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FUZZY CONTRACTIBILITY

ERDAL GÜNER

Abstract. In this paper, �rstly some fundamental concepts are included re-
lating to fuzzy topological spaces. Secondly, the fuzzy connected set is intro-
duced. Finally, de�ning fuzzy contractible space, it is shown that X is a fuzzy
contractible space if and only if X is fuzzy homotopic equivalent with a fuzzy
single-point space.

1. Introduction

The concept of a fuzzy set was discovered by Zadeh [7]. The theory of fuzzy
topology was developed by Chang [1] and others. The main problem in fuzzy
mathematics is how to carry out the ordinary concepts to the fuzzy case. In this
paper, we construct the fuzzy contractible space and we give some characterizations
of fuzzy contractible spaces.
Let X be a set and I the unit interval [0; 1]. A fuzzy set A in X is characterized

by a membership function �A which associates with each point x 2 X its �grade of
membership��A(x) 2 I.

De�nition 1.1. Let A be a fuzzy set in X. The set

SuppA = A0 = fx 2 X : A(x) > 0g
is called the support of fuzzy set A.

De�nition 1.2. A fuzzy point in X is a fuzzy set with membership function �a�
de�ned by

�a�(x) =

�
�; x = a
0; otherwise

for all x 2 X, where 0 < � � 1.

We denoted by k� the fuzzy set in X with the constant membership function
�k�(x) = � for all x 2 X.
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De�nition 1.3. A fuzzy topology on a set X is a family � of fuzzy sets in X which
satis�es the following conditions:

(i) k0; k1 2 �
(ii) If A;B 2 � , then A \B 2 �
(iii) If Aj 2 � for all j 2 J , then

S
j2J

Aj 2 � [1; 2] :

The pair (X; �) is called a fuzzy topological space. Every member of � is called
an open fuzzy set. The complement of an open fuzzy set is called a closed fuzzy
set.

De�nition 1.4. Let A be a fuzzy set inX and � is a fuzzy topology onX. Then the
induced fuzzy topology on A is the family of subsets of A which are the intersections
with A of open fuzzy sets in X. The induced fuzzy topology is denoted by �A, and
the pair (A; �A) is called a fuzzy subspace of (X; �).

De�nition 1.5. Let (X; �1) ; (Y; �2) be two fuzzy topological spaces. A mapping
f of (X; �1) into (Y; �2) is fuzzy continuous i¤ for each open fuzzy set V in �2 the
inverse image f�1(V ) is in �1: Conversely, f is fuzzy open i¤ for each open fuzzy
set U in �1, the image f(U) is in �2:
The mapping f is fuzzy continuous at a point a� 2 X i¤ for each open fuzzy

set V in �2 containing the fuzzy point b� = (f(a))�, 0 < � � 1, the inverse image
f�1(V ) is an open fuzzy set in �1 containing a�, 0 < � � � [3; 4].

Lemma 1.6. Let f(Xj ; � j)g, j 2 J , be a family of fuzzy topological spaces and
(X; �) the product fuzzy topological space. The product fuzzy topology � on X has
as a base the set of �nite intersections of fuzzy sets of the form p�1(Uj), where
Uj 2 � j and the projections pj of X onto Xj are fuzzy continuous for each j 2 J
[5] :

De�nition 1.7. Two fuzzy sets A and B in a fuzzy topological space (X; �) are
said to be Q-separated if there are closed fuzzy sets F and H such that A � F ,
B � H, F \B = ; and A \H = ;.

De�nition 1.8. A fuzzy set D in a fuzzy topological space (X; �) is called discon-
nected if there are non-empty fuzzy sets A and B in the subspace (D0; �D0

) such
that A and B are Q-separated and A [B = D:
A fuzzy set is called connected if it is not disconnected.

2. Fuzzy Contractibility

In this section,we construct the fuzzy contractible and give some characteriza-
tions of fuzzy contractible spaces.
We begin the following theorem.

Theorem 2.1. Let (X; �) be a topological space. The collectioneT = fD : D is a fuzzy set in X and D0 2 �g



FUZZY CONTRACTIBILITY 13

is a fuzzy topology on X, called the fuzzy topology on X introduced by T .
�
X; eT�

is called the fuzzy topological space introduced by (X;T ) [6].

Let e"I denote Euclidean subspace topology on I and (I;e"I) denote the fuzzy
topological space introduced by the topological space (I; "I).

