countably §-preclosed-compact [4] if every countable cover of X by d-preclosed
sets has a finite subcover.

(c) 0-preclosed-Lindelof [4] if every cover of X by d-preclosed sets has a countable
subcover.

Theorem 4.4. Let f : X — Y be a slightly §-precontinuous surjection. Then the
following statements hold:

(a) if X is §-preclosed-compact, then 'Y is mildly compact.
(b) if X is 0-preclosed-Lindelof, then' Y is mildly Lindelof.
(c) if X is countably 0-preclosed-compact, then'Y is mildly countably compact.

Proof. (a) Let {A, : @ € A} be any clopen cover of Y. Since f is slightly J-
precontinuous surjection, then {f~!(A,) : @ € A} is a d-preclosed cover of X.
Since X is d-preclosed-compact, there exists a finite subset Ay of A such that
X =U{f 1 (A,) : @ € Ag}. Hence, {A, : a € Ag} covers Y. This shows that Y is
mildly compact.

(b) and (c) can be obtained similarly. O

SLIGHTLY /—PRE SUREKLi FONKSIiYONLAR

Ozet: Bu makalede, slight é-pre siireklilik olarak adlandirilan,
slight pre siirekliligin yeni bir zayif ¢esidi takdim edilmis ve caligilmigtar.
Ayrica, slight §—pre siirekliligin hem almost d—pre siireklilikten
hem de (d-pre, s)-siireklilikten daha zayif oldugu gosterilmistir.
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