Theorem 2.2. Let (X; �) and (Y; �) be two topological spaces. Suppose that the
fuzzy sets A and B taking only the values 0 and 1 on X are two closed fuzzy sets
in (X; �) and A [B = X. Let

f : (A; �A)! (Y; �)

and
g : (B; �B)! (Y; �)

be two fuzzy continuous functions. If f jA\B = gjA\B, then h : (X; �) ! (Y; �)
de�ned by

h(x) =

�
f(x); x 2 A
g(x); x 2 B

is a fuzzy continuous function [8].

Theorem 2.3. Let the fuzzy sets E and H be connected in the fuzzy topological
space (I;e"I) with E(0) = � > 0, E(1) = H(0) = � > 0 and H(1) = � > 0. Then
the fuzzy set M de�ned by

M(t) =

�
E(2t) ; 0 � t � 1

2
H(2t� 1) ; 12 � t � 1

is connected and Q-connected in (I;e"I) with M(0) > 0 and M(1) > 0 [8].
De�nition 2.4. Let f; g : (X; �) ! (Y; �) be two fuzzy continuous mappings. If
there exists a fuzzy continuous mapping

F : (X; �)� (J;e"J)! (Y; �)

such that F (x�; 0) = f(x�) and F (x�; 1) = g(x�) for every fuzzy point x� in (X; �),
then we say that f is fuzzy homotopic to g.
The mapping F is called a fuzzy homotopy between f and g, and we write f ' g.

Theorem 2.5. The relation �'� is an equivalence relation.

Proof. (1)
(i) It is f ' f: Indeed, let us now de�ne a mapping

F : (X; �)� (I;e"I)! (Y; �)

such that F (x�; t) = f(x�) for every fuzzy point x� in (X; �). Then,
by Theorem 2.2, F is a fuzzy continuous function and F (x�; 0) = f(x�),
F (x�; 1) = f(x�).
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(ii) If f ' g, then g ' f . Because,
f ' g ) 9F : (X; �)� (J;e"J)! (Y; �)

such that F is a fuzzy continuous function and F (x�; 0) = f(x�) and
F (x�; 1) = g(x�). Then, G : (X; �)� (J;e"J)! (Y; �) de�ned by G(x�; t) =
F (x�; 1� t) is a fuzzy continuous function by Theorem 2.2 and G(x�; 0) =
F (x�; 1) = g(x�), G(x�; 1) = F (x�; 0) = f(x�).

(iii) If f ' g and g ' h, then f ' h. Because,
f ' g ) 9F : (X; �)� (J;e"J)! (Y; �)

such that F is a fuzzy continuous function and F (x�; 0) = f(x�) and
F (x�; 1) = g(x�).

g ' h) 9G : (X; �)� (J;e"J)! (Y; �)

such that G is a fuzzy continuous function and G(x�; 0) = g(x�) and
G(x�; 1) = h(x�). Then, H : (X; �)� (J;e"J)! (Y; �) de�ned by

H(x�; t) =

�
F (x�; 2t) ; 0 � t � 1

2
H(x�; 2t� 1) ; 12 � t � 1

is a fuzzy continuous function by Theorem 2.2 and H(x�; 0) = F (x�; 0) =
f(x�), H(x�; 1) = G(x�; 1) = h(x�). Thus, the proof is completed.

�
The fuzzy homotopy equivalence of f is denoted by [f ].

De�nition 2.6. Let f; g : (X; �) ! (Y; �) be fuzzy continuous mappings and
f ' g. If g is a constant, then f is called fuzzy homotopic to a constant.
De�nition 2.7. Let 1X : (X; �) ! (X; �) be an identity mapping. If 1X is fuzzy
homotopic to a constant, then (X; �) is called a fuzzy contractible space.

Theorem 2.8. Let (Y; �) be a fuzzy contractible space. Then every fuzzy continuous
function f : (X; �)! (Y; �) is fuzzy homotopic to a constant.

Proof. Since (Y; �) is a fuzzy contractible space, there exists a constant mapping
g : (Y; �)! (Y; �) such that 1Y ' g and g(y�) = (y0)� 2 Y every fuzzy point y� in
(Y; �).

1Y ' g ) 9F : (Y; �)� (J;e"J)! (Y; �)

such that F is a fuzzy continuous function and F (y�; 0) = 1Y (y�), F (y�; 1) =
g(y�) = (y0)�.
Now, let f : (X; �) ! (Y; �) a fuzzy continuous mapping. Then G : (X; �) �

(J;e"J) ! (Y; �) de�ned by G(x�; t) = F (f(x�); t) is a fuzzy continuous mapping
and has the following properties:

G(x�; 0) = F (f(x�); 0) = f(x�)

G(x�; 1) = F (f(x�); 1) = (y0)�:

Therefore, it is f ' g: �
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Theorem 2.9. Let f; g : (X; �) ! (Y; �) be fuzzy continuous functions such that
f ' g. If h : (Y; �)! (Z; �) is a fuzzy continuous function, then hf; hg : (X; �)!
(Z; �) are fuzzy continuous functions and hf ' hg.

Proof. Since h; f; g are fuzzy continuous functions, hf; hg are fuzzy continuous func-
tions. Furthermore,

f ' g ) 9F : (X; �)� (J;e"J)! (Y; �)

such that F is a fuzzy continuous function and F (x�; 0) = f(x�), F (x�; 1) = g(x�).
Now, G : (X; �) � (J;e"J) ! (Z; �) is given by G(x�; t) = h(F (x�; t)). Then,

since h; F are fuzzy continuous functions, G = h � f is a fuzzy continuous function.
Moreover, G satis�es the following conditions:

G(x�; 0) = h(F (x�; 0)) = h(f(x�)) = (hf)(x�)

G(x�; 1) = h(F (x�; 1)) = h(g(x�)) = (hg)(x�):

Therefore, hf ' hg. �
De�nition 2.10. Let f : (X; �)! (Y; �) be a fuzzy continuous function. If there
is a fuzzy continuous function f

0
satis�es the following conditions:

(i) ff
0 ' 1Y

(ii) f
0
f ' 1X

then, f is called a fuzzy homotopy equivalence. Further, fuzzy topological spaces
are called fuzzy homotopic equivalent spaces and denoted by X ' Y .

It is easily seen that this relation is an equivalence relation.

Theorem 2.11. If X and Y are fuzzy topological equivalent spaces, then X and Y
are fuzzy homotopic equivalent spaces.

Proof. Since X;Y are fuzzy topological equivalent spaces, there exists a function
f : X ! Y such that f is one to one and surjective. Moreover, f : X ! Y and
f�1 : Y ! X are fuzzy continuous functions. Therefore, ff�1 = 1Y , f�1f = 1X .
Since �'�relation is an equivalence relation, ff�1 ' 1Y , f�1f ' 1X . Thus, it is
X ' Y . �
Theorem 2.12. Let X be any fuzzy topological space. X is a fuzzy contractible
space if and only if X is fuzzy homotopic equivalent with a fuzzy single-point space.

Proof. LetX be a fuzzy contractible topological space. Then there exists a constant
function h : X ! X by de�ned h(x�) = (x0)� for every x� 2 X such that 1X ' h.
Now, let Y = f(x0)�g be fuzzy single-point space, f : X ! Y be fuzzy continuous
function and i : Y ! X be inclusion function. Then, i is a fuzzy continuous
function and if = h, fi = 1Y . Since 1X ' h and �'� is an equivalence relation,
if ' 1X , fi ' 1Y . Therefore, X ' Y .
Conversely, let us suppose that Y is a fuzzy single-point space and X ' Y .

Then, there exists a fuzzy continuous function f : X ! Y such that f is a fuzzy
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homotopy equivalence and so f
0
: Y ! X is a fuzzy continuous function, f

0
f ' 1X ,

ff
0 ' 1Y . Since Y is a fuzzy single-point space, Y can be chosen as Y = f(y0)�g.

Then, f(x�) = (y0)� for every x� 2 X. Now, let f
0
((y0)�) = (x0)�. It is clear that

f
0
f = h and 1X ' h. Thus, X is a fuzzy contractible space. �

FUZZY BÜZÜLEB·ILME
ÖZET: Bu çal¬̧smada ilk olarak fuzzy topolojik uzaylarla ilgili
baz¬temel kavramlar verilmi̧stir. Daha sonra fuzzy irtibatl¬cümle
kavram¬üzerinde incelemeler yap¬lm¬̧st¬r. Son k¬s¬mda fuzzy irt-
ibatl¬uzay tan¬mlanarak, bir fuzzy uzay¬n fuzzy irtibatl¬uzay ol-
mas¬için gerek ve yeter şart¬n o uzay¬n bir fuzzy tek nokta uzay¬
ile fuzzy homotopik eşde¼ger oldu¼gu gösterilmi̧stir.
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